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ABSTRACT

Unlike humans, AI systems are brittle and not robust. They often struggle when faced with novel

situations, and are highly sensitive to small perturbations, which can lead to catastrophically poor

performance. These systems comprise two main components: the model and the data. In recent

decades, research has primarily focused on models, emphasizing advanced structures or algorithms

to enhance AI performance. However, the data-centric aspect consumes most of the time and re-

sources of human experts and greatly influences AI systems. Furthermore, the gains from the

model-centric part are reaching a plateau. Thus, I shifted my research focus toward data-centric AI

in order to identify the ideal feature space for preparing the AI-readiness of data. To realize this,

this dissertation introduces two main research perspectives and the corresponding frameworks:

1) the decision-making perspective and 2) the generative AI perspective. The decision-making

perspective formulates feature selection and feature generation as Markov decision-making pro-

cesses. Within this perspective, reinforcement learning is used to develop practical frameworks

due to its proficiency in optimizing such processes. Specifically, for feature selection, a single

agent is employed to determine the selection of individual features in an iterative manner. For fea-

ture generation, a cascading reinforced agent structure is proposed to select candidate features and

operations for generating new features. The generative AI perspective assumes that the knowledge

derived from discrete feature learning records can be effectively integrated into a continuous space.

This integration facilitates the exploration of an optimal feature space inspired by the successes of

generative AI techniques. Thus, a unified framework is proposed to optimize both tasks, which has

four key steps: data collection, continuous space construction, enhanced embedding search, and

feature space reconstruction. The effectiveness of both perspectives underscores the potential for

building up foundation models in the data-centric AI domain.
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CHAPTER 1: INTRODUCTION

Motivation

Artificial Intelligence (AI) has profoundly revolutionized various areas, such as transportation, ur-

ban planning, economy, etc. The typical AI development process includes three key phases: i)

data collection; ii) data representation (a.k.a. feature space); and iii) machine learning (ML) model

construction. Creating a high-quality feature space is crucial, as it enhances the measurement of

distances and discriminative patterns, thereby improving the structural and predictive aspects of

data for more effective AI applications. There has been considerable research focusing on data-

centric AI to achieve these improvements. This dissertation addresses two primary tasks within this

domain: feature selection, which enhances the feature space by eliminating redundant features, and

feature generation, which augments the feature space through mathematically transforming origi-

nal features. However, existing methods are limited by: 1) Requiring extensive domain knowledge

and human intervention, reducing their flexibility across different domains; 2) Tending to produce

latent and untraceable representations, which hinders further analysis of the feature space; 3) Ex-

ponentially growing number of combinations as the dimensionality of the feature space increases,

making these methods unsustainable for high-dimensional feature spaces. These challenges bring a

key question: How can we autonomously develop an effective, traceable, and interpretable feature

space? To address this, I introduce the novel concept of ”Transformation Learning”, comprising

’feature generation learning’ and ’feature selection learning’. This research presents two inno-

vative research perspectives to reformulate the two tasks: 1) The Decision-Making Perspective,

which views them as discrete Markov decision-making processes, employing reinforcement learn-

ing to develop practical frameworks; 2) The Generative-AI Perspective, which integrates feature

learning knowledge into an embedding space, facilitating the search for an enhanced feature space.
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Research Gap in Existing Literature

This dissertation includes two main topics: automated feature generation and automated feature

selection. We will first review the existing works in these areas. Then, we will identify the research

gaps and limitations of them.

Automated Feature Generation can enhance the feature space by automatically mathematically

transforming the original feature space [13, 51, 13]. Existing works can be divided into three

categories: 1) expansion-reduction based approaches [40, 45, 52, 38, 43]. Those approaches first

expand the original feature space by explicitly [42] or greedily [16] decided mathematical transfor-

mation, then reduce the space by selecting useful features. However, it is hard for them to produce

or evaluate both complicated and effective mathematical compositions, leading to inferior trans-

formation performance. 2) evolution-evaluation approaches [44, 88, 112, 101]. These methods

iteratively generate effective features and keep the most useful ones until achieving the maximum

iteration number. Evolutionary algorithm models optimize the entire process. However, they still

focus on how to simulate the discrete decision-making process in feature engineering. Thus, they

are still time-consuming and unstable. 3) Auto ML-based approaches [12, 113]. Auto ML aims to

find the most suitable model architecture automatically [18, 57, 35, 41]. The success of auto ML

in many area [110, 100, 3, 92] and the similarity between auto ML and AFT inspire researchers to

formulate AFT as an auto ML task to resolve.

Automated Feature Selection can be widely categorized into three types, i.e., filter methods,

wrapper methods, and embedded methods [62, 111, 11, 75]. Filter methods rank features only by

relevance scores and only top-ranking features are selected. The representative filter method is

the univariate feature selection [21] and correlation based feature selection [108]. Filter methods

are very fast and thus they are efficient on high-dimensional datasets. The representative wrapper

methods are branch and bound algorithms [67, 48]. Wrapper methods are supposed to achieve
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better performance than filter methods since they search on the whole feature subset space. Evolu-

tionary algorithms [105, 46] low down the computational cost but can only promise local optimum

results. Embedded methods combine feature selection with predictors more closely than wrapper

methods. The most widely used embedded methods are LASSO [85] and decision tree [82]. Em-

bedded methods could have supreme performance on the incorporated predictors, but are normally

not very compatible with other predictors.

Research Gaps: Regarding automated feature generation, current approaches face limitations: i)

Overlooking the heterogeneity between various feature pairs; ii) Experiencing exponential growth

in time complexity with an increase in exploration steps; iii) Struggling to maintain consistent

feature generation performance across diverse scenarios. Regarding automated feature selection,

existing methods are limited by: i) Exponential growth in time complexity as the dimensionality

of the feature space increases; ii) Limited generalization ability for cross-domain feature sets; iii)

Inconsistent performance in feature selection across different scenarios.

Research Thinking and Project Aims

To address these gaps, this dissertation aims to propose automated, robust, interpretable, and trace-

able feature transformation approaches to enhance the input of AI models. Thus, we revisit the

feature generation and feature selection tasks from three sides:

Optimization Thinking: The process of feature generation is iteratively selecting candidate fea-

tures and applying mathematical operations to create new, informative features that enhance the

performance of downstream ML tasks. Similarly, the procedure of feature selection refers to the

iterative identification and selection of optimal feature subsets with the same objective. Both pro-

cesses can be formulated as discrete decision-making processes. There are two research questions:

i) How can we automatically optimize the two tasks to obtain better feature space? ii) Given the
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similarities in the principle of the two tasks, is it possible to develop a unified optimization frame-

work that effectively addresses both?

Framework Thinking: To establish practical frameworks for feature generation and feature se-

lection, it is significant to construct concrete components, addressing the following aspects: i) The

criteria that ought to be employed for selecting candidate features and mathematical operations.

ii) The approach to modeling the knowledge inherent in feature learning to enhance the quality

of the feature space. iii) The specific learning objective of the framework, whether it is centered

on feature selection or feature generation. iv) The generalization way of the feature selection and

generation frameworks when confronted with different underlying downstream ML tasks.

Computational Thinking: The third research thinking is from the computational perspective,

which is essential in assessing the practical applicability of the proposed feature selection and

generation frameworks in real-world scenarios. The significant research question is this: i) How

can we enhance the computational efficiency of these frameworks, particularly when dealing with

high-dimensional feature spaces?

This dissertation focuses on developing automated feature transformation systems. They are de-

signed to enhance the feature space, aiming to improve the downstream ML tasks’ performance

and make the feature space easier to understand and interpret.

Organization

To tackle these research thinking questions, we propose two main research perspectives for refor-

mulating feature generation and feature selection: i) A Decision-making perspective, where we

treat these tasks as discrete Markov decision-making processes and use reinforcement learning

to find the best solutions. ii) A Generative-AI Perspective, which combines both tasks into one
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optimization system and uses generative AI approaches to model feature learning knowledge.

Specifically, this dissertation can be categorized into two thrusts:

• Thrust 1: Traceable Feature Space Refinement: A Decision-Making Perspective.

Regarding feature generation learning, we examine the feature engineering workflow em-

ployed by human experts, identifying it as an iterative process. A cascading reinforced agent

structure is proposed for selecting candidate features and operations. This structure com-

prises three agents: two dedicated to selecting candidate features and one focused on choos-

ing candidate mathematical operations. Utilizing these selections, novel and informative

features are generated and incorporated into the feature space for the next iterative updates.

The primary objective of this process is to optimize both the performance of downstream

machine learning tasks and the utility score of the features.

Regarding feature selection learning, we formulate the feature selection task as a Markov

discrete decision-making process. We introduce a single-agent Monte Carlo-based Rein-

forced Feature Selection (MCRFS) method, accompanied by two strategies for efficiency

enhancement: an early stopping strategy and a reward-level interactive strategy. More specif-

ically, we first develop a behavior policy to navigate through the feature set for generating

training data. This training data is then used to evaluate and enhance the target policy through

the Bellman equation. After that, we employ incremental importance sampling with the early

stopping strategy to heighten training efficiency by discarding skewed data. This strategy en-

tails getting the behavior policies traversal, with the cessation probability inversely related

to the importance of the sampling weight. Moreover, we introduce a reward-level interactive

strategy to augment training efficiency by the integration of reward-level external advice.

• Thrust 2: Traceable Feature Space Refinement: A Generative-AI Perspective. Feature selec-

tion and feature generation can both be formulated as discrete decision-making processes.
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This formulation naturally leads us to propose a unified optimization framework to inte-

grate the two tasks. We expect that such integration can alleviate the inherent complexities

in modeling, potentially enhancing the performance of both tasks. Inspired by the success

of ChatGPT, this dissertation assumes that extensive knowledge in feature engineering can

be effectively embedded into a continuous embedding space. This strategic compression

can facilitate a more efficient search for the optimal feature space. Thus, we propose a

unified framework with four key steps: 1) Sequential training data collection; 2) Deep se-

quential feature knowledge embedding; 3) Gradient-steered better embedding search; 4)

Autoregressive-based feature space reconstruction. More specifically, in Step 1, we can em-

ploy the self-optimizing feature selection or generation learning framework to collect suf-

ficient feature-accuracy pairs as training data. In Step 2, we propose an encoder-evaluator-

decoder model structure to preserve the knowledge in the training data into a distinguishable

continuous embedding space. In Step 3, we select local optimal embeddings based on the

model performance. Then, we move these embeddings along the direction of maximizing the

downstream task performance to get enhanced ones. In Step 4, these enhanced embeddings

are input into the well-trained decoder to generate the feature space in an autoregressive

manner. We output the feature space with the highest downstream task performance as the

optimal feature generation or selection result.

In the following chapters, this dissertation delves into two distinct perspectives. Chapter 2 and

Chapter 3 focus on the decision-making perspective. I will explore self-optimizing feature gen-

eration learning and self-optimizing feature selection learning in detail. Chapter 3 and Chapter 4

shift to the generative-AI perspective, where I will comprehensively examine autoregressive fea-

ture generation learning and autoregressive feature selection learning. Chapter 5 will summarize

the key findings and contributions of this research. The future research directions in these areas

will also be discussed in this chapter.
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CHAPTER 2: DECISION-MAKING PERSPECTIVE:

SELF-OPTIMIZING FEATURE GENERATION LEARNING

In this chapter, I will introduce the framework for self-optimizing feature generation learning. This

task is formulated as the collaboration of three discrete decision-making processes and reinforce-

ment learning is employed to develop a practical framework.

Introduction

Classic Machine Learning (ML) mainly includes data prepossessing, feature extraction, feature

engineering, predictive modeling, and evaluation. The evolution of deep AI, however, has resulted

in a new principled and widely used paradigm: i) collecting data, ii) computing data represen-

tations, and iii) applying ML models. Indeed, the success of ML algorithms highly depends on

data representation [6]. Building a good representation space is critical and fundamental because

it can help to 1) identify and disentangle the underlying explanatory factors hidden in observed

data, 2) easy the extraction of useful information in predictive modeling, 3) reconstruct distance

measures to form discriminative and machine-learnable patterns, 4) embed structure knowledge

and priors into representation space and thus make classic ML algorithms available to complex

graph, spatiotemporal, sequence, multi-media, or even hybrid data.

In this paper, we study the problem of learning to reconstruct an optimal and explainable feature

representation space to advance a downstream ML task (Figure 2.1). Formally, given a set of

original features, a prediction target, and a downstream ML task (e.g., classification, regression),

the objective is to automatically reconstruct an optimal and explainable set of features for the ML

task.
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Figure 2.1: We want to uncover the optimal feature space that is explainable and performs
optimally in a downstream ML task by iteratively reconstructing the feature space.

Prior literature has partially addressed the problem. The first relevant work is feature engineering,

which designs preprocessing, feature extraction, selection [56, 30], and generation [44] to extract

a transformed representation of the data. These techniques are essential but labor-intensive, show-

ing the low applicability of current ML practice in the automation of extracting a discriminative

feature representation space. Issue 1 (full automation): how can we make ML less dependent on

feature engineering, construct ML systems faster, and expand the scope and applicability of ML?

The second relevant work is representation learning, such as factorization [24], embedding [25],

and deep representation learning [97, 95]. These studies are devoted to learning effective latent

features. However, the learned features are implicit and non-explainable. Such traits limit the de-

ployment of these approaches in many application scenarios (e.g., patient and biomedical domains)

that require not just high predictive accuracy but also trusted understanding and interpretation of

underlying drivers. Issue 2 (explainable explicitness): how can we assure that the reconstruct-

ing representation space is traceable and explainable? The third relevant work is learning based

feature transformation, such as principle component analysis [10], traversal transformation graph

based feature generation [44], sparsity regularization based feature selection [34]. These methods

are either deeply embedded into or totally irrelevant to a specific ML model. For example, LASSO

regression extracts an optimal feature subset for regression, but not for any given ML model. Issue

3 (flexible optimal): how can we create a framework to reconstruct a new representation space

for any given predictor? The three issues are well-known challenges. Our goal is to develop a new

8



perspective to address these issues.

Our Contributions: A Traceable Group-wise Reinforcement Generation Perspective. We

propose a novel principled framework to address the automation, explicitness, optimal issues in

representation space reconstruction. We view feature generation and selection from the lens of

Reinforcement Learning (RL). We show that learning to reconstruct representation space can be

accomplished by an interactive process of nested feature generation and selection, where feature

generation is to generate new meaningful and explicit features, and feature selection is to remove

redundant features to control feature sizes. We highlight that the human intuition and domain

expertise in feature generation and selection can be formulated as machine-learnable policies. RL

is an emerging technique to automatically generate experiences data and learn globally optimized

policies. Such traits have sparked considerable interest in recent years. We demonstrate that the

iterative sequential feature generation and selection can be generalized as an RL task. We find that

crossing features of high information distinctness is more likely to generate meaningful variables

in a new representation space, and, thus, leveraging group-group crossing can accelerate learning

efficiency.

Summary of Proposed Approach. Based on our findings, we develop a generic and principled

framework: group-wise reinforcement feature generation, for optimal and explainable represen-

tation space reconstruction. This framework learns a representation space reconstructor that can

1) Goal 1: explainable explicitness: provide traceable generation process and understand the

meanings of each generated feature. 2) Goal 2: self optimization: automatically generate an

optimal feature set for a downstream ML task without much professional experience and human

intervention; 3) Goal 3: enhanced efficiency and reward augmentation: enhance the generation

and exploration speed in a large feature space and augment reward incentive signal to learn clear

policies.
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To achieve Goal 1, we propose an iterative feature generation and selection strategy, where the

generation step is to apply a mathematical operation to two features to create a new feature and

the selection step is to control the feature set size. This strategy allows us to explicitly trace the

generation process and extract the semantic labels of generated features. To achieve Goal 2, we

decompose feature generation into three Markov Decision Processes (MDPs): one is to select the

first meta feature, one is to select an operation, and one is to select the second meta feature. We

develop a new cascading agent structure to coordinate agents to share states and learn better selec-

tion policies for feature generation. To achieve Goal 3, we design a group-operation-group based

generation approach, instead of intuitive feature-operation-feature based generation, in order to ac-

celerate representation space reconstruction. In particular, we first cluster the original features into

different feature groups by maximizing intra-group feature cohesion and inter-group feature dis-

tinctness, where we propose a novel feature-feature information distance. We then let agents select

and cross two feature groups to generate multiple features each time. The benefits of this strategy

are two folds: i) it explores feature space faster; ii) if we use feature-operation-feature based gen-

eration to add a single feature each time, the state of a feature set cannot be sufficiently changed,

thus, restricting the agents from gaining enough reward to learn effective policies. Instead, the

group-operation-group based generation can alleviate this issue by augmenting the reward signal.

Definitions and Problem Statement

In this section, we present several important definitions and then outline the problem statement.
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Important Definitions

Definition 1 Feature Group. We aim to reconstruct the feature space of such datasets D <

F , y >. Here, F is a feature set, in which each column denotes a feature and each row denotes a

data sample; y is the target label set corresponding to samples. To effectively and efficiently pro-

duce new features, we divide the feature set F into different feature groups via clustering, denoted

by C. Each feature group is a feature subset of F .

Definition 2 Operation Set. We perform a mathematical operation on existing features in order

to generate new ones. The collection of all operations is an operation set, denoted by O. There are

two types of operations: unary and binary. The unary operations include “square”, “exp”, “log”,

and etc. The binary operations are “plus”, “multiply”, “divide”, and etc.

Definition 3 Cascading Agent. To address the feature generation challenge, we develop a new

cascading agent structure. This structure is made up of three agents: two feature group agents

and one operation agent. Such cascading agents share state information and sequentially select

feature groups and operations.

Problem Statement

The research problem is learning to reconstruct an optimal and explainable feature representation

space to advance a downstream ML task. Formally, given a dataset D < F , y > that includes an

original feature set F and a target label set y, an operator set O, and a downstream ML task A

(e.g., classification, regression, ranking, detection), our objective is to automatically reconstruct an

optimal and explainable feature set F∗ that optimizes the performance indicator V of the task A.
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Figure 2.2: An overview of GRFG. First, we cluster the feature set into feature groups. Second,
we employ cascading agents to select two feature groups and one operation. Next, we conduct

group-group feature interaction to generate new features and combine them with original features
to create a new feature set. Then, the updated feature set is fed into a downstream task to assess

the selection process of cascading agents for parameter update. Meanwhile, we adopt feature
selection to control the size of the feature set and iterate the process until the best feature set is

discovered or the maximum number of iterations is reached.

The optimization objective is to find a reconstructed feature set F̂ that maximizes:

F∗ = argmaxF̂(VA(F̂ , y)), (2.1)

where F̂ can be viewed as a subset of a combination of the original feature set F and the generated

new features Fg, and Fg is produced by applying the operations O to the original feature set F

via a certain algorithmic structure.

Methodology

In this section, we present an overview, and then detail each technical component of our framework.
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Framework Overview

Figure 2.2 shows our proposed framework, Group-wise Reinforcement Feature Generation (GRFG).

In the first step, we cluster the original features into different feature groups by maximizing intra-

group feature cohesion and inter-group feature distinctness. In the second step, we leverage a

group-operation-group strategy to cross two feature groups to generate multiple features each time.

For this purpose, we develop a novel cascading reinforcement learning method to learn three agents

to select the two most informative feature groups and the most appropriate operation from the op-

eration set. As a key enabling technique, the cascading reinforcement method will coordinate the

three agents to share their perceived states in a cascading fashion, i.e., (agent1, state of the first

feature group), (agent2, fused state of the operation and agent1’s state), and (agent3, fused state of

the second feature group and agent2’s state), in order to learn better choice policies. After the two

feature groups and operation are selected, we generate new features via a group-group crossing

strategy. In particular, if the operation is unary, e.g., sqrt, we choose the feature group of higher

relevance to target labels from the two feature groups, and apply the operation to the more rele-

vant feature group to generate new features. if the operation is binary, we will choose the K most

distinct feature-pairs from the two feature groups, and apply the binary operation to the chosen

feature pairs to generate new features. In the third step, we add the newly generated features to the

original features to create a generated feature set. We feed the generated feature set into a down-

stream task to collect predictive accuracy as reward feedback to update policy parameters. Finally,

we employ feature selection to eliminate redundant features and control the dimensonality of the

newly generated feature set, which will be used as the original feature set to restart the iterations

to regenerate new features until the maximum number of iterations is reached.
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Generation-oriented Feature Clustering

One of our key findings is that group-wise feature generation can accelerate the generation and

exploration, and, moreover, augment reward feedback of agents to learn clear policies. Inspired

by this finding, our system starts with generation oriented feature clustering, which aims to create

feature groups that are meaningful for group-group crossing. Our another insight is that crossing

features of high (low) information distinctness is more (less) likely to generate meaningful vari-

ables in a new representation space. As a result, unlike classic clustering, we aim to cluster features

into different feature groups, with the optimization objective of maximizing inter-group feature in-

formation distinctness while minimizing intra-group feature information distinctness. To achieve

this goal, we propose the M-Clustering for feature clustering, which starts with each feature as a

feature group and then merges the closest feature group pair at each iteration.

Distance Between Feature Groups: A Group-level Relevance-Redundancy Ratio Perspective.

To achieve the goal of minimizing intra-group feature distinctness and maximizing inter-group

feature distinctness, we develop a new distance measure to quantify the distance between two

feature groups. We highlight two interesting findings: 1) relevance to predictive target: if the

relevance between one feature group and predictive target is similar to the relevance of another

feature group and predictive target, the two feature groups are similar; 2) mutual information: if

the mutual information between the features of the two groups are large, the two feature groups

are similar. Based on the two insights, we devise a feature group-group distance. The distance

can be used to evaluate the distinctness of two feature groups, and, further, understand how likely

crossing the two feature groups will generate more meaningful features. Formally, the distance is

given by:

dis(Ci, Cj) =
1

|Ci| · |Cj|
∑

fi∈Ci

∑

fj∈Cj

|MI(fi, y)−MI(fj, y)|
MI(fi, fj) + ϵ

, (2.2)

where Ci and Cj denote two feature groups, |Ci| and |Cj| respectively are the numbers of features
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in Ci and Cj , fi and fj are two features in Ci and Cj respectively, y is the target label vector.

In particular, |MI(fi, y) − MI(fj, y)| quantifies the difference in relevance between y and fi,

fj . If |MI(fi, y) −MI(fj, y)| is small, fi and fj have a more similar influence on classifying y;

MI(fi, fj)+ϵ quantifies the redundancy between fi and fj . ϵ is a small value that is used to prevent

the denominator from being zero. If MI(fi, fj) + ϵ is big, fi and fj share more information.

Feature Group Distance based M-Clustering Algorithm: We develop a group-group distance

instead of point-point distance, and under such a group-level distance, the shape of the feature

cluster could be non-spherical. Therefore, it is not appropriate to use K-means or density based

methods. Inspired by agglomerative clustering, given a feature set F , we propose a three step

method: 1) INITIALIZATION: we regard each feature in F as a small feature cluster. 2) REPEAT:

we calculate the information overlap between any two feature clusters and determine which cluster

pair is the most closely overlapped. We then merge two clusters into one and remove the two

original clusters. 3) STOP CRITERIA: we iterate the REPEAT step until the distance between the

closest feature group pair reaches a certain threshold. Although classic stop criteria is to stop when

there is only one cluster, using the distance between the closest feature groups as stop criteria can

better help us to semantically understand, gauge, and identify the information distinctness among

feature groups. It eases the implementation in practical deployment.

Cascading Reinforcement Feature Groups and Operation Selection

To achieve group-wise feature generation, we need to select a feature group, an operation, and

another feature group to perform group-operation-group based crossing. Two key findings inspire

us to leverage cascading reinforcement. Firstly, we highlight that although it is hard to define

and program the optimal selection criteria of feature groups and operation, we can view selection

criteria as a form of machine-learnable policies. We propose three agents to learn the policies by
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Figure 2.3: The cascading agents are comprised of the feature group agent1, the operation agent,
and the feature group agent2. They collaborate to choose two candidate feature groups and a

single operation.

trials and errors. Secondly, we find that the three selection agents are cascading in a sequential

auto-correlated decision structure, not independent and separated. Here, “cascading” refers to the

fact that within each iteration agents make decision sequentially, and downstream agents await

for the completion of an upstream agent. The decision of an upstream agent will change the

environment states of downstream agents. As shown in Figure 2.3, the first agent picks the first

feature group based on the state of the entire feature space, the second agent picks the operation

based on the entire feature space and the selection of the first agent, and the third agent chooses

the second feature group based on the entire feature space and the selections of the first and second

agents.

We next propose two generic metrics to quantify the usefulness (reward) of a feature set, and then

form three MDPs to learn three selection policies.

Two Utility Metrics for Reward Quantification. The two utility metrics are from the supervised

and unsupervised perspectives.

Metric 1: Integrated Feature Set Redundancy and Relevance. We propose a metric to quantify

feature set utility from an information theory perspective: a higher-utility feature set has less re-
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dundant information and is more relevant to prediction targets. Formally, given a feature set F and

a predictive target label y, such utility metric can be calculated by

U(F|y) = − 1

|F|2
∑

fi,fj∈F

MI(fi, fj) +
1

|F|
∑

f∈F

MI(f, y), (2.3)

where MI is the mutual information, fi, fj, f are features in F and |F| is the size of the feature

set F .

Metric 2: Downstream Task Performance. Another utility metric is whether this feature set can

improve a downstream task (e.g., regression, classification). We use a downstream predictive task

performance indicator (e.g., 1-RAE, Precision, Recall, F1) as a utility metric of a feature set.

Learning Selection Agents of Feature Group 1, Operation, and Feature Group 2. Leveraging

the two metrics, we next develop three MDPs to learn three agent policies to select the best feature

group 1, operation, feature group 2.

Learning the Selection Agent of Feature Group 1. The feature group agent 1 iteratively select the

best meta feature group 1. Its learning system includes: i) Action: its action at the t-th iteration is

the meta feature group 1 selected from the feature groups of the previous iteration, denoted group

a1t = C1
t−1. ii) State: its state at the t-th iteration is a vectorized representation of the generated

feature set of the previous iteration. Let Rep be a state representation method, the state can be

denoted by s1t = Rep(Ft−1). We will discuss the state representation method in the next section.

iii) Reward: its reward at the t-th iteration is the utility score the selected feature group 1, denoted

by R(s1t , a
1
t ) = U(Ct−1|y).

Learning the Selection Agent of Operation. The operation agent will iteratively select the best

operation (e.g. +, -) from an operation set as a feature crossing tool for feature generation. Its

learning system includes: i) Action: its action at the t-th iteration is the selected operation, denoted
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by aot = ot. ii) State: its state at the t-th iteration is the combination of Rep(Ft−1) and the

representation of the feature group selected by the previous agent, denoted by sot = Rep(Ft−1) ⊕

Rep(C1
t−1), where ⊕ indicates the concatenation operation. iii) Reward: The selected operation

will be used to generate new features by feature crossing. We combine such new features with the

original feature set to form a new feature set. Thus, the feature set at the t-th iteration is Ft =

Ft−1 ∪ gt, where gt is the generated new features. The reward of this iteration is the improvement

in the utility score of the feature set compared with the previous iteration, denoted by R(sot , a
o
t ) =

U(Ft|y)− U(Ft−1|y).

Learning the Selection Agent of Feature Group 2. The feature group agent 2 will iteratively select

the best meta feature group 2 for feature generation. Its learning system includes: i) Action: its

action at the t-th iteration is the meta feature group 2 selected from the clustered feature groups

of the previous iteration, denoted by a2t = C2
t−1. ii) State: its state at the t-th iteration is combi-

nation of Rep(Ft−1), Rep(C1
t−1) and the vectorized representation of the operation selected by the

operation agent, denoted by s2t = Rep(Ft−1) ⊕ Rep(C1
t−1) ⊕ Rep(ot). iii) Reward: its reward at

the t-th iteration is improvement of the feature set utility and the feedback of the downstream task,

denoted by R(s2t , a
2
t ) = U(Ft|y)− U(Ft−1|y) + VAt , where VA is the performance (e.g., F1) of a

downstream predictive task.

State Representation of a Feature Group and an Operation. We propose to map a feature

group to a vector that characterizes the State of the given feature group. In detail, given a feature

group F , we first calculate the descriptive statistics (i.e. count, standard deviation, minimum,

maximum, first, second, and third quartile) column by column. Then, row by row, we calculate the

descriptive statistics of the outcome of the previous step to obtain the descriptive matrix that shape

is R7×7. After that, we obtain the feature feature’s representation Rep(F) ∈ R1×49 by flatting

the descriptive matrix. A fixed-size state vector is produced by the representation method, which

accommodates the varying size of the feature set at each generation iteration. Second, for the
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Rep(F)

Figure 2.4: State Representation. Given a feature group F consisting of several features, we
calculate the descriptive statistics of F column-by-column, then row-by-row to get a meta

descriptive statistics matrix. Then, we flat the matrix to obtain the state representation vector
Rep(F).

operation, we use the one-hot encoding as its representation Rep(o).

Solving the Optimization Problem. We train the three agents by maximizing the discounted and

cumulative reward during the iterative feature generation process. In other words, we encourage

the cascading agents to collaborate to generate a feature set that is independent, informative, and

performs well in the downstream task. To accomplish this goal, we minimize the temporal differ-

ence error L converted from the Bellman equation, given by:

L = Q(st, at)− (R(st, at) + γ ∗ maxat+1Q(st+1, at+1)), (2.4)

where γ ∈ [0 ∼ 1] is the discounted factor; Q denotes the Q function estimated by deep neural

networks. After agents converge, we expect to discover the optimal policy π∗ that can choose the

most appropriate action (i.e. feature group or operation) based on the state via the Q-value, which

can be formulated as follows:

π∗(at|st) = argmaxaQ(st, a). (2.5)
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Group-wise Feature Generation

We found that using group-level crossing can generate more features each time, and, thus, accel-

erate exploration speed, augment reward feedback by adding significant amount of features, and

effectively learn policies. The selection results of our reinforcement learning system include two

generation scenarios: (1) selected are a binary operation and two feature groups; (2) selected are

a unary operation and two feature groups. However, a challenge arises: what are the most effective

generation strategy for the two scenarios? We next propose two strategies for the two scenarios.

Scenario 1: Cosine Similarity Prioritized Feature-Feature Crossing. We highlight that it is

more likely to generate informative features by crossing two features that are less overlapped in

terms of information. We propose a simple yet efficient strategy, that is, to select the top K dis-

similar feature pairs between two feature groups. Specifically, we first cross two selected feature

groups to prepare feature pairs. We then compute the cosine similarities of all feature pairs. Later,

we rank and select the top K dissimilar feature pairs. Finally, we apply the operation to the top K

selected feature pairs to generate K new features.

Scenario 2: Relevance Prioritized Unary Feature Generation. When selected are an unary

operation and two feature groups, we directly apply the operation to the feature group that is more

relevant to target labels. Given a feature group C, we use the average mutual information between

all the features in C and the prediction target y to quantify the relevance between the feature group

and the prediction targets, which is given by: rel = 1
|C|

∑
fi∈C MI(fi, y), where MI is a function

of mutual information. After the more relevant feature group is identified, we apply the unary

operation to each feature of the feature group to generate new features.

Post-generation Processing. After feature generation, we combine the newly generated features

with the original feature set to form an updated feature set, which will be fed into a downstream
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task to evaluate predictive performance. Such performance is exploited as reward feedback to

update the policies of the three cascading agents in order to optimize the next round of feature

generation. To prevent feature number explosion during the iterative generation process, we use a

feature selection step to control feature size. When the size of the new feature set exceeds a feature

size tolerance threshold, we leverage the K-best feature selection method to reduce the feature size.

Otherwise, we don’t perform feature selection. We use the tailored new feature set as the original

feature set of the next iteration.

Finally, when the maximum number of iterations is reached, the algorithm returns the optimal

feature set F∗ that has the best downstream performance over the entire exploration.

Experiments

Experimental Setup

Data Description

We used 24 publicly available datasets from UCI [73], LibSVM [14], Kaggle [39], and OpenML

[72] to conduct experiments. The 24 datasets involve 14 classification tasks and 10 regression

tasks. Table 5.1 shows the statistics of the data.

Evaluation Metrics

We used the F1-score to evaluate the recall and precision of classification tasks. We used 1-relative

absolute error (RAE) to evaluate the accuracy of regression tasks. Specifically, 1-RAE = 1 −∑n
i=1 |yi−y̌i|∑n
i=1 |yi−ȳi|

, where n is the number of data points, yi, y̌i, ȳi respectively denote golden standard
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target values, predicted target values, and the mean of golden standard targets.

Baseline Algorithms

We compared our method with five widely-used feature generation methods: (1) RDG randomly

selects feature-operation-feature pairs for feature generation; (2) ERG is an expansion-reduction

method, that applies operations to each feature to expand the feature space and selects significant

features from the larger space as new features. (3) LDA [9] extracts latent features via matrix fac-

torization. (4) AFT [38] is an enhanced ERT implementation that iteratively explores feature space

and adopts a multi-step feature selection relying on L1-regularized linear models. (5) NFS [12]

mimics feature transformation trajectory for each feature and optimizes the entire feature genera-

tion process through reinforcement learning. (6) TTG [44] records the feature generation process

using a transformation graph, then uses reinforcement learning to explore the graph to determine

the best feature set.

Besides, we developed four variants of GRFG to validate the impact of each technical component:

(i) GRFG−c removes the clustering step of GRFG and generate features by feature-operation-

feature based crossing, instead of group-operation-group based crossing. (ii) GRFG−d utilizes the

euclidean distance as the measurement of M-Clustering. (iii) GRFG−u randomly selects a feature

group from the feature group set, when the operation is unary. (iv) GRFG−b randomly selects

features from the larger feature group to align two feature groups when the operation is binary. We

adopted Random Forest, as the downstream ML model, in order to ensure the changes of results

are mainly caused by the feature space reconstruction, not randomness or variance of the predictor.

We performed 5-fold stratified cross-validation in all experiments.
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Hyperparameters, Source Code and Reproducibility

The operation set consists of square root, square, cosine, sine, tangent, exp, cube, log, reciprocal,

sigmoid, plus, subtract, multiply, divide. We limited iterations (epochs) to 30, with each iteration

consisting of 15 exploration steps. When the number of generated features is twice of the original

feature set size, we performed feature selection to control feature size. In GRFG, all agents were

constructed using a DQN network with two linear layers activated by the RELU function. We opti-

mized DQN using the Adam optimizer with a 0.01 learning rate, and set the limit of the experience

replay memory as 32 and the batch size as 8. The parameters of all baseline models are set based

on the default settings of corresponding papers.

Environmental Settings

All experiments were conducted on the Ubuntu 18.04.5 LTS operating system, Intel(R) Core(TM)

i9-10900X CPU@ 3.70GHz, and 1 way SLI RTX 3090 and 128GB of RAM, with the framework

of Python 3.8.5 and PyTorch 1.8.1.

Performance Evaluation

Overall Comparison

This experiment aims to answer: Can our method effectively construct quality feature space and

improve a downstream task? Table 5.1 shows the comparison results in terms of F1 score or 1-

RAE. We observed that GRFG ranks first on most datasets and ranks second on “Credit Default”

and “SpamBase”. The underlying driver is that the personalized feature crossing strategy in GRFG

considers feature-feature distinctions when generating new features. Besides, the observation that
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Table 2.1: Overall performance comparison. ‘C’ for classification and ‘R’ for regression.

Dataset Source C/R Samples Features RDG ERG LDA AFT NFS TTG GRFG
Higgs Boson UCIrvine C 50000 28 0.683 0.674 0.509 0.711 0.715 0.705 0.719

Amazon Employee Kaggle C 32769 9 0.744 0.740 0.920 0.943 0.935 0.806 0.946
PimaIndian UCIrvine C 768 8 0.693 0.703 0.676 0.736 0.762 0.747 0.776

SpectF UCIrvine C 267 44 0.790 0.748 0.774 0.775 0.876 0.788 0.878
SVMGuide3 LibSVM C 1243 21 0.703 0.747 0.683 0.829 0.831 0.766 0.850

German Credit UCIrvine C 1001 24 0.695 0.661 0.627 0.751 0.765 0.731 0.772
Credit Default UCIrvine C 30000 25 0.798 0.752 0.744 0.799 0.799 0.809 0.800

Messidor features UCIrvine C 1150 19 0.673 0.635 0.580 0.678 0.746 0.726 0.757
Wine Quality Red UCIrvine C 999 12 0.599 0.611 0.600 0.658 0.666 0.647 0.686

Wine Quality White UCIrvine C 4900 12 0.552 0.587 0.571 0.673 0.679 0.638 0.685
SpamBase UCIrvine C 4601 57 0.951 0.931 0.908 0.951 0.955 0.961 0.958

AP-omentum-ovary OpenML C 275 10936 0.711 0.705 0.117 0.783 0.804 0.795 0.818
Lymphography UCIrvine C 148 18 0.654 0.638 0.737 0.833 0.859 0.846 0.866

Ionosphere UCIrvine C 351 34 0.919 0.926 0.730 0.827 0.949 0.938 0.960
Bikeshare DC Kaggle R 10886 11 0.483 0.571 0.494 0.670 0.675 0.659 0.681

Housing Boston UCIrvine R 506 13 0.605 0.617 0.174 0.641 0.665 0.658 0.684
Airfoil UCIrvine R 1503 5 0.737 0.732 0.463 0.774 0.771 0.783 0.797

Openml 618 OpenML R 1000 50 0.415 0.427 0.372 0.665 0.640 0.587 0.672
Openml 589 OpenML R 1000 25 0.638 0.560 0.331 0.672 0.711 0.682 0.753
Openml 616 OpenML R 500 50 0.448 0.372 0.385 0.585 0.593 0.559 0.603
Openml 607 OpenML R 1000 50 0.579 0.406 0.376 0.658 0.675 0.639 0.680
Openml 620 OpenML R 1000 25 0.575 0.584 0.425 0.663 0.698 0.656 0.714
Openml 637 OpenML R 500 50 0.561 0.497 0.494 0.564 0.581 0.575 0.589
Openml 586 OpenML R 1000 25 0.595 0.546 0.472 0.687 0.748 0.704 0.783

GRFG outperforms random-based (RDG) and expansion-reduction-based (ERG, AFT) methods

shows that the agents can share states and rewards in a cascading fashion, and, thus learn an

effective policy to select optimal crossing features and operations. Moreover, because our method

is a self-learning end-to-end framework, users can treat it as a tool and easily apply it to different

datasets regardless of implementation details. Thus, this experiment validates that our method is

more practical and automated in real application scenarios.

Study of the impact of each technical component

This experiment aims to answer: How does each component in GRFG impact its performance?

We developed four variants of GRFG (Section 4). Figure 2.5 shows the comparison results in

terms of F1 score or 1-RAE on two classification datasests (i.e. PimaIndian, German Credit)

and two regression datasets (i.e. Housing Boston, Openml 589). First, we developed GRFG−c
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Figure 2.5: Comparison of different GRFG variants in terms of F1 or 1-RAE.

by removing the feature clustering step of GRFG. But, GRFG−c performs poorer than GRFG on

all datasets. This observation shows that the idea of group-level generation can augment reward

feedback to help cascading agents learn better policies. Second, we developed GRFG−d by using

euclidean distance as feature distance metric in the M-clustering of GRFG. The superiority of

GRFG over GRFG−d suggests that our distance describes group-level information relevance and

redundancy ratio in order to maximize information distinctness across feature groups and minimize

it within a feature group. Such a distance can help GRFG generate more useful dimensions. Third,

we developed GRFG−u and GRFG−b by using random in the two feature generation scenarios

(Section 2) of GRFG. We observed that GRFG−u and GRFG−b perform poorer than GRFG. This
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validates that crossing two distinct features and relevance prioritized generation can generate more

meaningful and informative features.
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Figure 2.6: Comparison of different clustering algorithms in terms of F1 or 1-RAE.

Study of the impact of M-Clustering

This experiment aims to answer: Is M-Clustering more effective in improving feature generation

than classical clustering algorithms? We replaced the feature clustering algorithm in GRFG with

KMeans, Hierarchical Clustering, DBSCAN, and Spectral Clustering respectively. We reported

the comparison results in terms of F1 score or 1-RAE on the datasets used in Section 2. Figure

2.6 shows M-Clustering beats classical clustering algorithms on all datasets. The underlying driver
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Figure 2.7: Comparison of different machine learning models in terms of F1 or 1-RAE.

is that when feature sets change during generation, M-Clustering is more effective in minimizing

information overlap of intra-group features and maximizing information distinctness of inter-group

features. So, crossing the feature groups with distinct information makes it easier to generate

meaningful dimensions.

Robustness check of GRFG under different machine learning (ML) models.

This experiment is to answer: Is GRFG robust when different ML models are used as a downstream

task? We examined the robustness of GRFG by changing the ML model of a downstream task to
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Random Forest (RF), Xgboost (XGB), SVM, KNN, and Ridge Regression, respectively. Figure

2.7 shows the comparison results in terms of F1 score or 1-RAE on the datasets used in the Section

2. We observed that GRFG robustly improves model performances regardless of the ML model

used. This observation indicates that GRFG can generalize well to various benchmark applications

and ML models. We found that RF and XGB are the two most powerful and robust predictors,

which is consistent with the finding in Kaggle.COM competition community. Intuitively, the ac-

curacy of RF and XGB usually represent the performance ceiling on modeling a dataset. But, after

using our method to reconstruct the data, we continue to significantly improve the accuracy of

RF and XGB and break through the performance ceiling. This finding clearly validates the strong

robustness of our method.

Study of the traceability and explainability of GRFG

This experiment aims to answer: Can GRFG generate an explainable feature space? Is this gen-

eration process traceable? We identified the top 10 essential features for prediction in both the

original and reconstructed feature space using the Housing Boston dataset to predict housing prices

with random forest regression. Figure 2.8 shows the model performances in the central parts of

each sub-figure. The texts associated with each pie chart describe the feature name. If the fea-

ture name does not include an operation, the corresponding feature is original; otherwise, it is a

generated feature. The larger the pie area is, the more essential the corresponding feature is. We

observed that the GRFG-reconstructed feature space greatly enhances the model performance by

20.9% and the generated features cover 60% of the top 10 features. This indicates that GRFG

generates informative features to refine the feature space. Moreover, we can explicitly trace and

explain the source and effect of a feature by checking its name. For instance, the feature “lstat”

measures the percentage of the lower status populations in a house, which is negatively related to

housing prices. The most essential feature in the reconstructed feature space is “lstat*lstat” that
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Figure 2.8: Top 10 features for prediction in the original and GRFG-reconstructed feature space.

is generated by applying a “multiply” operation to “lstat”. This shows the generation process is

traceable and the relationship between “lstat” and housing prices is non-linear.

Related Work

Reinforcement Learning (RL) is the study of how intelligent agents should act in a given environ-

ment in order to maximize the expectation of cumulative rewards [83]. According to the learned

policy, we may classify reinforcement learning algorithms into two categories: value-based and

policy-based. Value-based algorithms (e.g. DQN [66], Double DQN [90]) estimate the value of

the state or state-action pair for action selection. Policy-based algorithms (e.g. PG [84]) learn

a probability distribution to map state to action for action selection. Additionally, an actor-critic

reinforcement learning framework is proposed to incorporate the advantages of value-based and

policy-based algorithms [77]. In recent years, RL has been applied to many domains (e.g. spatial-

temporal data mining, recommended systems) and achieves great achievements [96, 99]. In this

paper, we formulate the selection of feature groups and operation as MDPs and propose a new

cascading agent structure to resolve these MDPs.
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Automated Feature Engineering aims to enhance the feature space through feature generation

and feature selection in order to improve the performance of machine learning models [13]. Fea-

ture selection is to remove redundant features and retain important ones, whereas feature gener-

ation is to create and add meaningful variables. Feature Selection approaches include: (i) filter

methods (e.g., univariate selection [21], correlation based selection [108]), in which features are

ranked by a specific score like redundancy, relevance; (ii) wrapper methods (e.g., Reinforcement

Learning [63], Branch and Bound [48]), in which the optimized feature subset is identified by a

search strategy under a predictive task; (iii) embedded methods (e.g., LASSO [85], decision tree

[82]), in which selection is part of the optimization objective of a predictive task. Feature Gen-

eration methods include: (i) latent representation learning based methods, e.g. deep factorization

machine [28], deep representation learning [6]. Due to the latent feature space generated by these

methods, it is hard to trace and explain the feature extraction process. (ii) feature transformation

based methods, which use arithmetic or aggregate operations to generate new features [44, 12].

These approaches have two weaknesses: (a) ignore feature-feature heterogeneity among different

feature pairs; (b) grow exponentially when the number of exploration steps increases. Compared

with prior literature, our personalized feature crossing strategy captures the feature distinctness,

cascading agents learn effective feature interaction policies, and group-wise generation manner

accelerates feature generation.

Conclusion Remarks

In this chapter, we present a group-wise reinforcement feature generation (GRFG) framework for

optimal and explainable representation space reconstruction to improve the performances of pre-

dictive models. This framework nests feature generation and selection in order to iteratively recon-

struct a recognizable and size-controllable feature space via feature-crossing. Specifically, first,
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we decompose the process of selecting crossing features and operations into three MDPs and de-

velop a new cascading agent structure for it. Second, we provide two feature generation strategies

based on cosine similarity and mutual information to deal with two generation scenarios follow-

ing cascading selection. Third, we suggest a group-wise feature generation manner to efficiently

generate features and augment the rewards of cascading agents. To accomplish this, we propose

a new feature clustering algorithm (M-Clustering) to produce robust feature groups from an infor-

mation theory perspective. Through extensive experiments, we can find that GRFG is effective at

refining the feature space and shows competitive results compared to other baselines. Moreover,

GRFG can provide traceable routes for feature generation, which improves the explainability of

the refined feature space. In the future, we aim to include the pre-training technique into GRFG to

further enhance feature generation.
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CHAPTER 3: DECISION-MAKING PERSPECTIVE:

SELF-OPTIMIZING FEATURE SELECTION LEARNING

In this chapter, the framework for self-optimizing feature selection learning is introduced. Similar

to feature generation learning, I formulate feature selection as a Markov decision-making process

and employ a singular reinforced agent to construct a practical framework.

Introduction

In general data mining and machine learning pipelines, before proceeding with machine learning

tasks, people need to preprocess the data first. Preprocessing technologies include data cleaning,

data transformation and feature engineering. As one of the most important feature engineering

technique, feature selection aims to select the optimal feature subset from the original feature

set for the downstream task. Traditional feature selection methods can be categorized into three

families: (i) filter methods, in which features are ranked by a specific score (e.g., univariate feature

selection [106, 21], correlation based feature selection [31, 108]); (ii) wrapper methods, in which

optimal feature subset is identified by a search strategy that collaborates with predictive tasks

(e.g., evolutionary algorithms [105, 46], branch and bound algorithms [67, 48]); (iii) embedded

methods, in which feature selection is part of the optimization objective of predictive tasks (e.g.,

LASSO [85], decision tree [82]). However, these studies have shown not just strengths but also

some limitations. For example, filter methods ignore the feature dependencies and interactions

between feature selection and predictors. Wrapper methods have to directly search a very large

feature space of 2N feature subspace candidates, where N is the number of features. Embedded

methods are subject to the strong structured assumptions of predictive models, i.e., in LASSO, the

non-zero weighted features are considered to be important.
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Figure 3.1: Reinforced feature selection explores the feature subspace by assigning each feature
one agent, and the agent’s policy decides the selection of its corresponding feature.

Recently, reinforcement learning has been incorporated with feature selection and produces an

emerging feature selection method, called reinforced feature selection [60, 20]. In the reinforced

feature selection, there are multiple agents to control the selection of features, one agent for one

feature. All agents cooperate to generate the optimal feature set. It has been proved to be superior

to traditional feature selection methods due to its powerful global search ability. However, each

agent adapts a neural network as its policy. Since the agent number equals the feature number (N

agents for N features), when the feature set is extremely large, we need to train a large number of

neural networks, which is computationally high and not applicable for large-scale datasets. Our

research question is: Can we design a more practical and efficient method to address the feature

selection problem while preserving the effectiveness of reinforced fearure selection? To answer

this questions, there are three challenges.

The first challenge is to reformulate the feature selection problem with smaller number of agents.

Intuitively, we can define the action of the agent as the selected feature subset. For a given feature

set, we input it to the agent’s policy and the agent can directly output the optimal subset. However,
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the feature subset space is as large as 2N , whereN is the feature number. When the dataset is large,

the action space is too large for the agent to explore directly.To tackle this problem, we design a

traverse strategy, where one single agent visit each feature one by one to decide its selection (to

select or deselect). After traversing all the feature set, we can obtain the selected feature subset.

We adapt the off-policy Monte Carlo method to our framework. In the implementation, we design

two policies, i.e., one behavior policy and one target policy. The behavior policy is to generate the

training data and the target policy is to generate the final feature subset. In each training iteration,

we use the behavior policy to traverse the feature set, and generates one training episode. The

training episode consists of a series of training samples, each of which contains the state, the

action and the reward. Similar with [60], we regard the selected feature subset as the environment,

and its representation as the state. The action 1/0 denotes selection/deselection, and the reward is

composed of predictive accuracy, feature subset relevance and feature subset redundancy. Using

the training episode, we evaluate the target policy by calculating its Q value with importance

sampling, and improve it by the Bellman equation. After more and more iterations, the target

policy becomes better and better. After the training is done, we use the target policy to traverse the

feature set and can derive the optimal feature subset. Besides, the behavior policy is supposed to

cover the target policy as much as possible so as to generate more high-quality training data, and

should introduce randomness to enable exploration [83]. We design an ϵ-greedy behavior policy,

to better balance the coverage and the diversity.

The second challenge is to improve the training efficiency of the proposed traverse strategy. In this

paper, we improve the efficiency from two aspects. One improvement is to conduct the importance

sampling in an incremental way, which saves repeated calculations between samples. In the off-

policy Monte Carlo method, since the reward comes from the behavior policy, when we use it to

evaluate the target policy, we need to multiply it by an importance sampling weight. We decompose

the sampling weight into an incremental format, where the calculation of the sampling weight can
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directly use the result of previous calculations. The other improvement is to propose an early

stopping criteria to assure the quality of training samples as well as stopping the meaningless

traverse by behavior policy. In Monte Carlo method, if the behavior policy is too far away from the

target policy, the samples from the behavior policy are considered harmful to the evaluation of the

target policy. As the traverse method is continuous and the importance sampling weight calculation

depends on the previous result, once the sample at time t is skew, the following samples are skew.

We propose a stopping criteria based on the importance sampling weight, and re-calculate a more

appropriate weight to make the samples from the behavior policy more close to the target policy.

The third challenge is how to improve the training efficiency by external advice. In classic inter-

active reinforcement learning, the only source of reward is from the environment, and the advisor

does have access to the reward function. However, in many cases, the advisor can not give direct

advice on action, but can evaluate the state-action pair. In this paper, we define a utility function

U which can evaluate state-action pair and provide feedback to the agent just like the environment

reward does. When integrating the advisor utility U with the environment reward R to a more

guiding reward R′, we should not change the optimal policy, namely the optimal policy guided by

R′ should be identical to the optimal policy guided by R. In this paper, we propose a state-based

reward integration strategy, which leads to a more inspiring integrated reward as well as preserving

the optimal policy.

To summarize, the contributions of this paper are: (1) We reformulate the reinforced feature selec-

tion into a single-agent framework by proposing a traverse strategy; (2) We design an off-policy

Monte Carlo method to implement the proposed framework; (3) We propose an early stopping

criteria to improve the training efficiency. (4) We propose a reward-level interactive strategy to

improve the training efficiency. (5) We design extensive experiments to reveal the superiority of

the proposed method.
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Table 3.1: Commonly Used Notations.

Notations Definition
st, at state at time t and action at time t
si, aj the i-th state and the j-th action
S state space defined as {si|i < inf}
A action space defined as {aj|j ∈ [1, N ]}
γ discount factor in range [0,1]
P(st, at, st+1) transition probability
π(s)/π∗(s) policy/optimal policy
M Markov decision process (MDP) defined as

{S,A,R, γ,P}
U utility function from advisor’s perspective
F feature space (set) defined as {fk|k ∈

[0,M ]}

Preliminaries

We first introduce some preliminary knowledge about the Markov decision process(MDP) and the

Monte Carlo method to solve MDP, then we give a brief description of multi-agent reinforced

feature selection.

Markov Decision Process

Markov decision process (MDP) is defined by a tuple M = {S,A,R, γ,P}, where state space S

is finite, action space A is pre-defined, reward function R : S × A → R is a mapping function

from state-action pair to a scalar, γ ∈ [0, 1] is a discount factor and P : S × A × S → R is

the transition probability from state-action pair to the next state. In this paper, we study the most

popular case when the environment is deterministic and thus P ≡ 1. We use superscripts to

discriminate different episode, and use subscripts to denote the time step inside the episode, e.g.,

sit, a
i
t denote the state and action at time t in the i-th episode.
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Monte Carlo for Solveing MDP

Monte Carlo method can take samples from the MDP to evaluate and improve its policy. Specif-

ically, at the i-th iteration, with a behavior (sampling) policy bi, we can derive an episode xi =

{xi1, xi2, . . . , xit, . . . xiN}, where xit = (sit, a
i
t, r

i
t) is a sample consisting state, action and reward.

With the episode, we can evaluate the Q value Qπi(sit, a
i
t) over our policy (detailed in Section 1),

and improve it by Bellman optimality:

πi+1(s) = argmaxaQπi(s, a) (3.1)

With the evaluation-improvement process going on, the policy π becomes better and better, and

can finally converge to the optimal policy. The general process is:

π0 E→ Qπ0
I→ π1 E→ Qπ1

I→ . . . πM
I→ QπM (3.2)

where E→ denotes the policy evaluation and I→ denotes the policy improvement. AfterM iterations,

we can achieve an optimal policy. As Equation 3.2 shows, the policy evaluation and improvement

need many iterations, and each iteration needs one episode x (xi for the i-th iteration) consisting

N samples.

Multi-Agent Reinforced Feature Selection

Feature selection aims to find an optimal feature subset F ′ from the original feature set F for

a downstream machine learning task M. Recently, the emerging multi-agent reinforced feature

selection (MARFS) method [60] formulates the feature selection problem into a multi-agent rein-

forcement learning task, in order to automate the selection process. As Figure 3.2 shows, in the
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MARFS method, each feature is assigned to a feature agent, and the action of feature agent decides

to select/deselect its corresponding feature. It should be noted that the agents simultaneously select

features, meaning that there is only one time step inside an iteration, and thus we omit the subscript

here. At the i-th iteration, all agents cooperate to select a feature subset F i. The next state si+1 is

derived by the representation of selected feature subset F i:

si+1 = represent(F i) (3.3)

where F i is the selected feature subset at time t. represent is a representation learning algorithm

which converts the dynamically changing F i
t into a fixed-length state vector si+1. The represent

method can be meta descriptive statistics, autoencoder based deep representation and dynamic-

graph based GCN in [60]. The reward ri is an evaluation of the selected feature subset F i:

ri = eval(F i) (3.4)

where eval is evaluations of F i, which can be a supervised metric with the machine learning task F

taking F i as input, unsupervised metrics of F i, or the combination of supervised and unsupervised

metrics in [60]. The reward is assigned to each of the feature agent to train their policies. With

more and more steps’ exploration and exploitation, the policies become more and more smart, and

consequently they can find better and better feature subsets.

Methodology

In this section, we first propose a single-agent Monte Carlo-based reinforced feature selection

method. Then, we propose an episode filtering method to improve the sampling efficiency of

the Monte Carlo method. In addition, we apply the episode filtering Monte Carlo method to the
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Figure 3.2: Multi-agent Reinforced feature selection. Each feature is controlled by one feature
agent.

reinforced feature selection scenario. Finally, we design a reward-shaping strategy to improve the

training efficiency.

Monte Carlo Based Reinforced Feature Selection

The MARFS method has proved its effectiveness, however, the multi-agent strategy greatly in-

creases the computational burden and hardware cost. Here, we propose a single-agent traverse

strategy and use Mote Carlo method as the reinforcement learning algorithm.

Traverse strategy

As Figure 3.3 shows, rather than using N agents to select their corresponding features in the multi-

agent strategy, we design one agent to traverse all features one at a time.

In the i-th episode, beginning from time t = 1, the behavior policy bi firstly decides the selection

decision (select or not select) for feature 1, and then, at time t = 2, bi decides the selection

decision for feature 2. With time going on, the features are traversed one by one, and the selected

features form a selected feature subset F i
t . Meanwhile, this process also generates an episode
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xiN = {xi1, xi2, . . . , xit, . . . xiN}, where xit = (sit, a
i
t, r

i
t) is a tuple of state, action and reward. The

action ait = 1/0 is the selection/deselection decision of the t-th feature, the next state sit+1 is derived

by represent(F i
t ) and the reward rit is derived by eval(F i

t ).

Time Line

Condition

Feedback Feedback

Operate

⃛

Time Line

Policy

⃛

⃛

⃛

Feature 

Candidate Set

⃛ Policy

Feature 3

Feature 2

Feature 1

Feature 1

Selected / No Selected

Feature 1

Policy

Exploit Explore

Selected

Feature SubSet

Exploit

Operate

Policy

Explore

Operate

Feedback

Operate

Feedback

Condition

Feature 2

Selected

Feature SubSet

Condition

Feature 3

Selected

Feature SubSet

Condition

Feature N

Selected

Feature SubSet

Feature 1

Feature 2

Selected / No Selected

Feature 3

Selected / No Selected

Feature N

Selected / No Selected

Feature 1 Feature 1

Feature 3

⃛

Exploit Explore Exploit Explore

Memory

t= 1 t= 2 t= 3 t= N

Figure 3.3: Single-agent Reinforced feature selection with traverse strategy. At each step, the
agent transverses features one by one to decide their selection. The traverse data are stored in the

memory to form a training episode.

Monte Carlo Method for Reinforced Feature Selection

With the episode generated by the behavior policy bi, we can evaluate our target policy πi and

improve πi. Both the behavior policy bi and the target policy πi provide the probability of taking

action a given a specific state s.

Specifically, We generate an episode xiN by bi. Then, we calculate the accumulated reward by:

Gi(sit, a
i
t) =

t∑

j=0

γ(t−j) · rij (3.5)

where 0 ≤ γ ≤ 1 is a discount factor.
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As the state space is extremely large, we use a neural network Q(s, a) to approximate G(s, a).

The target policy π is different from the behavior policy b, and the reward comes from samples

derived from policy b, therefore the accumulated reward of π should be calculated by multiplying

an importance sampling weight:

ρit =
Πt
j=0π

i(aij|sij)
Πt
j=0b

i(aij|sij)
(3.6)

The Qπi(s, a) can be optimized by minimizing the loss:

Lπi = ||Qπi(sit, a
i
t)− ρit ∗Gi(sit, a

i
t)||2 (3.7)

The probability of taking action a for state s under policy π in the next iteration can be calculated

by:

πi+1{a|s} =
exp(Qπi{a, s})

exp(Qπi{a = 0, s}) + exp(Qπi{a = 1, s}) (3.8)

We develop an ϵ-greedy policy of b based on the Q value from π:

bi+1{a|s} =





1− ϵ a = argmaxaQπi(s, a);

ϵ otherwise;

(3.9)

Algorithm 1 shows the process of Monte Carlo based feature selection (MCRFS) with traverse

strategy.
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Algorithm 1: Monte Carlo Based Reinforced Feature Selection with Traverse Strategy
Input: Feature set F = {f1, f2, ..., fN}, downstream machine learning task T .
Output: Optimal feature subset F ′.

1 Initialize the behavior policy b1, target policy π1, exploration number M , F ′ = Φ.
2 for i = 1 to M do
3 Initialize state si1.
4 for t = 1 to N do
5 Derive action ait with behavior policy bi(sit).
6 Perform ait, getting selected feature subset F i

t .
7 Obtain the next state sit+1 by represent(F i

t ) and reward rit by eval(F i
t ).

8 end
9 Update target policy πi+1 by Equation 3.8 and behavior policy bi+1 by Equation 3.9.

10 if eval(F i
N) > eval(F ′) then

11 F ′ = F i
N .

12 end
13 end
14 Return F ′.

Early Stopping Monte Carlo Based Reinforced Feature Selection

In many cases, the feature set size N can be very large, meaning that there can be a large number

of samples in one episode xiN . The problem is, if the sample at time T is bad (the Chi-squared

distance between bi(sit) and πi(sit) is large), all the subsequent samples (from T toN ) in the episode

are skew [65]. The skew samples not only are a waste time time to generate, but also do harm to

the policy evaluation, therefore we need to find some way to stop the sampling when the episode

becomes skew.

Incremental Importance Sampling

Rather than calculating the importance sampling weight for each sample directly by Equation 3.6,

we here decompose it into an incremental format. Specifically, in the i-th iteration, we define the

weight increment:
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wit =
πi(ait|sit)
bi(ait|sit)

(3.10)

and the importance sampling weight can be calculated by:

ρit = ρit−1 · wit (3.11)

Thus, at each time, we just need to calculate a simple increment to update the weight.

Early Stopping Monte Carlo Method for Reinforced Feature Selection

We first propose the stopping criteria, and then propose a decision history based traversing strategy

to enhance diversity.

Early stopping criteria . We stop the traverse by probability:

pit = max(0, 1− ρit/v) (3.12)

where 0 ≤ v ≤ 1 is the stopping threshold.

And for the acquired episode, we recalculate the importance sampling weight for each sample by:

wit = piv · ρit/pit (3.13)

where the pv can be calculated by:

piv =

∫
max(0, 1− ρit/v)b

i(st) dst (3.14)
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As piv is identical for all samples in the i-th episode regardless of t, the calculation of Equation

3.13 does almost no increase to the computation.

Decision history based traversing strategy . In the i-th iteration, the stopping criteria stops the

traverse at time t, and the features after t are not traversed. With more and more traverses, the front

features (e.g., f1 and f2) are always selected/deselected by the agent, while the backside features

(e.g., fN and fN−1) get very few opportunity to be decided. To tackle this problem, we record the

decision times we made on each feature, and re-rank their orders to diversify the decision process

in the next traverse episode. For example, in the past 5 episodes, if the decision times of feature

set {f1, f2, f3} are {5,2,4}, then in the 6-th episode, the traverse order is f2 → f3 → f1.

Algorithm 2 shows the process of Monte Carlo based feature selection (MCRFS) with early stop-

ping traverse strategy. specifically, we implement the early stopping Monte Carlo based reinforced

feature selection method as follows:

1. Use a random behavior policy b0 to traverse the feature set. Stop the traverse with the prob-

ability in Equation 3.12 and get an episode x0
N0

.

2. Evaluate the policy π0 to get the Q value Q0 by minimizing Equation 3.7, and derive the

updated policy π1 and b1 from Equation 3.8 and 3.9 respectively.

3. Update the record of traverse times for each feature. Re-rank feature order. The smaller

times one feature was traversed, the more forward order it should get.

4. Use the updated policy π1 and b1 to traverse the re-ranked feature set for the next M steps.

Derive the policy πM and bM . Use πM to traverse the feature set without stopping criteria,

and derive the final feature subset.
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Algorithm 2: Monte Carlo Based Reinforced Feature Selection with Early Stopping Traverse
Strategy
Input: Feature set F = {f1, f2, ..., fN}, downstream machine learning task T .
Output: Optimal feature subset F ′.

1 Initialize the behavior policy b1, target policy π1, exploration number M , F ′ = Φ.
2 for i = 1 to M do
3 Initialize state si1.
4 Rank features with their decision history.
5 for t = 1 to N do
6 Derive action ait with behavior policy bi(sit).
7 Perform ait, getting selected feature subset F i

t .
8 Obtain the next state sit+1 by represent(F i

t ) and reward rit by eval(F i
t ).

9 Break the loop with probability pit derived from Equation 3.12;
10 end
11 Update target policy πi+1 by Equation 3.8 and behavior policy bi+1 by Equation 3.9.
12 if eval(F i

N) > eval(F ′) then
13 F ′ = F i

N .
14 end
15 end
16 Return F ′.

Interactive Reinforcement Learning

As all the steps in this section belong to the same iteration, we omit the superscript i in each

denotation for simplicity.

Reinforcement learning is proposed to develop the optimal policy π∗
M(s) = argmaxaQ

∗
M(s, a)

for an MDP M. The optimal Q-value can be updated by Bellman equation [5]:

Q∗
M(st, at) = R(st, at) + γ ∗maxat+1Q

∗
M(st+1, at+1) (3.15)

Interactive reinforcement learning (IRL) is proposed to accelerate the learning process of rein-

forcement learning (RL) by providing external action advice to the RL agent [81]. As Figure 3.4
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shows, for selected advising states, the action of RL agent is decided by the advisor’s action advice

instead of its own policy. The algorithm to select advising states varies with the problem setting.

Typical algorithms for selecting advising states include early advising, importance advising, mis-

take advising and predictive advising [87]. To better evaluate the utility of the state-action pair

(st, at), we define a utility function U(st, at). The utility function can give a feedback of how the

action benefits from the state from the advisor’s point of view.

Advisor Agent Environment

Action Advice

Action

State

Reward

Figure 3.4: Classic interactive reinforcement learning. The advisor gives the agent advice at the
action level.

Reward-Level Interactive Reinforcement Learning . In reinforcement learning (RL), we aim to

obtain the optimal policy for the MDP M = {S,A,R, γ,P}. However, in IRL, when we change

the reward function R to a more inspiring reward function R′, the original MDP M is changed to

a new MDP M′ = {S,A,R′, γ,P}. Without careful design , the optimal policy derived from M′

would be different from the optimal policy for M. Here we give a universal form of reward advice

without limitation on the form of utility function U(s, a):

R′(at, st) = R(at, st) + c ∗ (γ ∗ U(st+1)− U(st)) (3.16)

where U(st) = Eat [U(at, st)], c is the weight to balance the proportion of the utility function.

We prove that the optimal policies of M and M′ are identical when the reward advice is Equation

3.16:
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Algorithm 3: Reward-Level Interactive Reinforcement Learning
1 Initialize replay memory D; Initialize the Q-value function with random weights; Initialize

the advising state number Na, stop time T ;
2 for t = 1 to T do

3 at =

{
random action with probabilityϵ;
maxatQ(st, at) with probability1− ϵ;

4 Perform at, obtaining reward R(at, st) and next state st+1;

5 R′(st, at) =

{
R(st, at) t > Na;

R(st, at) + c ∗ (γ ∗ U(st+1)− U(st)) t ≤ Na;

6 Store transition (st, at,R′(st, at), st+1) in D;
7 Randomly sample mini-batch of data from D;
8 Update Q(s, a) with the sampled data;
9 end

We firstly subtract c ∗ U(st) from both sides of Equation 3.15, and we have:

Q∗
M(st, at)− c ∗ U(st) = R(st, at)

+ γ ∗maxat+1Q
∗
M(st+1, at+1)− c ∗ U(st)

(3.17)

We add and subtract c ∗ γ ∗ U(st+1) on the right side:

Q∗
M(st, at)− c ∗ U(st) = R(st, at)

+ γ ∗maxat+1Q
∗
M(st+1, at+1)− c ∗ U(st)

+ c ∗ γ ∗ U(st+1)− c ∗ γ ∗ U(st+1)

= R(st, at) + c ∗ γ ∗ U(st+1)− c ∗ U(st)

+ γ ∗maxat+1 [Q
∗
M(st+1, at+1)− c ∗ U(st+1)]

(3.18)

We define:

Q∂
M′(st, at) = Q∗

M(st, at)− c ∗ U(st) (3.19)
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Then Equation 3.18 has the new form:

Q∂
M′(st, at) = R(st, at) + c ∗ [γ ∗ U(st+1)− U(st)]

+ γ ∗maxat+1Q
∂
M′(st+1, at+1)

= R′(st, at) + γ ∗maxat+1Q
∂
M′(st+1, at+1)

(3.20)

which is the Bellman equation of Q∂
M′(st, at) with reward R′, meaning Q∂

M′(st, at) is the optimal

policy Q-value for MDP M′, i.e.,

Q∗
M′(st, at) = Q∂

M′(st, at) (3.21)

We combine Equation 3.19 and Equation 3.21 and have:

Q∗
M′(st, at) = Q∗

M(st, at)− c ∗ U(st) (3.22)

Obviously,

argmaxatQ
∗
M′(st, at) = argmaxat [Q

∗
M(st, at)− c ∗ U(st)]

= argmaxatQ
∗
M(st, at)

(3.23)

which reveals the optimal policy of MDP M′ with reward R′ is identical to the optimal policy of

MDP M with reward R.

As the reward advice R′ consists of more information than the original reward R, it can help

the reinforcement learning agent explore the environment more efficiently. We give a detailed

description of reward-level IRL in Algorithm 3. Specifically, we adapt the early advising strategy

[87] to select the advising states, i.e., the advisor gives advice for the first n states the IRL agent

48



Advisor Agent Environment

Reward Advice

Action

State

Reward

Figure 3.5: Reward-level interactive reinforcement learning. The advisor gives advice at the
reward level.

meets.

Comparison with Prior Literature

Compared with filter methods, our methods capture feature interactions; Compared with wrapper

methods, our methods reduce the search space; Compared with embedded methods, our methods

don’t rely on strong structured assumptions; Compared with multi-agent reinforcement learning

feature selection, our methods achieve parallel performance with lower computational cost.

Experiments

Experimental Setup

We conduct extensive experiments on real-world datasets to study: (1) the overall performance

of early stopping Monte Carlo based reinforced feature selection (ES-MCRFS); (2) the training

efficiency of the early stopping criteria; (3) the sensitivity of the threshold in the early stopping cri-

teria; (4) the computational burden of the traverse strategy; (5) the decision history based traverse

strategy; (6) the behavior policy in the ES-MCRFS.
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Data Description

We use four publicly available datasets on classification task to validate our methods, i.e., Forest

Cover (FC) dataset [8], Spambase (Spam) dataset [17], Insurance Company Benchmark (ICB)

dataset [89] and Arrhythmia (Arrhy) dataset [29]. The statistics of the datasets are in Table 3.2.

Table 3.2: Statistics of datasets.

FC Spam ICB Arrhy
Features 54 57 86 274
Samples 15120 4601 5000 452

Evaluation Metrics

In the experiments, we have classification as the downstream task for feature selection problem,

therefore we use the two most popular evaluation metrics for the classification task:

Accuracy is given by Acc = TP+TN
TP+TN+FP+FN

, where TP, TN, FP, FN are true positive, true

negative, false positive and false negative for all classes.

F1-score is given by F1 = 2∗P∗R
P+R

, where P = TP
TP+FP

is precision and R = TP
TP+FN

is recall.

Baseline Algorithms

We compare our proposed ES-MCRFS method with the following baselines: (1) K-Best ranks

features by unsupervised scores with the label and selects the top k highest scoring features [106].

In the experiments, we set k equals to half of the number of input features.(2) LASSO conducts

feature selection via l1 penalty [85]. The hyper parameter in LASSO is its regularization weight λ
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which is set to 0.15 in the experiments. (3) GFS selects features by calculating the fitness level for

each feature to generate better feature subsets via crossover and mutation [53]. (4) mRMR ranks

features by minimizing feature’s redundancy and maximizing their relevance with the label[69]. (5)

RFE selects features by recursively selecting smaller and smaller feature subsets [26].(6)MARFS

is a multi-agent reinforcement learning based feature selection method [60]. It uses M feature

agents to control the selection/deselection of theM features. Besides, we also compare our method

with its variant without an early stopping strategy, i.e., Monte Carlo-based reinforced feature se-

lection MCRFS.

Implementation

In the experiments, for all deep networks, we set mini-batch size to 16 and use AdamOptimizer

with a learning rate of 0.01. For all experience replays, we set memory size to 200. We set the

Q network in our methods as a two-layer ReLU with 64 and 8 nodes in the first and second layer.

The classification algorithm we use for evaluation is a random forest with 100 decision trees. The

stop time is set to 3000 steps. The state representation method in reinforced feature selection is an

auto-encoder method whose encoder/decoder network is a two-layer ReLU with 128 and 32 nodes

in the first and second layer.

Environmental Settings

The experiments were carried out on a server with an I9-9920X 3.50GHz CPU, 128GB memory,

and a Ubuntu 18.04 LTS operation system.
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Performance Evaluation

Overall Performance

We compare the proposed ES-MCRFS method with baseline methods and its variants with regard

to predictive accuracy. As Table 3.3 shows, the MCRFS, which simplifies the reinforced fea-

ture selection into a single-agent formulation, achieves similar performance with the multi-agent

MARFS. With the help of a traverse strategy and early stopping criteria, the ES-MCRFS outper-

forms all the other methods.

Table 3.3: Overall performance.

FC Spam ICB Arrhy
Acc F1 Acc F1 Acc F1 Acc F1

A
lg

or
ith

m
s

K-Best 0.7904 0.8058 0.9207 0.8347 0.8783 0.8321 0.6382 0.6406
LASSO 0.8438 0.8493 0.9143 0.8556 0.8801 0.8507 0.6293 0.6543
GFS 0.8498 0.8350 0.9043 0.8431 0.9099 0.637 0.6406 0.6550
mRMR 0.8157 0.8241 0.8980 0.8257 0.8998 0.8423 0.6307 0.6368
RFE 0.8046 0.8175 0.9351 0.8480 0.9045 0.8502 0.6452 0.6592
MARFS 0.8653 0.8404 0.9219 0.8742 0.8902 0.8604 0.7238 0.6804
MCRFS 0.8688 0.8496 0.9256 0.8738 0.8956 0.8635 0.7259 0.7152
ES-MCRFS 0.8942 0.8750 0.9402 0.9067 0.9187 0.8803 0.7563 0.7360

Sensitivity Study of Early Stopping Criteria

We study the threshold sensitivity in the early stopping criteria by differing the threshold v and

evaluate the predictive accuracy. Figure 3.6 shows that the optimal threshold for the four datasets

is 0.4, 0.5, 0.7, 0.7. It reveals that the early stopping criteria are sensitive to the pre-defined

threshold, and the optimal threshold varies on different datasets.
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Figure 3.6: Threshold sensitivity of early stopping criteria.

Training Efficiency of Early Stopping Criteria

We compare the predictive accuracy with different numbers of training episodes to study the train-

ing efficiency of the early stopping. Figure 3.7 shows that with early stopping criteria, the Monte

Carlo reinforced feature selection can achieve convergence more quickly, and the predictive accu-

racy can be higher after convergence.
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Figure 3.7: Predictive accuracy on training step.

Study of the Behavior Policy

We study the difference between random behavior policy and the ϵ-greedy policy presented in

Equation 3.9. We combine the two policies with MCRFS and ES-MCRFS respectively. Figure 3.8

shows that the ϵ-greedy policy outperforms the random behavior policy on all datasets.

Computational Burden of Traverse Strategy

We compare the computational burden of the MCRFS which uses single-agent and the traverse

strategy to substitute the multi-agent strategy in the MARFS. Table 3.4 shows that the CPU and
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Figure 3.8: Predictive accuracy on different training strategies. RB for random behavior policy
and GB for ϵ-greedy behavior policy.

memory cost when implementing the two methods. Our method MCRFS requires less computa-

tional resources than the multi-agent MARFS.

Table 3.4: CPU and memory (in MB) occupation.

FC Spam ICB Arrhy
CPU Mem CPU Mem CPU Mem CPU Mem

MARFS 72% 1531 75% 1502 86% 1797 97% 4759
MCRFS 57% 1429 54% 1395 59% 1438 55% 1520
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Decision History Based Traverse Strategy

We study the decision history based traverse strategy by comparing its performance with the vanilla

traverse strategy on ES-MCRFS. Table 3.5 shows that the decision history can significantly im-

prove performance of the traverse strategy.

Table 3.5: Traverse strategy ablation. DH for decision history.

FC Spam ICB Arrhy
Acc F1 Acc F1 Acc F1 Acc F1

No DH 0.75 0.82 0.83 0.79 0.75 0.81 0.59 0.56
With DH 0.89 0.88 0.94 0.91 0.92 0.88 0.76 0.74

Table 3.6: Performance with different utility function

FC Spam ICB Arrhy
Acc F1 Acc F1 Acc F1 Acc F1

U
til

ity Rd 0.8689 0.8433 0.9250 0.8749 0.8997 0.8788 0.7340 0.6955
Rv 0.8703 0.8507 0.9317 0.8831 0.9001 0.8793 0.7393 0.7143
Rv −Rd 0.8842 0.8650 0.9402 0.8949 0.9117 0.8903 0.7492 0.7258

Training Efficiency of reward-level interactive strategy

We compare the predictive accuracy with different numbers of training episodes to study the train-

ing efficiency of the reward-level interactive (RI) strategy. Figure 3.9 shows that with RI, the

Monte Carlo reinforced feature selection can achieve convergence more quickly. However, as the

ES-MCRFS already achieves good performance, the RI can not improve its final performance.

Study of the Utility Function

We define the utility function U as the combination of relevance (Rv) function and redundancy

(Rd) function. Here we study the impact of the two components for the utility function. Table 3.6
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Figure 3.9: Predictive accuracy on training step.

shows that when we use Rv independently as the utility function, its performance is better than the

Rd. This is because Rv evaluates the relationship between features and the label, which is directly

related to the classification task, while Rd evaluates the relationship among features, which is an

indirect evaluation to the classification task. The combination of the two functions (Rv − Rd) as

the utility function significantly outperforms each of the independent functions, revealing the Rd

and Rv coordinate and make up each other’s shortage.
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Related Work

Efficient Sampling in Reinforcement Learning. Reinforcement learning is a trial-and-error

based method, which requires high-quality samples to train its policy. It is always a hot topic

to pursue efficient sampling for reinforcement learning. One research direction is to generate

training samples with high quality based on the importance sampling technology, such as rejection

control [59] and marginalized importance sampling [104]. These methods basically control the

sampling process based on the importance sampling weight. Another research direction is to sam-

ple diversified sample from different policy parameters. The diversity partially contributes to the

exploration and thus have better performance on some specific tasks [22]. However, these methods

suffer from slow convergence and no theoretical guarantee [109]. Besides, there are other attempts

to develop sample efficient reinforcement learning, such as curiosity-driven exploration and hybrid

optimization [74, 98].

Feature Selection. Feature selection can be categorized into three types, i.e., filter methods, wrap-

per methods and embedded methods [62, 111]. Filter methods rank features only by relevance

scores and only top-ranking features are selected. The representative filter methods is the univari-

ate feature selection [21] The representative wrapper methods are branch and bound algorithms

[67, 48]. Wrapper methods are supposed to achieve better performance than filter methods since

they search on the whole feature subset space. Evolutionary algorithms [105, 46] low down the

computational cost but could only promise local optimum results. Embedded methods combine

feature selection with predictors more closely than wrapper methods. The most widely used em-

bedded methods are LASSO [85] and decision tree [82].

Interactive Reinforcement Learning. Interactive reinforcement learning (IRL) is proposed to

accelerate the learning process of reinforcement learning. Early work on the IRL topic can be

found in [58], where the authors presents a general approach to making robots which can improve
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their performance from experiences as well as from being taught. Unlike the imitation learning

which intends to learn from an expert other than the environment [76, 36], IRL sticks to learning

from the environment and the advisor is only an advice-provider in its apprenticeship [47, 97].

As the task for the advisor is to help the agent pass its apprenticeship, the advisor has to identify

which states belong to the apprenticeship. In [87], the authors study the advising state selection

and propose four advising strategies, i.e., early advising, importance advising, mistake correcting

and predictive advising.

Conclusion Remarks

Summary. In this chapter, we study the problem of improving the training efficiency of reinforced

feature selection (RFS). We propose a traverse strategy to simplify the multi-agent formulation

of the RFS to a single-agent framework, an implementation of Monte Carlo method under the

framework, and two strategies to improve the efficiency of the framework.

Theoretical Implications. The single-agent formulation reduces the requirement of computa-

tional resources, the early stopping strategy improves the training efficiency, the decision history

based traversing strategy diversify the training process, and the interactive reinforcement learning

accelerates the training process without changing the optimal policy.

Practical Implications. Experiments show that the Monte Carlo method with the traverse strategy

can significantly reduce the hardware occupation in practice, the decision history based traverse

strategy can improve performance of the traverse strategy, the interactive reinforcement learning

can improve the training of the framework.

Limitations and Future Work. Our method can be further improved from the following aspects:

1) The framework can be adapted into a parallel framework, where more than one (but much
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smaller than the feature number) agents work together to finish the traverse; 2) Besides reward

level, the interactive reinforcement learning can obtain advice from action level and sampling

level. 3) The framework can be implemented on any other reinforcement learning frameworks,

e.g., deep Q-network, actor critic and proximal policy optimization (PPO).
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CHAPTER 4: GENERATIVE-AI PERSPECTIVE: AUTOREGRESSIVE

FEATURE GENERATION LEARNING

In this chapter, I will introduce the framework of autoregressive feature generation learning. This

framework embeds the knowledge of feature generation into a distinguishable embedding space,

subsequently facilitating the identification of the optimal feature space.

Introduction

The objective of feature transformation is to derive a new feature space from the original features

through the application of a series of operations, with the goal of enhancing the performance

of subsequent machine learning tasks. However, feature transformation is usually manual, time-

consuming, labor-intensive, and requires domain knowledge. These limitations motivate us to

accomplish Automated Feature Transformation (AFT). AFT is a fundamental task because AFT

can 1) reconstruct distance measures, 2) form a feature space with discriminative patterns, 3) ease

machine learning, and 4) overcome complex and imperfect data representation.

There are two main challenges in solving AFT: 1) efficient feature transformation in a massive

discrete search space; 2) robust feature transformation in an open learning environment. Firstly, it

is computationally costly to reconstruct the optimal feature space from a given feature set. Such

reconstruction requires a transformation operation sequence that includes features-operations com-

binations, each of which represents a newly generated feature. Since there are many features and

operations, the number of feature-operations combinations exponentially grows, not to mention

the number of candidate transformation operation sequences. The efficiency challenge seeks to

answer: how can we efficiently identify the best feature transformation operation sequence? Sec-
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ondly, identifying the best transformation operation sequence is unstable and sensitive to many

factors in an open environment. For example, if we see identifying a transformation operation

sequence as a searching problem, it is sensitive to starting points or the greedy strategy during iter-

ative searching. If we see identifying transformation paths as a generation problem, it is sensitive

to training data quality and the complexity of generation forms. The robustness challenge aims to

answer: how can we robustify the generation of feature transformation operation paths?

Prior literature only partially addresses the two challenges. Existing AFT algorithms can be

grouped into three categories: 1) expansion-reduction approaches [40, 38, 45], in which all math-

ematical operations are randomly applied to all features at once to generate candidate transformed

features, followed by feature selection to choose valuable features. However, such methods are

based on random generation, unstable, and not optimization-directed. 2) iterative-feedback ap-

proaches [93, 44, 88], in which integrates feature generation and selection are integrated, and

generation and selection strategies are updated based on feedback in each iteration. Two example

methods are Evolutionary Algorithms (EA) or Reinforcement Learning (RL) with downstream ML

task accuracy as feedback. However, such methods are developed based on searching in a massive

discrete space and are difficult to converge on compared with solving a continuous optimization

problem. 3) Neural Architecture Search (NAS)-based approaches [12, 113]. NAS was originally

to identify neural network architectures using a discrete search space containing neural architec-

ture parameters. Inspired by NAS, some studies formulated AFT as a NAS problem. However,

NAS-based formulations are slow and limited in modeling all transformation forms. Existing stud-

ies demonstrate the inability to address efficiency and robustness in feature transformation jointly.

Therefore, we need a novel perspective to derive a novel formulation and solver of AFT.

Our Contribution: A Postfix Expression Embedding and Generation Perspective. We formu-

late the discrete AFT problem as a continuous optimization task. We highlight a postfix expres-

sion embedding and generation perspective for feature transformation: feature transformation is

62



described as a transformation operation sequence; the sequence is represented by a postfix expres-

sion, thereafter, embedded into a vector in a continuous latent space, with the continuous space, the

best transformation identification is solved by an efficient gradient-based optimizer; finally a new

feature set is reconstructed from the optimal embedding vector via generative modeling. We show

that training data quality directly defines an effective embedding space, without which gradient-

based optimization and generative reconstruction will not work well. Collecting quality feature

transformation training data is never easy. We demonstrate that reinforcement intelligence can be

used as a self-optimizing training data collector to explore high-quality feature transformations,

evaluate downstream ML task accuracy, and automate training data collection. We find that inte-

grating transformation sequence reconstruction loss and downstream task accuracy estimation loss

can better measure the effectiveness of an embedding space and strengthen the denoising capability

of gradient-based search of the optimal transformation embedding. We observe that beam search

exhibits the ability to track multiple top candidate sequences during sequence reconstruction and

increase the validity of generated feature transformation operation. We encode a feature transfor-

mation operation sequence as a single postfix expression so that the generative model can capture

feature-feature interactions and automatically identify the dimensionality of the new feature space

and the complexity of the transformation operation sequence.

Summary of Proposed Approach. Inspired by these findings, this paper presents a generic and

principled framework for deep differentiable feature transformation, namely GBFG. To advance

efficiency and robustness, this framework implements four steps: 1) reinforcement training data

collection; 2) postfix expression embedding of transformation operation path; 3) gradient-based

continuous optimization; 4) beam search-based transformation operation path reconstruction. Step

1 is to collect high-quality transformation operation sequence-accuracy pairs as training data.

Specifically, we develop a cascading reinforcement learning structure to automatically explore

transformation operation sequences and test generated feature spaces on a downstream predictor
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(e.g., decision tree). The self-optimizing policies enable agents to collect high-quality transforma-

tion operation sequences. The key insight is that when training data is hard to collect, reinforce-

ment intelligence can be used as an automated training data collector. Step 2 is to learn a continuous

embedding space from transformation-accuracy training data. Specifically, we describe transfor-

mation operation sequences as postfix expressions, each of which is mapped into an embedding

vector by jointly optimizing the transformation operation path reconstruction loss and accuracy

estimation loss. Viewing feature transformation from the lens of postfix expression can reduce an

exponentially growing discrete search problem into an alphabetical letter generation problem. The

postfix reformulation has a much smaller space by only selecting an alphabetical feature-related or

operator-related letter in each generation instead of considering high-order expansions. The post-

fix reformulation equips the generation model with the ability to self-decide the best number of

generated features and the transformation operation segmentation of each developed feature. Step

3 is to leverage the gradient calculated from the improvement of the accuracy evaluator to guide

the search for the optimal transformation operation sequence embedding. Step 4 is to develop a

beam search-based generative module to reconstruct feature transformation operation sequences

from embedding vectors. Finally, we present extensive experiments and case studies to show the

enhanced performances of our framework.

Definitions and Problem Statement

Important Definitions

Definition 4 Operation Set. To refine the feature space, we need to apply mathematical operations

to existing features to generate new ones. All operations are collected in an operation set, denoted

by O. Based on the computation property, these operations can be classified as unary operations

and binary operations. The unary operations such as ”square”, ”exp”, ”log”, etc. The binary
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operations such as ”plus”, ”multiply”, ”minus”, etc.

Definition 5 Cascading Agent Structure. We create a cascading agent structure comprised of

feature agent1, operation agent, and feature agent2 to efficiently collect quantities of high-quality

feature transformation records. The selection process of the three agents will share the state infor-

mation and sequentially select candidate features and operations for refining the feature space.

Definition 6 Feature Transformation Operation Sequence. Assuming that D = {X, y} is a

dataset, which includes the original feature set X = [f1, · · · , fN ] and predictive targets y. As

shown in Figure 4.1, we transform the existing ones using mathematical compositions τ consisting

of feature ID tokens and operations to generate new and informative features. K transformation

compositions are adopted to refine X to a better feature space X̃ = [f̃1, · · · , f̃K ]. The collection

of the K compositions refers to the feature transformation sequence, which is denoted by Γ =

[τ1, · · · , τK ].
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Figure 4.1: An example of feature transformation sequence.

Problem Statement

We aim to develop an effective and robust deep differentiable automated feature transformation

framework. Formally, given a dataset D = {X, y} and an operation set O, we first build a cascad-

ing RL-agent structure to collect n feature transformation accuracy pairs as training data, denoted

by R = {(Γi, vi)}ni=1, where Γi is the transformation sequence and vi is the associated downstream

predictive performance. We pursue two objectives thereafter: 1) building an optimal continuous
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<latexit sha1_base64="SqSaEMzCf6zsLP6bFCEGzTYt7+A=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIgjEkIuix4MVjBfsBbSib7aZdutmE3YlQQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6aCa/C8b6u0tr6xuVXeruzs7u1X7YPDlk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1wfDvz249MaZ7IB5ikLIjJUPKIUwJG6tvVc6cHPGbauXAYULdv1zzXmwOvEr8gNVSg0be/eoOEZjGTQAXRuut7KQQ5UcCpYNNKL9MsJXRMhqxrqCRmV5DPD5/iU6MMcJQoUxLwXP09kZNY60kcms6YwEgvezPxP6+bQXQT5FymGTBJF4uiTGBI8CwFPOCKURATQwhV3NyK6YgoQsFkVTEh+Msvr5LWpet7rn9/Vas7RRxldIxO0Bny0TWqozvUQE1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5AwF1ke8=</latexit><latexit sha1_base64="SqSaEMzCf6zsLP6bFCEGzTYt7+A=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIgjEkIuix4MVjBfsBbSib7aZdutmE3YlQQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6aCa/C8b6u0tr6xuVXeruzs7u1X7YPDlk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1wfDvz249MaZ7IB5ikLIjJUPKIUwJG6tvVc6cHPGbauXAYULdv1zzXmwOvEr8gNVSg0be/eoOEZjGTQAXRuut7KQQ5UcCpYNNKL9MsJXRMhqxrqCRmV5DPD5/iU6MMcJQoUxLwXP09kZNY60kcms6YwEgvezPxP6+bQXQT5FymGTBJF4uiTGBI8CwFPOCKURATQwhV3NyK6YgoQsFkVTEh+Msvr5LWpet7rn9/Vas7RRxldIxO0Bny0TWqozvUQE1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5AwF1ke8=</latexit><latexit sha1_base64="SqSaEMzCf6zsLP6bFCEGzTYt7+A=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIgjEkIuix4MVjBfsBbSib7aZdutmE3YlQQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6aCa/C8b6u0tr6xuVXeruzs7u1X7YPDlk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1wfDvz249MaZ7IB5ikLIjJUPKIUwJG6tvVc6cHPGbauXAYULdv1zzXmwOvEr8gNVSg0be/eoOEZjGTQAXRuut7KQQ5UcCpYNNKL9MsJXRMhqxrqCRmV5DPD5/iU6MMcJQoUxLwXP09kZNY60kcms6YwEgvezPxP6+bQXQT5FymGTBJF4uiTGBI8CwFPOCKURATQwhV3NyK6YgoQsFkVTEh+Msvr5LWpet7rn9/Vas7RRxldIxO0Bny0TWqozvUQE1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5AwF1ke8=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="kfhp6Pug1rSaDSuMmmPQo+vGdeM=">AAAB7XicbZBLSwMxFIXv+Ky12tGtm2ARBOsw40aXghuXFewD2qFk0kwbmskMyR2hDv0lblwo4t9x578xfSy09UDgcE7CvfmiTAqDvv/tbGxube/slvbK+5WDw6p7VGmZNNeMN1kqU92JqOFSKN5EgZJ3Ms1pEknejsZ3s779xLURqXrEScbDhA6ViAWjaKO+W72o91Ak3NQv6xyZ13drvufPRdZNsDQ1WKrRd796g5TlCVfIJDWmG/gZhgXVKJjk03IvNzyjbEyHvGutonZWWMwXn5IzmwxInGp7FJJ5+vtFQRNjJklkbyYUR2a1m4X/dd0c45uwECrLkSu2GBTnkmBKZhTIQGjOUE6soUwLuythI6opQ8uqbCEEq19eN60rL/C94MGHEpzAKZxDANdwC/fQgCYwyOEF3uDdeXZenY8Frg1nye0Y/sj5/AG+25Ci</latexit><latexit sha1_base64="kfhp6Pug1rSaDSuMmmPQo+vGdeM=">AAAB7XicbZBLSwMxFIXv+Ky12tGtm2ARBOsw40aXghuXFewD2qFk0kwbmskMyR2hDv0lblwo4t9x578xfSy09UDgcE7CvfmiTAqDvv/tbGxube/slvbK+5WDw6p7VGmZNNeMN1kqU92JqOFSKN5EgZJ3Ms1pEknejsZ3s779xLURqXrEScbDhA6ViAWjaKO+W72o91Ak3NQv6xyZ13drvufPRdZNsDQ1WKrRd796g5TlCVfIJDWmG/gZhgXVKJjk03IvNzyjbEyHvGutonZWWMwXn5IzmwxInGp7FJJ5+vtFQRNjJklkbyYUR2a1m4X/dd0c45uwECrLkSu2GBTnkmBKZhTIQGjOUE6soUwLuythI6opQ8uqbCEEq19eN60rL/C94MGHEpzAKZxDANdwC/fQgCYwyOEF3uDdeXZenY8Frg1nye0Y/sj5/AG+25Ci</latexit><latexit sha1_base64="uU0HqrFaMzWl1KeTe8G2u47nGZQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgEwVgSL3osePFYwdZCG8pmO2mXbjZhdyLU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmhangGj3v2yqtrW9sbpW3Kzu7e/tV++CwrZNMMWixRCSqE1INgktoIUcBnVQBjUMBD+H4ZuY/PILSPJH3OEkhiOlQ8ogzikbq29Vzt4c8Bu1euICs3rdrXt2bw1klfkFqpECzb3/1BgnLYpDIBNW663spBjlVyJmAaaWXaUgpG9MhdA2V1OwK8vnhU+fUKAMnSpQpic5c/T2R01jrSRyazpjiSC97M/E/r5thdB3kXKYZgmSLRVEmHEycWQrOgCtgKCaGUKa4udVhI6ooQ5NVxYTgL7+8StqXdd+r+3dereEWcZTJMTkhZ8QnV6RBbkmTtAgjGXkmr+TNerJerHfrY9FasoqZI/IH1ucPADWR6w==</latexit><latexit sha1_base64="SqSaEMzCf6zsLP6bFCEGzTYt7+A=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIgjEkIuix4MVjBfsBbSib7aZdutmE3YlQQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6aCa/C8b6u0tr6xuVXeruzs7u1X7YPDlk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1wfDvz249MaZ7IB5ikLIjJUPKIUwJG6tvVc6cHPGbauXAYULdv1zzXmwOvEr8gNVSg0be/eoOEZjGTQAXRuut7KQQ5UcCpYNNKL9MsJXRMhqxrqCRmV5DPD5/iU6MMcJQoUxLwXP09kZNY60kcms6YwEgvezPxP6+bQXQT5FymGTBJF4uiTGBI8CwFPOCKURATQwhV3NyK6YgoQsFkVTEh+Msvr5LWpet7rn9/Vas7RRxldIxO0Bny0TWqozvUQE1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5AwF1ke8=</latexit><latexit sha1_base64="SqSaEMzCf6zsLP6bFCEGzTYt7+A=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIgjEkIuix4MVjBfsBbSib7aZdutmE3YlQQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6aCa/C8b6u0tr6xuVXeruzs7u1X7YPDlk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1wfDvz249MaZ7IB5ikLIjJUPKIUwJG6tvVc6cHPGbauXAYULdv1zzXmwOvEr8gNVSg0be/eoOEZjGTQAXRuut7KQQ5UcCpYNNKL9MsJXRMhqxrqCRmV5DPD5/iU6MMcJQoUxLwXP09kZNY60kcms6YwEgvezPxP6+bQXQT5FymGTBJF4uiTGBI8CwFPOCKURATQwhV3NyK6YgoQsFkVTEh+Msvr5LWpet7rn9/Vas7RRxldIxO0Bny0TWqozvUQE1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5AwF1ke8=</latexit><latexit sha1_base64="SqSaEMzCf6zsLP6bFCEGzTYt7+A=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIgjEkIuix4MVjBfsBbSib7aZdutmE3YlQQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6aCa/C8b6u0tr6xuVXeruzs7u1X7YPDlk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1wfDvz249MaZ7IB5ikLIjJUPKIUwJG6tvVc6cHPGbauXAYULdv1zzXmwOvEr8gNVSg0be/eoOEZjGTQAXRuut7KQQ5UcCpYNNKL9MsJXRMhqxrqCRmV5DPD5/iU6MMcJQoUxLwXP09kZNY60kcms6YwEgvezPxP6+bQXQT5FymGTBJF4uiTGBI8CwFPOCKURATQwhV3NyK6YgoQsFkVTEh+Msvr5LWpet7rn9/Vas7RRxldIxO0Bny0TWqozvUQE1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5AwF1ke8=</latexit><latexit sha1_base64="SqSaEMzCf6zsLP6bFCEGzTYt7+A=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIgjEkIuix4MVjBfsBbSib7aZdutmE3YlQQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6aCa/C8b6u0tr6xuVXeruzs7u1X7YPDlk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1wfDvz249MaZ7IB5ikLIjJUPKIUwJG6tvVc6cHPGbauXAYULdv1zzXmwOvEr8gNVSg0be/eoOEZjGTQAXRuut7KQQ5UcCpYNNKL9MsJXRMhqxrqCRmV5DPD5/iU6MMcJQoUxLwXP09kZNY60kcms6YwEgvezPxP6+bQXQT5FymGTBJF4uiTGBI8CwFPOCKURATQwhV3NyK6YgoQsFkVTEh+Msvr5LWpet7rn9/Vas7RRxldIxO0Bny0TWqozvUQE1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5AwF1ke8=</latexit><latexit sha1_base64="SqSaEMzCf6zsLP6bFCEGzTYt7+A=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIgjEkIuix4MVjBfsBbSib7aZdutmE3YlQQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6aCa/C8b6u0tr6xuVXeruzs7u1X7YPDlk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1wfDvz249MaZ7IB5ikLIjJUPKIUwJG6tvVc6cHPGbauXAYULdv1zzXmwOvEr8gNVSg0be/eoOEZjGTQAXRuut7KQQ5UcCpYNNKL9MsJXRMhqxrqCRmV5DPD5/iU6MMcJQoUxLwXP09kZNY60kcms6YwEgvezPxP6+bQXQT5FymGTBJF4uiTGBI8CwFPOCKURATQwhV3NyK6YgoQsFkVTEh+Msvr5LWpet7rn9/Vas7RRxldIxO0Bny0TWqozvUQE1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5AwF1ke8=</latexit><latexit sha1_base64="SqSaEMzCf6zsLP6bFCEGzTYt7+A=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIgjEkIuix4MVjBfsBbSib7aZdutmE3YlQQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6aCa/C8b6u0tr6xuVXeruzs7u1X7YPDlk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1wfDvz249MaZ7IB5ikLIjJUPKIUwJG6tvVc6cHPGbauXAYULdv1zzXmwOvEr8gNVSg0be/eoOEZjGTQAXRuut7KQQ5UcCpYNNKL9MsJXRMhqxrqCRmV5DPD5/iU6MMcJQoUxLwXP09kZNY60kcms6YwEgvezPxP6+bQXQT5FymGTBJF4uiTGBI8CwFPOCKURATQwhV3NyK6YgoQsFkVTEh+Msvr5LWpet7rn9/Vas7RRxldIxO0Bny0TWqozvUQE1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5AwF1ke8=</latexit>

Binary:

log (), etc.
<latexit sha1_base64="lUrXqC29b0l0CNtsshC+cR+Xq0o=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahQll2RdBjwYvHCvYD2qVk02wbmk3WJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftLRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbD8d3cb0+o0kyKRzNNaBDjoWARI9hYKehxOcyql7MaNcTtlyue6y2A1omfkwrkaPTLX72BJGlMhSEca931vcQEGVaGEU5npV6qaYLJGA9p11KBY6qDbHH0DF1YZYAiqWwJgxbq74kMx1pP49B2xtiM9Ko3F//zuqmJboOMiSQ1VJDloijlyEg0TwANmKLE8KklmChmb0VkhBUmxuZUsiH4qy+vk9aV63uu/3BdqdfyOIpwBudQBR9uoA730IAmEHiCZ3iFN2fivDjvzseyteDkM6fwB87nD89FkWM=</latexit><latexit sha1_base64="lUrXqC29b0l0CNtsshC+cR+Xq0o=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahQll2RdBjwYvHCvYD2qVk02wbmk3WJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftLRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbD8d3cb0+o0kyKRzNNaBDjoWARI9hYKehxOcyql7MaNcTtlyue6y2A1omfkwrkaPTLX72BJGlMhSEca931vcQEGVaGEU5npV6qaYLJGA9p11KBY6qDbHH0DF1YZYAiqWwJgxbq74kMx1pP49B2xtiM9Ko3F//zuqmJboOMiSQ1VJDloijlyEg0TwANmKLE8KklmChmb0VkhBUmxuZUsiH4qy+vk9aV63uu/3BdqdfyOIpwBudQBR9uoA730IAmEHiCZ3iFN2fivDjvzseyteDkM6fwB87nD89FkWM=</latexit><latexit sha1_base64="lUrXqC29b0l0CNtsshC+cR+Xq0o=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahQll2RdBjwYvHCvYD2qVk02wbmk3WJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftLRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbD8d3cb0+o0kyKRzNNaBDjoWARI9hYKehxOcyql7MaNcTtlyue6y2A1omfkwrkaPTLX72BJGlMhSEca931vcQEGVaGEU5npV6qaYLJGA9p11KBY6qDbHH0DF1YZYAiqWwJgxbq74kMx1pP49B2xtiM9Ko3F//zuqmJboOMiSQ1VJDloijlyEg0TwANmKLE8KklmChmb0VkhBUmxuZUsiH4qy+vk9aV63uu/3BdqdfyOIpwBudQBR9uoA730IAmEHiCZ3iFN2fivDjvzseyteDkM6fwB87nD89FkWM=</latexit><latexit sha1_base64="lUrXqC29b0l0CNtsshC+cR+Xq0o=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahQll2RdBjwYvHCvYD2qVk02wbmk3WJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZFyacaeN5305hY3Nre6e4W9rbPzg8Kh+ftLRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbD8d3cb0+o0kyKRzNNaBDjoWARI9hYKehxOcyql7MaNcTtlyue6y2A1omfkwrkaPTLX72BJGlMhSEca931vcQEGVaGEU5npV6qaYLJGA9p11KBY6qDbHH0DF1YZYAiqWwJgxbq74kMx1pP49B2xtiM9Ko3F//zuqmJboOMiSQ1VJDloijlyEg0TwANmKLE8KklmChmb0VkhBUmxuZUsiH4qy+vk9aV63uu/3BdqdfyOIpwBudQBR9uoA730IAmEHiCZ3iFN2fivDjvzseyteDkM6fwB87nD89FkWM=</latexit>

Decoder with Beam Search

Step

f1
<latexit sha1_base64="PwbXEetdn2wnLi0smz9X/lF+7Yc=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZE0DJgYxnRxEByhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8M/Mfn1AbkagHO0kxiNlQiUhwZp10H/X9frVG63QOskr8gtSgQLNf/eoNEp7FqCyXzJiuT1Mb5ExbwSVOK73MYMr4mA2x66hiMZogn586JWdOGZAo0a6UJXP190TOYmMmceg6Y2ZHZtmbif953cxG10EuVJpZVHyxKMoksQmZ/U0GQiO3cuII41q4WwkfMc24delUXAj+8surpH1R92ndv7usNWgRRxlO4BTOwYcraMAtNKEFHIbwDK/w5knvxXv3PhatJa+YOYY/8D5/AOrLjXw=</latexit><latexit sha1_base64="PwbXEetdn2wnLi0smz9X/lF+7Yc=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZE0DJgYxnRxEByhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8M/Mfn1AbkagHO0kxiNlQiUhwZp10H/X9frVG63QOskr8gtSgQLNf/eoNEp7FqCyXzJiuT1Mb5ExbwSVOK73MYMr4mA2x66hiMZogn586JWdOGZAo0a6UJXP190TOYmMmceg6Y2ZHZtmbif953cxG10EuVJpZVHyxKMoksQmZ/U0GQiO3cuII41q4WwkfMc24delUXAj+8surpH1R92ndv7usNWgRRxlO4BTOwYcraMAtNKEFHIbwDK/w5knvxXv3PhatJa+YOYY/8D5/AOrLjXw=</latexit><latexit sha1_base64="PwbXEetdn2wnLi0smz9X/lF+7Yc=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZE0DJgYxnRxEByhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8M/Mfn1AbkagHO0kxiNlQiUhwZp10H/X9frVG63QOskr8gtSgQLNf/eoNEp7FqCyXzJiuT1Mb5ExbwSVOK73MYMr4mA2x66hiMZogn586JWdOGZAo0a6UJXP190TOYmMmceg6Y2ZHZtmbif953cxG10EuVJpZVHyxKMoksQmZ/U0GQiO3cuII41q4WwkfMc24delUXAj+8surpH1R92ndv7usNWgRRxlO4BTOwYcraMAtNKEFHIbwDK/w5knvxXv3PhatJa+YOYY/8D5/AOrLjXw=</latexit><latexit sha1_base64="PwbXEetdn2wnLi0smz9X/lF+7Yc=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZE0DJgYxnRxEByhL3NXLJkb+/Y3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZemEphLKXfXmltfWNzq7xd2dnd2z+oHh61TZJpji2eyER3QmZQCoUtK6zETqqRxaHEx3B8M/Mfn1AbkagHO0kxiNlQiUhwZp10H/X9frVG63QOskr8gtSgQLNf/eoNEp7FqCyXzJiuT1Mb5ExbwSVOK73MYMr4mA2x66hiMZogn586JWdOGZAo0a6UJXP190TOYmMmceg6Y2ZHZtmbif953cxG10EuVJpZVHyxKMoksQmZ/U0GQiO3cuII41q4WwkfMc24delUXAj+8surpH1R92ndv7usNWgRRxlO4BTOwYcraMAtNKEFHIbwDK/w5knvxXv3PhatJa+YOYY/8D5/AOrLjXw=</latexit>

f2
<latexit sha1_base64="1uMmjdaxNW9LaUKlhhERSqfdLkY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAaNQbXm1t0FyDrxClKDAq1B9as/TFgWozRMUK17npuaIKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIlDVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ+1G3XPr3v1VrekWcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5A+xPjX0=</latexit><latexit sha1_base64="1uMmjdaxNW9LaUKlhhERSqfdLkY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAaNQbXm1t0FyDrxClKDAq1B9as/TFgWozRMUK17npuaIKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIlDVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ+1G3XPr3v1VrekWcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5A+xPjX0=</latexit><latexit sha1_base64="1uMmjdaxNW9LaUKlhhERSqfdLkY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAaNQbXm1t0FyDrxClKDAq1B9as/TFgWozRMUK17npuaIKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIlDVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ+1G3XPr3v1VrekWcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5A+xPjX0=</latexit><latexit sha1_base64="1uMmjdaxNW9LaUKlhhERSqfdLkY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAaNQbXm1t0FyDrxClKDAq1B9as/TFgWozRMUK17npuaIKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIlDVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ+1G3XPr3v1VrekWcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5A+xPjX0=</latexit>

f3
<latexit sha1_base64="KwCOfVz14iewxl63xUwuTemsjxE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ6CAeXg2rNrbs5yCrxClKDAs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPUsljVD7WX7qjJxZZUjCWNmShuTq74mMRlpPo8B2RtSM9bI3F//zeqkJb/yMyyQ1KNliUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC85ZdXSfui7rl17/6q1nCLOMpwAqdwDh5cQwPuoAktYDCCZ3iFN0c4L86787FoLTnFzDH8gfP5A+3TjX4=</latexit><latexit sha1_base64="KwCOfVz14iewxl63xUwuTemsjxE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ6CAeXg2rNrbs5yCrxClKDAs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPUsljVD7WX7qjJxZZUjCWNmShuTq74mMRlpPo8B2RtSM9bI3F//zeqkJb/yMyyQ1KNliUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC85ZdXSfui7rl17/6q1nCLOMpwAqdwDh5cQwPuoAktYDCCZ3iFN0c4L86787FoLTnFzDH8gfP5A+3TjX4=</latexit><latexit sha1_base64="KwCOfVz14iewxl63xUwuTemsjxE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ6CAeXg2rNrbs5yCrxClKDAs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPUsljVD7WX7qjJxZZUjCWNmShuTq74mMRlpPo8B2RtSM9bI3F//zeqkJb/yMyyQ1KNliUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC85ZdXSfui7rl17/6q1nCLOMpwAqdwDh5cQwPuoAktYDCCZ3iFN0c4L86787FoLTnFzDH8gfP5A+3TjX4=</latexit><latexit sha1_base64="KwCOfVz14iewxl63xUwuTemsjxE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ6CAeXg2rNrbs5yCrxClKDAs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPUsljVD7WX7qjJxZZUjCWNmShuTq74mMRlpPo8B2RtSM9bI3F//zeqkJb/yMyyQ1KNliUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC85ZdXSfui7rl17/6q1nCLOMpwAqdwDh5cQwPuoAktYDCCZ3iFN0c4L86787FoLTnFzDH8gfP5A+3TjX4=</latexit>

f4
<latexit sha1_base64="xcZLP3849AYYou9p984ViUs/So8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAaNQbXm1t0FyDrxClKDAq1B9as/TFgWozRMUK17npuaIKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIlDVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ+2ruufWvftGrekWcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5A+9XjX8=</latexit><latexit sha1_base64="xcZLP3849AYYou9p984ViUs/So8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAaNQbXm1t0FyDrxClKDAq1B9as/TFgWozRMUK17npuaIKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIlDVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ+2ruufWvftGrekWcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5A+9XjX8=</latexit><latexit sha1_base64="xcZLP3849AYYou9p984ViUs/So8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAaNQbXm1t0FyDrxClKDAq1B9as/TFgWozRMUK17npuaIKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIlDVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ+2ruufWvftGrekWcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5A+9XjX8=</latexit><latexit sha1_base64="xcZLP3849AYYou9p984ViUs/So8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SjmaYYxHQkecQZNVZ6iAaNQbXm1t0FyDrxClKDAq1B9as/TFgWozRMUK17npuaIKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIlDVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLRVEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ+2ruufWvftGrekWcZThDM7hEjy4hibcQQt8YDCCZ3iFN0c4L86787FsLTnFzCn8gfP5A+9XjX8=</latexit>

f5
<latexit sha1_base64="qWsAzlVayII5MaJZgaBNFE8YOZQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ6CAdXg2rNrbs5yCrxClKDAs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPUsljVD7WX7qjJxZZUjCWNmShuTq74mMRlpPo8B2RtSM9bI3F//zeqkJb/yMyyQ1KNliUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC85ZdXSfui7rl17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCCZ3iFN0c4L86787FoLTnFzDH8gfP5A/DbjYA=</latexit><latexit sha1_base64="qWsAzlVayII5MaJZgaBNFE8YOZQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ6CAdXg2rNrbs5yCrxClKDAs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPUsljVD7WX7qjJxZZUjCWNmShuTq74mMRlpPo8B2RtSM9bI3F//zeqkJb/yMyyQ1KNliUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC85ZdXSfui7rl17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCCZ3iFN0c4L86787FoLTnFzDH8gfP5A/DbjYA=</latexit><latexit sha1_base64="qWsAzlVayII5MaJZgaBNFE8YOZQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ6CAdXg2rNrbs5yCrxClKDAs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPUsljVD7WX7qjJxZZUjCWNmShuTq74mMRlpPo8B2RtSM9bI3F//zeqkJb/yMyyQ1KNliUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC85ZdXSfui7rl17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCCZ3iFN0c4L86787FoLTnFzDH8gfP5A/DbjYA=</latexit><latexit sha1_base64="qWsAzlVayII5MaJZgaBNFE8YOZQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ6CAdXg2rNrbs5yCrxClKDAs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPUsljVD7WX7qjJxZZUjCWNmShuTq74mMRlpPo8B2RtSM9bI3F//zeqkJb/yMyyQ1KNliUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC85ZdXSfui7rl17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCCZ3iFN0c4L86787FoLTnFzDH8gfP5A/DbjYA=</latexit>

f6
<latexit sha1_base64="NKxo/3QZ6SC2Iii7GJhJiv7ID40=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ6CAdXg2rNrbs5yCrxClKDAs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPUsljVD7WX7qjJxZZUjCWNmShuTq74mMRlpPo8B2RtSM9bI3F//zeqkJb/yMyyQ1KNliUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC85ZdXSfui7rl17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCCZ3iFN0c4L86787FoLTnFzDH8gfP5A/JfjYE=</latexit><latexit sha1_base64="NKxo/3QZ6SC2Iii7GJhJiv7ID40=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ6CAdXg2rNrbs5yCrxClKDAs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPUsljVD7WX7qjJxZZUjCWNmShuTq74mMRlpPo8B2RtSM9bI3F//zeqkJb/yMyyQ1KNliUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC85ZdXSfui7rl17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCCZ3iFN0c4L86787FoLTnFzDH8gfP5A/JfjYE=</latexit><latexit sha1_base64="NKxo/3QZ6SC2Iii7GJhJiv7ID40=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ6CAdXg2rNrbs5yCrxClKDAs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPUsljVD7WX7qjJxZZUjCWNmShuTq74mMRlpPo8B2RtSM9bI3F//zeqkJb/yMyyQ1KNliUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC85ZdXSfui7rl17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCCZ3iFN0c4L86787FoLTnFzDH8gfP5A/JfjYE=</latexit><latexit sha1_base64="NKxo/3QZ6SC2Iii7GJhJiv7ID40=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7T6g0j+WjmSboR3QkecgZNVZ6CAdXg2rNrbs5yCrxClKDAs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPUsljVD7WX7qjJxZZUjCWNmShuTq74mMRlpPo8B2RtSM9bI3F//zeqkJb/yMyyQ1KNliUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Op2BC85ZdXSfui7rl17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCCZ3iFN0c4L86787FoLTnFzDH8gfP5A/JfjYE=</latexit>

fN
<latexit sha1_base64="hz6h0w5nn4QEsujvEwv4NzxlEJQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW3Kzu7e/sH7uFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfjm5nffkKleSIfzSTFIKZDySPOqLHSQ9S/67tVr+bNQVaJX5AqFGj03a/eIGFZjNIwQbXu+l5qgpwqw5nAaaWXaUwpG9Mhdi2VNEYd5PNTp+TMKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6DrIuUwzg5ItFkWZICYhs7/JgCtkRkwsoUxxeythI6ooMzadig3BX355lbQuar5X8+8vq3WviKMMJ3AK5+DDFdThFhrQBAZDeIZXeHOE8+K8Ox+L1pJTzBzDHzifPxbOjZk=</latexit><latexit sha1_base64="hz6h0w5nn4QEsujvEwv4NzxlEJQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW3Kzu7e/sH7uFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfjm5nffkKleSIfzSTFIKZDySPOqLHSQ9S/67tVr+bNQVaJX5AqFGj03a/eIGFZjNIwQbXu+l5qgpwqw5nAaaWXaUwpG9Mhdi2VNEYd5PNTp+TMKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6DrIuUwzg5ItFkWZICYhs7/JgCtkRkwsoUxxeythI6ooMzadig3BX355lbQuar5X8+8vq3WviKMMJ3AK5+DDFdThFhrQBAZDeIZXeHOE8+K8Ox+L1pJTzBzDHzifPxbOjZk=</latexit><latexit sha1_base64="hz6h0w5nn4QEsujvEwv4NzxlEJQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW3Kzu7e/sH7uFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfjm5nffkKleSIfzSTFIKZDySPOqLHSQ9S/67tVr+bNQVaJX5AqFGj03a/eIGFZjNIwQbXu+l5qgpwqw5nAaaWXaUwpG9Mhdi2VNEYd5PNTp+TMKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6DrIuUwzg5ItFkWZICYhs7/JgCtkRkwsoUxxeythI6ooMzadig3BX355lbQuar5X8+8vq3WviKMMJ3AK5+DDFdThFhrQBAZDeIZXeHOE8+K8Ox+L1pJTzBzDHzifPxbOjZk=</latexit><latexit sha1_base64="hz6h0w5nn4QEsujvEwv4NzxlEJQ=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbTzv2ymtrW9sbpW3Kzu7e/sH7uFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfjm5nffkKleSIfzSTFIKZDySPOqLHSQ9S/67tVr+bNQVaJX5AqFGj03a/eIGFZjNIwQbXu+l5qgpwqw5nAaaWXaUwpG9Mhdi2VNEYd5PNTp+TMKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6DrIuUwzg5ItFkWZICYhs7/JgCtkRkwsoUxxeythI6ooMzadig3BX355lbQuar5X8+8vq3WviKMMJ3AK5+DDFdThFhrQBAZDeIZXeHOE8+K8Ox+L1pJTzBzDHzifPxbOjZk=</latexit>

…

Feature 
Transformation 
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p
(), exp (), sin (),

<latexit sha1_base64="5wfEkg3sscW5U6PuTFvH/Hjiuqk=">AAACBXicbZDNSsNAFIVv/K3VatSlLoJFqFBK4kaXBTcuK9gfaEKZTCft0MkkzkzEEgrixldx40IRXfoO7nwbp0kX2npg4OPce7lzjx8zKpVtfxtLyyura+uFjeLmVml7x9zda8koEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH11M6+1bIiSN+LUax8QL0YDTgGKktNUzD115I1RaOZlUXXIX5yApz6Bnlu2anclaBGcG5Xqp/nEPAI2e+eX2I5yEhCvMkJRdx46VlyKhKGZkUnQTSWKER2hAuho5Con00uyKiXWsnb4VREI/rqzM/T2RolDKcejrzhCpoZyvTc3/at1EBedeSnmcKMJxvihImKUiaxqJ1aeCYMXGGhAWVP/VwkMkEFY6uKIOwZk/eRFapzXHrjlXOo0q5CrAARxBBRw4gzpcQgOagOEBnuAFXo1H49l4M97z1iVjNrMPf2R8/gBbkZlB</latexit><latexit sha1_base64="GevPhdx+HpUixTR6zWvAFG4ja4E=">AAACBXicbZDNSgMxFIUz/tZqddSlLoJFqFDKjAi6LLhxWcH+QGcomTTThiaZMcmIZSiIG1/FjQtFdOnOB3Dn25hOu9DWA4GPc+/l5p4gZlRpx/m2FhaXlldWc2v59Y3C5pa9vdNQUSIxqeOIRbIVIEUYFaSuqWakFUuCeMBIMxicj+vNGyIVjcSVHsbE56gnaEgx0sbq2PueupY6LR2Nyh65jSegqMigYxedipMJzoM7hWK1UH2/O+GftY795XUjnHAiNGZIqbbrxNpPkdQUMzLKe4kiMcID1CNtgwJxovw0u2IED43ThWEkzRMaZu7viRRxpYY8MJ0c6b6arY3N/2rtRIdnfkpFnGgi8GRRmDCoIziOBHapJFizoQGEJTV/hbiPJMLaBJc3IbizJ89D47jiOhX30qRRBhPlwB44ACXgglNQBRegBuoAg3vwCJ7Bi/VgPVmv1tukdcGazuyCP7I+fgA6t5qo</latexit><latexit sha1_base64="GevPhdx+HpUixTR6zWvAFG4ja4E=">AAACBXicbZDNSgMxFIUz/tZqddSlLoJFqFDKjAi6LLhxWcH+QGcomTTThiaZMcmIZSiIG1/FjQtFdOnOB3Dn25hOu9DWA4GPc+/l5p4gZlRpx/m2FhaXlldWc2v59Y3C5pa9vdNQUSIxqeOIRbIVIEUYFaSuqWakFUuCeMBIMxicj+vNGyIVjcSVHsbE56gnaEgx0sbq2PueupY6LR2Nyh65jSegqMigYxedipMJzoM7hWK1UH2/O+GftY795XUjnHAiNGZIqbbrxNpPkdQUMzLKe4kiMcID1CNtgwJxovw0u2IED43ThWEkzRMaZu7viRRxpYY8MJ0c6b6arY3N/2rtRIdnfkpFnGgi8GRRmDCoIziOBHapJFizoQGEJTV/hbiPJMLaBJc3IbizJ89D47jiOhX30qRRBhPlwB44ACXgglNQBRegBuoAg3vwCJ7Bi/VgPVmv1tukdcGazuyCP7I+fgA6t5qo</latexit><latexit sha1_base64="tgTnoZhyTzZof/W9gzSbOv68CuM=">AAACBXicbZDLSsNAFIZP6q3WW9SlLgaLUKGUxI0uC25cVrAXaEqZTCft0MkkzkzEErpx46u4caGIW9/BnW/jNM1CW38Y+PjPOZw5vx9zprTjfFuFldW19Y3iZmlre2d3z94/aKkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH1/N6u17KhWLxK2exLQX4qFgASNYG6tvH3vqTuq0cjatevQhnoNiIoO+XXZqTia0DG4OZcjV6Ntf3iAiSUiFJhwr1XWdWPdSLDUjnE5LXqJojMkYD2nXoMAhVb00u2KKTo0zQEEkzRMaZe7viRSHSk1C33SGWI/UYm1m/lfrJjq47KVMxImmgswXBQlHOkKzSNCASUo0nxjARDLzV0RGWGKiTXAlE4K7ePIytM5rrlNzb5xyvZrHUYQjOIEKuHABdbiGBjSBwCM8wyu8WU/Wi/VufcxbC1Y+cwh/ZH3+APmml30=</latexit>

Reinforcement Learning
Based Data Collector

Head Feature Agent  

Tail Feature Agent

Operation Agent 

State:

Action:

Policy:

State:

Action:

Policy:

State:

Action:

Policy:

Explore Exploit

Explore Exploit

Explore Exploit

fh
<latexit sha1_base64="nvqlZ9qkJieaEyoNAqhmn/jJpMs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXLJkb/fY3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelApurO9/e6W19Y3NrfJ2ZWd3b/+genjUNirTDFtMCaU7ETUouMSW5VZgJ9VIk0jgYzS+mfmPT6gNV/LBTlIMEzqUPOaMWifdx/1Rv1rz6/4cZJUEBalBgWa/+tUbKJYlKC0T1Jhu4Kc2zKm2nAmcVnqZwZSyMR1i11FJEzRhPj91Ss6cMiCx0q6kJXP190ROE2MmSeQ6E2pHZtmbif953czG12HOZZpZlGyxKM4EsYrM/iYDrpFZMXGEMs3drYSNqKbMunQqLoRg+eVV0r6oB349uLusNUgRRxlO4BTOIYAraMAtNKEFDIbwDK/w5gnvxXv3PhatJa+YOYY/8D5/ADlmjaM=</latexit><latexit sha1_base64="nvqlZ9qkJieaEyoNAqhmn/jJpMs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXLJkb/fY3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelApurO9/e6W19Y3NrfJ2ZWd3b/+genjUNirTDFtMCaU7ETUouMSW5VZgJ9VIk0jgYzS+mfmPT6gNV/LBTlIMEzqUPOaMWifdx/1Rv1rz6/4cZJUEBalBgWa/+tUbKJYlKC0T1Jhu4Kc2zKm2nAmcVnqZwZSyMR1i11FJEzRhPj91Ss6cMiCx0q6kJXP190ROE2MmSeQ6E2pHZtmbif953czG12HOZZpZlGyxKM4EsYrM/iYDrpFZMXGEMs3drYSNqKbMunQqLoRg+eVV0r6oB349uLusNUgRRxlO4BTOIYAraMAtNKEFDIbwDK/w5gnvxXv3PhatJa+YOYY/8D5/ADlmjaM=</latexit><latexit sha1_base64="nvqlZ9qkJieaEyoNAqhmn/jJpMs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXLJkb/fY3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelApurO9/e6W19Y3NrfJ2ZWd3b/+genjUNirTDFtMCaU7ETUouMSW5VZgJ9VIk0jgYzS+mfmPT6gNV/LBTlIMEzqUPOaMWifdx/1Rv1rz6/4cZJUEBalBgWa/+tUbKJYlKC0T1Jhu4Kc2zKm2nAmcVnqZwZSyMR1i11FJEzRhPj91Ss6cMiCx0q6kJXP190ROE2MmSeQ6E2pHZtmbif953czG12HOZZpZlGyxKM4EsYrM/iYDrpFZMXGEMs3drYSNqKbMunQqLoRg+eVV0r6oB349uLusNUgRRxlO4BTOIYAraMAtNKEFDIbwDK/w5gnvxXv3PhatJa+YOYY/8D5/ADlmjaM=</latexit><latexit sha1_base64="nvqlZ9qkJieaEyoNAqhmn/jJpMs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXLJkb/fY3RPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelApurO9/e6W19Y3NrfJ2ZWd3b/+genjUNirTDFtMCaU7ETUouMSW5VZgJ9VIk0jgYzS+mfmPT6gNV/LBTlIMEzqUPOaMWifdx/1Rv1rz6/4cZJUEBalBgWa/+tUbKJYlKC0T1Jhu4Kc2zKm2nAmcVnqZwZSyMR1i11FJEzRhPj91Ss6cMiCx0q6kJXP190ROE2MmSeQ6E2pHZtmbif953czG12HOZZpZlGyxKM4EsYrM/iYDrpFZMXGEMs3drYSNqKbMunQqLoRg+eVV0r6oB349uLusNUgRRxlO4BTOIYAraMAtNKEFDIbwDK/w5gnvxXv3PhatJa+YOYY/8D5/ADlmjaM=</latexit>

o
<latexit sha1_base64="70isNwOGnjM4exOT560Zy3+xbu8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzM4sM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx06hMM2wwJZRuR9Sg4BIblluB7VQjTSKBrWh0N/NbT6gNV/LBjlMMEzqQPOaMWifVVa9U9iv+HGSVBDkpQ45ar/TV7SuWJSgtE9SYTuCnNpxQbTkTOC12M4MpZSM6wI6jkiZowsn80Ck5d0qfxEq7kpbM1d8TE5oYM04i15lQOzTL3kz8z+tkNr4NJ1ymmUXJFoviTBCryOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/R94zd</latexit><latexit sha1_base64="70isNwOGnjM4exOT560Zy3+xbu8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzM4sM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx06hMM2wwJZRuR9Sg4BIblluB7VQjTSKBrWh0N/NbT6gNV/LBjlMMEzqQPOaMWifVVa9U9iv+HGSVBDkpQ45ar/TV7SuWJSgtE9SYTuCnNpxQbTkTOC12M4MpZSM6wI6jkiZowsn80Ck5d0qfxEq7kpbM1d8TE5oYM04i15lQOzTL3kz8z+tkNr4NJ1ymmUXJFoviTBCryOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/R94zd</latexit><latexit sha1_base64="70isNwOGnjM4exOT560Zy3+xbu8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzM4sM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx06hMM2wwJZRuR9Sg4BIblluB7VQjTSKBrWh0N/NbT6gNV/LBjlMMEzqQPOaMWifVVa9U9iv+HGSVBDkpQ45ar/TV7SuWJSgtE9SYTuCnNpxQbTkTOC12M4MpZSM6wI6jkiZowsn80Ck5d0qfxEq7kpbM1d8TE5oYM04i15lQOzTL3kz8z+tkNr4NJ1ymmUXJFoviTBCryOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/R94zd</latexit><latexit sha1_base64="70isNwOGnjM4exOT560Zy3+xbu8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzM4sM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx06hMM2wwJZRuR9Sg4BIblluB7VQjTSKBrWh0N/NbT6gNV/LBjlMMEzqQPOaMWifVVa9U9iv+HGSVBDkpQ45ar/TV7SuWJSgtE9SYTuCnNpxQbTkTOC12M4MpZSM6wI6jkiZowsn80Ck5d0qfxEq7kpbM1d8TE5oYM04i15lQOzTL3kz8z+tkNr4NJ1ymmUXJFoviTBCryOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/R94zd</latexit>

ft
<latexit sha1_base64="UWCIohFFnr2wF6ObNRed6nMrdB8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQzjAQbXm1t0cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6hGwSSfVfqp4QllEzriPUsVjbjxs/zUGTm3ypCEsbalkOTq74mMRsZMo8B2RhTHZtmbi/95vRTDGz8TKkmRK7ZYFKaSYEzmf5Oh0JyhnFpCmRb2VsLGVFOGNp2KDcFbfnmVtC/rnlv37q9qjbMijjKcwClcgAfX0IA7aEILGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AEzKjbM=</latexit><latexit sha1_base64="UWCIohFFnr2wF6ObNRed6nMrdB8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQzjAQbXm1t0cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6hGwSSfVfqp4QllEzriPUsVjbjxs/zUGTm3ypCEsbalkOTq74mMRsZMo8B2RhTHZtmbi/95vRTDGz8TKkmRK7ZYFKaSYEzmf5Oh0JyhnFpCmRb2VsLGVFOGNp2KDcFbfnmVtC/rnlv37q9qjbMijjKcwClcgAfX0IA7aEILGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AEzKjbM=</latexit><latexit sha1_base64="UWCIohFFnr2wF6ObNRed6nMrdB8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQzjAQbXm1t0cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6hGwSSfVfqp4QllEzriPUsVjbjxs/zUGTm3ypCEsbalkOTq74mMRsZMo8B2RhTHZtmbi/95vRTDGz8TKkmRK7ZYFKaSYEzmf5Oh0JyhnFpCmRb2VsLGVFOGNp2KDcFbfnmVtC/rnlv37q9qjbMijjKcwClcgAfX0IA7aEILGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AEzKjbM=</latexit><latexit sha1_base64="UWCIohFFnr2wF6ObNRed6nMrdB8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQzjAQbXm1t0cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6hGwSSfVfqp4QllEzriPUsVjbjxs/zUGTm3ypCEsbalkOTq74mMRsZMo8B2RhTHZtmbi/95vRTDGz8TKkmRK7ZYFKaSYEzmf5Oh0JyhnFpCmRb2VsLGVFOGNp2KDcFbfnmVtC/rnlv37q9qjbMijjKcwClcgAfX0IA7aEILGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AEzKjbM=</latexit>

Record:

Rep(Xi)
<latexit sha1_base64="A4TKTOECFuicfptTa42/ThQbvrc=">AAAB8XicbVBNS8NAEJ34WetX1aMeFotQLyURQY8FLx6r2A9sQ9lsJ+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLHS4z0mlXYv45PzXqnsVt0ZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72eziCTmzSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9H3S5wqZEWNLKFPc3krYkCrKjA2paEPwFl9eJs2LqudWvbvLcu0kj6MAx3AKFfDgCmpwC3VoAAMJz/AKb452Xpx352PeuuLkM0fwB87nD+fPkEg=</latexit><latexit sha1_base64="A4TKTOECFuicfptTa42/ThQbvrc=">AAAB8XicbVBNS8NAEJ34WetX1aMeFotQLyURQY8FLx6r2A9sQ9lsJ+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLHS4z0mlXYv45PzXqnsVt0ZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72eziCTmzSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9H3S5wqZEWNLKFPc3krYkCrKjA2paEPwFl9eJs2LqudWvbvLcu0kj6MAx3AKFfDgCmpwC3VoAAMJz/AKb452Xpx352PeuuLkM0fwB87nD+fPkEg=</latexit><latexit sha1_base64="A4TKTOECFuicfptTa42/ThQbvrc=">AAAB8XicbVBNS8NAEJ34WetX1aMeFotQLyURQY8FLx6r2A9sQ9lsJ+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLHS4z0mlXYv45PzXqnsVt0ZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72eziCTmzSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9H3S5wqZEWNLKFPc3krYkCrKjA2paEPwFl9eJs2LqudWvbvLcu0kj6MAx3AKFfDgCmpwC3VoAAMJz/AKb452Xpx352PeuuLkM0fwB87nD+fPkEg=</latexit><latexit sha1_base64="A4TKTOECFuicfptTa42/ThQbvrc=">AAAB8XicbVBNS8NAEJ34WetX1aMeFotQLyURQY8FLx6r2A9sQ9lsJ+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLHS4z0mlXYv45PzXqnsVt0ZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72eziCTmzSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9H3S5wqZEWNLKFPc3krYkCrKjA2paEPwFl9eJs2LqudWvbvLcu0kj6MAx3AKFfDgCmpwC3VoAAMJz/AKb452Xpx352PeuuLkM0fwB87nD+fPkEg=</latexit>

Rep(Xi)�Rep(fh)
<latexit sha1_base64="1zTXSEOZ71PwMYJL4L29FwPD+Bc=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCuykzIuiy4MZlFfuAdhgyaaYNzSQhyQhlqBt/xY0LRdz6F+78GzPtLLT1wIWTc+4l955IMqqN5307K6tr6xubpa3y9s7u3r57cNjWIlWYtLBgQnUjpAmjnLQMNYx0pSIoiRjpROPr3O88EKWp4PdmIkmQoCGnMcXIWCl0j++IrHZDWsv6QrJUT/N3HI5qoVvx6t4McJn4BamAAs3Q/eoPBE4Twg1mSOue70kTZEgZihmZlvupJhLhMRqSnqUcJUQH2eyCKTyzygDGQtniBs7U3xMZSrSeJJHtTJAZ6UUvF//zeqmJr4KMcpkawvH8ozhl0AiYxwEHVBFs2MQShBW1u0I8QgphY0Mr2xD8xZOXSfu87nt1//ai0oBFHCVwAk5BFfjgEjTADWiCFsDgETyDV/DmPDkvzrvzMW9dcYqZI/AHzucPoJiWPQ==</latexit><latexit sha1_base64="1zTXSEOZ71PwMYJL4L29FwPD+Bc=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCuykzIuiy4MZlFfuAdhgyaaYNzSQhyQhlqBt/xY0LRdz6F+78GzPtLLT1wIWTc+4l955IMqqN5307K6tr6xubpa3y9s7u3r57cNjWIlWYtLBgQnUjpAmjnLQMNYx0pSIoiRjpROPr3O88EKWp4PdmIkmQoCGnMcXIWCl0j++IrHZDWsv6QrJUT/N3HI5qoVvx6t4McJn4BamAAs3Q/eoPBE4Twg1mSOue70kTZEgZihmZlvupJhLhMRqSnqUcJUQH2eyCKTyzygDGQtniBs7U3xMZSrSeJJHtTJAZ6UUvF//zeqmJr4KMcpkawvH8ozhl0AiYxwEHVBFs2MQShBW1u0I8QgphY0Mr2xD8xZOXSfu87nt1//ai0oBFHCVwAk5BFfjgEjTADWiCFsDgETyDV/DmPDkvzrvzMW9dcYqZI/AHzucPoJiWPQ==</latexit><latexit sha1_base64="1zTXSEOZ71PwMYJL4L29FwPD+Bc=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCuykzIuiy4MZlFfuAdhgyaaYNzSQhyQhlqBt/xY0LRdz6F+78GzPtLLT1wIWTc+4l955IMqqN5307K6tr6xubpa3y9s7u3r57cNjWIlWYtLBgQnUjpAmjnLQMNYx0pSIoiRjpROPr3O88EKWp4PdmIkmQoCGnMcXIWCl0j++IrHZDWsv6QrJUT/N3HI5qoVvx6t4McJn4BamAAs3Q/eoPBE4Twg1mSOue70kTZEgZihmZlvupJhLhMRqSnqUcJUQH2eyCKTyzygDGQtniBs7U3xMZSrSeJJHtTJAZ6UUvF//zeqmJr4KMcpkawvH8ozhl0AiYxwEHVBFs2MQShBW1u0I8QgphY0Mr2xD8xZOXSfu87nt1//ai0oBFHCVwAk5BFfjgEjTADWiCFsDgETyDV/DmPDkvzrvzMW9dcYqZI/AHzucPoJiWPQ==</latexit><latexit sha1_base64="1zTXSEOZ71PwMYJL4L29FwPD+Bc=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCuykzIuiy4MZlFfuAdhgyaaYNzSQhyQhlqBt/xY0LRdz6F+78GzPtLLT1wIWTc+4l955IMqqN5307K6tr6xubpa3y9s7u3r57cNjWIlWYtLBgQnUjpAmjnLQMNYx0pSIoiRjpROPr3O88EKWp4PdmIkmQoCGnMcXIWCl0j++IrHZDWsv6QrJUT/N3HI5qoVvx6t4McJn4BamAAs3Q/eoPBE4Twg1mSOue70kTZEgZihmZlvupJhLhMRqSnqUcJUQH2eyCKTyzygDGQtniBs7U3xMZSrSeJJHtTJAZ6UUvF//zeqmJr4KMcpkawvH8ozhl0AiYxwEHVBFs2MQShBW1u0I8QgphY0Mr2xD8xZOXSfu87nt1//ai0oBFHCVwAk5BFfjgEjTADWiCFsDgETyDV/DmPDkvzrvzMW9dcYqZI/AHzucPoJiWPQ==</latexit>

Rep(Xi)�Rep(fh)�Rep(o)
<latexit sha1_base64="fGbpL2IebWze9jjgclEqN2APWeI=">AAACD3icbVDLSgMxFM3UV62vUZe6CBal3ZQZEXRZcOOyiq2FdhgyaaYNzSQhyQhl6B+48VfcuFDErVt3/o2ZtgvbeiBw7jn3cnNPJBnVxvN+nMLK6tr6RnGztLW9s7vn7h+0tEgVJk0smFDtCGnCKCdNQw0jbakISiJGHqLhde4/PBKlqeD3ZiRJkKA+pzHFyFgpdM/uiKy0Q1rNukKyVI/zOg4Hc7Wohm7Zq3kTwGXiz0gZzNAI3e9uT+A0IdxghrTu+J40QYaUoZiRcambaiIRHqI+6VjKUUJ0kE3uGcNTq/RgLJR93MCJ+nciQ4nWoySynQkyA73o5eJ/Xic18VWQUS5TQzieLopTBo2AeTiwRxXBho0sQVhR+1eIB0ghbGyEJRuCv3jyMmmd13yv5t9elOvHsziK4AicgArwwSWogxvQAE2AwRN4AW/g3Xl2Xp0P53PaWnBmM4dgDs7XL4VVnDM=</latexit><latexit sha1_base64="fGbpL2IebWze9jjgclEqN2APWeI=">AAACD3icbVDLSgMxFM3UV62vUZe6CBal3ZQZEXRZcOOyiq2FdhgyaaYNzSQhyQhl6B+48VfcuFDErVt3/o2ZtgvbeiBw7jn3cnNPJBnVxvN+nMLK6tr6RnGztLW9s7vn7h+0tEgVJk0smFDtCGnCKCdNQw0jbakISiJGHqLhde4/PBKlqeD3ZiRJkKA+pzHFyFgpdM/uiKy0Q1rNukKyVI/zOg4Hc7Wohm7Zq3kTwGXiz0gZzNAI3e9uT+A0IdxghrTu+J40QYaUoZiRcambaiIRHqI+6VjKUUJ0kE3uGcNTq/RgLJR93MCJ+nciQ4nWoySynQkyA73o5eJ/Xic18VWQUS5TQzieLopTBo2AeTiwRxXBho0sQVhR+1eIB0ghbGyEJRuCv3jyMmmd13yv5t9elOvHsziK4AicgArwwSWogxvQAE2AwRN4AW/g3Xl2Xp0P53PaWnBmM4dgDs7XL4VVnDM=</latexit><latexit sha1_base64="fGbpL2IebWze9jjgclEqN2APWeI=">AAACD3icbVDLSgMxFM3UV62vUZe6CBal3ZQZEXRZcOOyiq2FdhgyaaYNzSQhyQhl6B+48VfcuFDErVt3/o2ZtgvbeiBw7jn3cnNPJBnVxvN+nMLK6tr6RnGztLW9s7vn7h+0tEgVJk0smFDtCGnCKCdNQw0jbakISiJGHqLhde4/PBKlqeD3ZiRJkKA+pzHFyFgpdM/uiKy0Q1rNukKyVI/zOg4Hc7Wohm7Zq3kTwGXiz0gZzNAI3e9uT+A0IdxghrTu+J40QYaUoZiRcambaiIRHqI+6VjKUUJ0kE3uGcNTq/RgLJR93MCJ+nciQ4nWoySynQkyA73o5eJ/Xic18VWQUS5TQzieLopTBo2AeTiwRxXBho0sQVhR+1eIB0ghbGyEJRuCv3jyMmmd13yv5t9elOvHsziK4AicgArwwSWogxvQAE2AwRN4AW/g3Xl2Xp0P53PaWnBmM4dgDs7XL4VVnDM=</latexit><latexit sha1_base64="fGbpL2IebWze9jjgclEqN2APWeI=">AAACD3icbVDLSgMxFM3UV62vUZe6CBal3ZQZEXRZcOOyiq2FdhgyaaYNzSQhyQhl6B+48VfcuFDErVt3/o2ZtgvbeiBw7jn3cnNPJBnVxvN+nMLK6tr6RnGztLW9s7vn7h+0tEgVJk0smFDtCGnCKCdNQw0jbakISiJGHqLhde4/PBKlqeD3ZiRJkKA+pzHFyFgpdM/uiKy0Q1rNukKyVI/zOg4Hc7Wohm7Zq3kTwGXiz0gZzNAI3e9uT+A0IdxghrTu+J40QYaUoZiRcambaiIRHqI+6VjKUUJ0kE3uGcNTq/RgLJR93MCJ+nciQ4nWoySynQkyA73o5eJ/Xic18VWQUS5TQzieLopTBo2AeTiwRxXBho0sQVhR+1eIB0ghbGyEJRuCv3jyMmmd13yv5t9elOvHsziK4AicgArwwSWogxvQAE2AwRN4AW/g3Xl2Xp0P53PaWnBmM4dgDs7XL4VVnDM=</latexit>

�, v
<latexit sha1_base64="Exa17lhY50dELgjPYH3mG1n+AeU=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lJKIoMeCBz1WsB/QhjLZbtqlu5u4uymU0D/hxYMiXv073vw3btsctPXBwOO9GWbmhQln2njet7O2vrG5tV3YKe7u7R8clo6OmzpOFaENEvNYtUPUlDNJG4YZTtuJoihCTlvh6Hbmt8ZUaRbLRzNJaCBwIFnECBortbt3KARWxr1S2at6c7irxM9JGXLUe6Wvbj8mqaDSEI5ad3wvMUGGyjDC6bTYTTVNkIxwQDuWShRUB9n83ql7bpW+G8XKljTuXP09kaHQeiJC2ynQDPWyNxP/8zqpiW6CjMkkNVSSxaIo5a6J3dnzbp8pSgyfWIJEMXurS4aokBgbUdGG4C+/vEqal1Xfq/oPV+VaJY+jAKdwBhfgwzXU4B7q0AACHJ7hFd6cJ+fFeXc+Fq1rTj5zAn/gfP4Ak2yPlQ==</latexit><latexit sha1_base64="Exa17lhY50dELgjPYH3mG1n+AeU=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lJKIoMeCBz1WsB/QhjLZbtqlu5u4uymU0D/hxYMiXv073vw3btsctPXBwOO9GWbmhQln2njet7O2vrG5tV3YKe7u7R8clo6OmzpOFaENEvNYtUPUlDNJG4YZTtuJoihCTlvh6Hbmt8ZUaRbLRzNJaCBwIFnECBortbt3KARWxr1S2at6c7irxM9JGXLUe6Wvbj8mqaDSEI5ad3wvMUGGyjDC6bTYTTVNkIxwQDuWShRUB9n83ql7bpW+G8XKljTuXP09kaHQeiJC2ynQDPWyNxP/8zqpiW6CjMkkNVSSxaIo5a6J3dnzbp8pSgyfWIJEMXurS4aokBgbUdGG4C+/vEqal1Xfq/oPV+VaJY+jAKdwBhfgwzXU4B7q0AACHJ7hFd6cJ+fFeXc+Fq1rTj5zAn/gfP4Ak2yPlQ==</latexit><latexit sha1_base64="Exa17lhY50dELgjPYH3mG1n+AeU=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lJKIoMeCBz1WsB/QhjLZbtqlu5u4uymU0D/hxYMiXv073vw3btsctPXBwOO9GWbmhQln2njet7O2vrG5tV3YKe7u7R8clo6OmzpOFaENEvNYtUPUlDNJG4YZTtuJoihCTlvh6Hbmt8ZUaRbLRzNJaCBwIFnECBortbt3KARWxr1S2at6c7irxM9JGXLUe6Wvbj8mqaDSEI5ad3wvMUGGyjDC6bTYTTVNkIxwQDuWShRUB9n83ql7bpW+G8XKljTuXP09kaHQeiJC2ynQDPWyNxP/8zqpiW6CjMkkNVSSxaIo5a6J3dnzbp8pSgyfWIJEMXurS4aokBgbUdGG4C+/vEqal1Xfq/oPV+VaJY+jAKdwBhfgwzXU4B7q0AACHJ7hFd6cJ+fFeXc+Fq1rTj5zAn/gfP4Ak2yPlQ==</latexit><latexit sha1_base64="Exa17lhY50dELgjPYH3mG1n+AeU=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lJKIoMeCBz1WsB/QhjLZbtqlu5u4uymU0D/hxYMiXv073vw3btsctPXBwOO9GWbmhQln2njet7O2vrG5tV3YKe7u7R8clo6OmzpOFaENEvNYtUPUlDNJG4YZTtuJoihCTlvh6Hbmt8ZUaRbLRzNJaCBwIFnECBortbt3KARWxr1S2at6c7irxM9JGXLUe6Wvbj8mqaDSEI5ad3wvMUGGyjDC6bTYTTVNkIxwQDuWShRUB9n83ql7bpW+G8XKljTuXP09kaHQeiJC2ynQDPWyNxP/8zqpiW6CjMkkNVSSxaIo5a6J3dnzbp8pSgyfWIJEMXurS4aokBgbUdGG4C+/vEqal1Xfq/oPV+VaJY+jAKdwBhfgwzXU4B7q0AACHJ7hFd6cJ+fFeXc+Fq1rTj5zAn/gfP4Ak2yPlQ==</latexit>

<latexit sha1_base64="Ht+O067UadDJhdO4RBtqwwBlgqc=">AAACBHicbVDLSsNAFJ3UV62vqMtuQotQsZSk1Mey4MZlBfuAJoTJdNIOnTycuRFK6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HuPF3MmwTS/tdza+sbmVn67sLO7t3+gHx51ZJQIQtsk4pHoeVhSzkLaBgac9mJBceBx2vXG1zO/+0CFZFF4B5OYOgEehsxnBIOSXL1Y8V3rzHfrp1Vb3gtIfbcxrdpkEIF09bJZM+cwVomVkTLK0HL1L3sQkSSgIRCOpexbZgxOigUwwum0YCeSxpiM8ZD2FQ1xQKWTzp+YGidKGRh+JFSFYMzV3xMpDqScBJ7qDDCM5LI3E//z+gn4V07KwjgBGpLFIj/hBkTGLBFjwAQlwCeKYCKYutUgIywwAZVbQYVgLb+8Sjr1mnVRO79tlJulLI48KqISqiALXaImukEt1EYEPaJn9IretCftRXvXPhatOS2bOUZ/oH3+APNllvQ=</latexit>

(f1 + f2),
p

f4, · · ·

<latexit sha1_base64="SawKcYnQYTVOSH5OxQQCCeN5skw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbkKL0EIpiVTrsuDGZQX7gDaEyWTSDp3MhJmJUEI2/oobF4q49TPc+TdO2yy09cCFwzn3cu89fkyJVLb9bRQ2Nre2d4q7pb39g8Mj8/ikJ3kiEO4iTrkY+FBiShjuKqIoHsQCw8inuO9Pb+d+/xELSTh7ULMYuxEcMxISBJWWPPOsGnrNWl0SVk1Dr5XV6iMUcCU9s2I37AWsdeLkpAJydDzzaxRwlESYKUShlEPHjpWbQqEIojgrjRKJY4imcIyHmjIYYemmiwcy60IrgRVyoYspa6H+nkhhJOUs8nVnBNVErnpz8T9vmKjwxk0JixOFGVouChNqKW7N07ACIjBSdKYJRILoWy00gQIipTMr6RCc1ZfXSe+y4Vw3ru6blXY5j6MIzkEZVIEDWqAN7kAHdAECGXgGr+DNeDJejHfjY9laMPKZU/AHxucPvIyVJQ==</latexit>

(f4), sin(f7), · · ·

<latexit sha1_base64="09sTBAdvjP/0ESUZn0NOPUG8PWs=">AAACAHicbVDLSsNAFJ3UV62vqAsXbkKLUEFKUqy6LLhxWcE+oAlhMpm0QycPZm6EErLxV9y4UMStn+HOv3HaZqGtBy4czrmXe+/xEs4kmOa3Vlpb39jcKm9Xdnb39g/0w6OejFNBaJfEPBYDD0vKWUS7wIDTQSIoDj1O+97kdub3H6mQLI4eYJpQJ8SjiAWMYFCSq5/UA7eZ2cBCKvPAbZ1f2MSPQbp6zWyYcxirxCpIDRXouPqX7cckDWkEhGMph5aZgJNhAYxwmlfsVNIEkwke0aGiEVYLnWz+QG6cKcU3glioisCYq78nMhxKOQ091RliGMtlbyb+5w1TCG6cjEVJCjQii0VByg2IjVkahs8EJcCnimAimLrVIGMsMAGVWUWFYC2/vEp6zYZ11WjdX9ba1SKOMjpFVVRHFrpGbXSHOqiLCMrRM3pFb9qT9qK9ax+L1pJWzByjP9A+fwDX25XY</latexit>

(f2⇥f5), · · ·

Seq:

Seq:

Seq:

Seq:

Eval: 0.76

Eval: 0.74

Eval: 0.69

Eval: 0.72

<latexit sha1_base64="sONplFkyN+CWDlh4cJQXkVOkScw=">AAACAXicbVDLSgMxFM3UV62vUTeCm9AitFDKjO9lwY3LCrYV2mHIZDJtaCYZkoxYSt34K25cKOLWv3Dn35i2s9DWA5d7OOdeknuChFGlHefbyi0tr6yu5dcLG5tb2zv27l5LiVRi0sSCCXkXIEUY5aSpqWbkLpEExQEj7WBwNfHb90QqKvitHibEi1GP04hipI3k2wfkISlH/kmlWu7iUGhVqc66b5ecmjMFXCRuRkogQ8O3v7qhwGlMuMYMKdVxnUR7IyQ1xYyMC91UkQThAeqRjqEcxUR5o+kFY3hklBBGQpriGk7V3xsjFCs1jAMzGSPdV/PeRPzP66Q6uvRGlCepJhzPHopSBrWAkzhgSCXBmg0NQVhS81eI+0girE1oBROCO3/yImkd19zz2tnNaalezOLIg0NQBGXgggtQB9egAZoAg0fwDF7Bm/VkvVjv1sdsNGdlO/vgD6zPH7q0lbY=</latexit>

exp(f3), (· · · ), · · ·

Postfix
Notation Based

Records

                                      

                                     

                                     

                                     

Seq:

Seq:

Seq:

Seq:

Eval: 0.76

Eval: 0.74

Eval: 0.69

Eval: 0.72

…

…

…

…

… …

                                     

…

0.76

GradientDirections

Embeddings

Remove 
Invalid

Form 
Transformation

Sequence

<latexit sha1_base64="PlAq+k9TjDToMJZT9DnsgqzpUvE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0nEr2PRi8cK1hbSUDbbSbt0kw27EyGU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88GpVpDi2upNKdkBmQIoEWCpTQSTWwOJTQDke3U7/9BNoIlTxgnkIQs0EiIsEZWsn3uxCnmBvAoFetuXV3BrpMvILUSIFmr/rV7SuexZAgl8wY33NTDMZMo+ASJpVuZiBlfMQG4FuasBhMMJ6dPKEnVunTSGlbCdKZ+ntizGJj8ji0nTHDoVn0puJ/np9hdB2MRZJmCAmfL4oySVHR6f+0LzRwlLkljGthb6V8yDTjaFOq2BC8xZeXyeNZ3busX9yf1xo3RRxlckSOySnxyBVpkDvSJC3CiSLP5JW8Oei8OO/Ox7y15BQzh+QPnM8fpFuRgQ==</latexit>

[;]

<latexit sha1_base64="Rod9ISnSozmuoVtttMqwkdFaC1Q=">AAAB6nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VRBJeV2ge0g2TSO21oJjMkGaEM/QQ3LhRx6xe5829M21lo9UDgcM655N4TJIJr47pfTmFpeWV1rbhe2tjc2t4p7+61dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC6nvrtR1Sax/LejBP0IzqQPOSMGis1Gjf1h3LFrbozkL/Ey0kFctj8Z68fszRCaZigWnc9NzF+RpXhTOCk1Es1JpSN6AC7lkoaofaz2aoTcmSVPgljZZ80ZKb+nMhopPU4CmwyomaoF72p+J/XTU146WdcJqlByeYfhakgJibTu0mfK2RGjC2hTHG7K2FDqigztp2SLcFbPPkvaZ1UvfPq2d1ppXaV11GEAziEY/DgAmpwC3VoAoMBPMELvDrCeXbenPd5tODkM/vwC87HN939jYo=</latexit>

SEP
<latexit sha1_base64="fHXx8A1r/X2+kmY0IQdIkbLYJLE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQBG9GYh6QLGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJbCoOt+Obml5ZXVtfx6YWNza3unuLvXMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMrqd+85FrIyL1gOOY+yEdKNEXjKKVajd3tW6x5JbdGchf4mWkBBmq3eJnpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IkVV6pB9pWwrJTP05kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+/Jc0Tsreefns/rRUucriyMMBHMIxeHABFbiFKtSBwQCe4AVeHek8O2/O+7w152Qz+/ALzsc33GeNiQ==</latexit>

EOS

<S
EP
> …

<EOS>

…

…

…

…

…

<latexit sha1_base64="DtpGTuGhssZIAk8umg1JrzlkEIw=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBVclUR8LQtuXFYwbaEJYTKZtEMnM2FmIpaQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r0nyhhV2nG+rZXVtfWNzdpWfXtnd2/fPmh0lcglJh4WTMh+hBRhlBNPU81IP5MEpREjvWh8O/V7j0QqKviDnmQkSNGQ04RipI0U2g1fUxaTwvcyRZngZeiGdtNpOTPAZeJWpAkqdEL7y48FzlPCNWZIqYHrZDookNQUM1LW/VyRDOExGpKBoRylRAXF7PYSnholhomQpriGM/X3RIFSpSZpZDpTpEdq0ZuK/3mDXCc3QUF5lmvC8XxRkjOoBZwGAWMqCdZsYgjCkppbIR4hibA2cdVNCO7iy8uke95yr1qX9xfN9kkVRw0cgWNwBlxwDdrgDnSABzB4As/gFbxZpfVivVsf89YVq5o5BH9gff4ATUqUhw==</latexit>

⌥̃1
<latexit sha1_base64="8XQVXEPTEJualvNUA7SBAAS8UGc=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiTF17LgxmUF0xaaECaTaTt0MhNmJmIJ+RU3LhRx64+482+ctllo64ELh3Pu5d57opRRpR3n26qsrW9sblW3azu7e/sH9mG9q0QmMfGwYEL2I6QIo5x4mmpG+qkkKIkY6UWT25nfeyRSUcEf9DQlQYJGnA4pRtpIoV33NWUxyX0vVZQJXoSt0G44TWcOuErckjRAiU5of/mxwFlCuMYMKTVwnVQHOZKaYkaKmp8pkiI8QSMyMJSjhKggn99ewDOjxHAopCmu4Vz9PZGjRKlpEpnOBOmxWvZm4n/eINPDmyCnPM004XixaJgxqAWcBQFjKgnWbGoIwpKaWyEeI4mwNnHVTAju8surpNtqulfNy/uLRvu0jKMKjsEJOAcuuAZtcAc6wAMYPIFn8ArerMJ6sd6tj0VrxSpnjsAfWJ8/Ts6UiA==</latexit>

⌥̃2

<latexit sha1_base64="r6IuiA5AVQHObhs3RyzEem8n9tE=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBVclUR8LQtuXFYwbaEJYTKZtEMnM2FmIpaQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r0nyhhV2nG+rZXVtfWNzdpWfXtnd2/fPmh0lcglJh4WTMh+hBRhlBNPU81IP5MEpREjvWh8O/V7j0QqKviDnmQkSNGQ04RipI0U2g1fUxaTwvcyRZngZTgO7abTcmaAy8StSBNU6IT2lx8LnKeEa8yQUgPXyXRQIKkpZqSs+7kiGcJjNCQDQzlKiQqK2e0lPDVKDBMhTXENZ+rviQKlSk3SyHSmSI/UojcV//MGuU5ugoLyLNeE4/miJGdQCzgNAsZUEqzZxBCEJTW3QjxCEmFt4qqbENzFl5dJ97zlXrUu7y+a7ZMqjho4AsfgDLjgGrTBHegAD2DwBJ7BK3izSuvFerc+5q0rVjVzCP7A+vwBpTKUwQ==</latexit>

⌥̃k

Generated Sequence

…

ef1, ef2, ef3, ef4, . . .
<latexit sha1_base64="JvWs91D9y2lWdgZ0m6dYMgdqjCA=">AAACLnicbVDJSgNBEO2JW4xb1KOXwSh4kDATA3oMiOAxglkgGYaenpqkSc9Cd40ShnyRF39FD4KKePUz7CwHk1jQ8N6relTX8xLBFVrWu5FbWV1b38hvFra2d3b3ivsHTRWnkkGDxSKWbY8qEDyCBnIU0E4k0NAT0PIG1+N+6wGk4nF0j8MEnJD2Ih5wRlFLbvGm+8h9QC58yALXHp3P8coCv1jgVc39GJVbLFlla1LmMrBnoERmVXeLr9rH0hAiZIIq1bGtBJ2MSuRMwKjQTRUklA1oDzoaRjQE5WSTc0fmqVZ8M4ilfhGaE/WvI6OhUsPQ05Mhxb5a7I3F/3qdFIMrJ+NRkiJEbLooSIWJsTnOzvS5BIZiqAFlkuu/mqxPJWWoEy7oEOzFk5dBs1K2rbJ9Vy3VTmZx5MkROSZnxCaXpEZuSZ00CCNP5IV8kE/j2Xgzvozv6WjOmHkOyVwZP7/Y5Kof</latexit><latexit sha1_base64="JvWs91D9y2lWdgZ0m6dYMgdqjCA=">AAACLnicbVDJSgNBEO2JW4xb1KOXwSh4kDATA3oMiOAxglkgGYaenpqkSc9Cd40ShnyRF39FD4KKePUz7CwHk1jQ8N6relTX8xLBFVrWu5FbWV1b38hvFra2d3b3ivsHTRWnkkGDxSKWbY8qEDyCBnIU0E4k0NAT0PIG1+N+6wGk4nF0j8MEnJD2Ih5wRlFLbvGm+8h9QC58yALXHp3P8coCv1jgVc39GJVbLFlla1LmMrBnoERmVXeLr9rH0hAiZIIq1bGtBJ2MSuRMwKjQTRUklA1oDzoaRjQE5WSTc0fmqVZ8M4ilfhGaE/WvI6OhUsPQ05Mhxb5a7I3F/3qdFIMrJ+NRkiJEbLooSIWJsTnOzvS5BIZiqAFlkuu/mqxPJWWoEy7oEOzFk5dBs1K2rbJ9Vy3VTmZx5MkROSZnxCaXpEZuSZ00CCNP5IV8kE/j2Xgzvozv6WjOmHkOyVwZP7/Y5Kof</latexit><latexit sha1_base64="JvWs91D9y2lWdgZ0m6dYMgdqjCA=">AAACLnicbVDJSgNBEO2JW4xb1KOXwSh4kDATA3oMiOAxglkgGYaenpqkSc9Cd40ShnyRF39FD4KKePUz7CwHk1jQ8N6relTX8xLBFVrWu5FbWV1b38hvFra2d3b3ivsHTRWnkkGDxSKWbY8qEDyCBnIU0E4k0NAT0PIG1+N+6wGk4nF0j8MEnJD2Ih5wRlFLbvGm+8h9QC58yALXHp3P8coCv1jgVc39GJVbLFlla1LmMrBnoERmVXeLr9rH0hAiZIIq1bGtBJ2MSuRMwKjQTRUklA1oDzoaRjQE5WSTc0fmqVZ8M4ilfhGaE/WvI6OhUsPQ05Mhxb5a7I3F/3qdFIMrJ+NRkiJEbLooSIWJsTnOzvS5BIZiqAFlkuu/mqxPJWWoEy7oEOzFk5dBs1K2rbJ9Vy3VTmZx5MkROSZnxCaXpEZuSZ00CCNP5IV8kE/j2Xgzvozv6WjOmHkOyVwZP7/Y5Kof</latexit><latexit sha1_base64="JvWs91D9y2lWdgZ0m6dYMgdqjCA=">AAACLnicbVDJSgNBEO2JW4xb1KOXwSh4kDATA3oMiOAxglkgGYaenpqkSc9Cd40ShnyRF39FD4KKePUz7CwHk1jQ8N6relTX8xLBFVrWu5FbWV1b38hvFra2d3b3ivsHTRWnkkGDxSKWbY8qEDyCBnIU0E4k0NAT0PIG1+N+6wGk4nF0j8MEnJD2Ih5wRlFLbvGm+8h9QC58yALXHp3P8coCv1jgVc39GJVbLFlla1LmMrBnoERmVXeLr9rH0hAiZIIq1bGtBJ2MSuRMwKjQTRUklA1oDzoaRjQE5WSTc0fmqVZ8M4ilfhGaE/WvI6OhUsPQ05Mhxb5a7I3F/3qdFIMrJ+NRkiJEbLooSIWJsTnOzvS5BIZiqAFlkuu/mqxPJWWoEy7oEOzFk5dBs1K2rbJ9Vy3VTmZx5MkROSZnxCaXpEZuSZ00CCNP5IV8kE/j2Xgzvozv6WjOmHkOyVwZP7/Y5Kof</latexit>

ef2, ef4, ef6, ff10, . . .
<latexit sha1_base64="0h4/F+Sgz/RtMHu4fKHaGc8oJ6E=">AAACMXicbVDJSgNBEO2JW4xb1KOXwSh4kDATgnoMeMkxglkgCaGnpyZp0rPQXaOEYX7Ji38iXnJQxKs/YWc5mIkFDe+9qkd1PScSXKFlTY3cxubW9k5+t7C3f3B4VDw+aakwlgyaLBSh7DhUgeABNJGjgE4kgfqOgLYzvp/1208gFQ+DR5xE0PfpMOAeZxS1NCjWe8/cBeTChcQbVNLrFV7N8JsMT2wr1ZIbohoUS1bZmpe5DuwlKJFlNQbFN+1jsQ8BMkGV6tpWhP2ESuRMQFroxQoiysZ0CF0NA+qD6ifzi1PzUiuu6YVSvwDNufrXkVBfqYnv6Emf4khlezPxv143Ru+un/AgihECtljkxcLE0JzFZ7pcAkMx0YAyyfVfTTaikjLUIRd0CHb25HXQqpRtq2w/VEu1i2UceXJGzskVscktqZE6aZAmYeSFvJMP8mm8GlPjy/hejOaMpeeUrJTx8wthjato</latexit><latexit sha1_base64="0h4/F+Sgz/RtMHu4fKHaGc8oJ6E=">AAACMXicbVDJSgNBEO2JW4xb1KOXwSh4kDATgnoMeMkxglkgCaGnpyZp0rPQXaOEYX7Ji38iXnJQxKs/YWc5mIkFDe+9qkd1PScSXKFlTY3cxubW9k5+t7C3f3B4VDw+aakwlgyaLBSh7DhUgeABNJGjgE4kgfqOgLYzvp/1208gFQ+DR5xE0PfpMOAeZxS1NCjWe8/cBeTChcQbVNLrFV7N8JsMT2wr1ZIbohoUS1bZmpe5DuwlKJFlNQbFN+1jsQ8BMkGV6tpWhP2ESuRMQFroxQoiysZ0CF0NA+qD6ifzi1PzUiuu6YVSvwDNufrXkVBfqYnv6Emf4khlezPxv143Ru+un/AgihECtljkxcLE0JzFZ7pcAkMx0YAyyfVfTTaikjLUIRd0CHb25HXQqpRtq2w/VEu1i2UceXJGzskVscktqZE6aZAmYeSFvJMP8mm8GlPjy/hejOaMpeeUrJTx8wthjato</latexit><latexit sha1_base64="0h4/F+Sgz/RtMHu4fKHaGc8oJ6E=">AAACMXicbVDJSgNBEO2JW4xb1KOXwSh4kDATgnoMeMkxglkgCaGnpyZp0rPQXaOEYX7Ji38iXnJQxKs/YWc5mIkFDe+9qkd1PScSXKFlTY3cxubW9k5+t7C3f3B4VDw+aakwlgyaLBSh7DhUgeABNJGjgE4kgfqOgLYzvp/1208gFQ+DR5xE0PfpMOAeZxS1NCjWe8/cBeTChcQbVNLrFV7N8JsMT2wr1ZIbohoUS1bZmpe5DuwlKJFlNQbFN+1jsQ8BMkGV6tpWhP2ESuRMQFroxQoiysZ0CF0NA+qD6ifzi1PzUiuu6YVSvwDNufrXkVBfqYnv6Emf4khlezPxv143Ru+un/AgihECtljkxcLE0JzFZ7pcAkMx0YAyyfVfTTaikjLUIRd0CHb25HXQqpRtq2w/VEu1i2UceXJGzskVscktqZE6aZAmYeSFvJMP8mm8GlPjy/hejOaMpeeUrJTx8wthjato</latexit><latexit sha1_base64="0h4/F+Sgz/RtMHu4fKHaGc8oJ6E=">AAACMXicbVDJSgNBEO2JW4xb1KOXwSh4kDATgnoMeMkxglkgCaGnpyZp0rPQXaOEYX7Ji38iXnJQxKs/YWc5mIkFDe+9qkd1PScSXKFlTY3cxubW9k5+t7C3f3B4VDw+aakwlgyaLBSh7DhUgeABNJGjgE4kgfqOgLYzvp/1208gFQ+DR5xE0PfpMOAeZxS1NCjWe8/cBeTChcQbVNLrFV7N8JsMT2wr1ZIbohoUS1bZmpe5DuwlKJFlNQbFN+1jsQ8BMkGV6tpWhP2ESuRMQFroxQoiysZ0CF0NA+qD6ifzi1PzUiuu6YVSvwDNufrXkVBfqYnv6Emf4khlezPxv143Ru+un/AgihECtljkxcLE0JzFZ7pcAkMx0YAyyfVfTTaikjLUIRd0CHb25HXQqpRtq2w/VEu1i2UceXJGzskVscktqZE6aZAmYeSFvJMP8mm8GlPjy/hejOaMpeeUrJTx8wthjato</latexit>

<latexit sha1_base64="KKjneE+M5HdavPRMxQC+CsjuClM=">AAACMHicbVDJSgNBEO2JW4zbqEcvg1HwIGEmJOox4EGPEcwCSQg9PTVJk56F7holDPkkL36KXhQU8epX2FkOJrGg4b1X9aiu58aCK7TtdyOzsrq2vpHdzG1t7+zumfsHdRUlkkGNRSKSTZcqEDyEGnIU0Iwl0MAV0HAH1+N+4wGk4lF4j8MYOgHthdznjKKWuuZN+5F7gFx4kPpdZ3Q+x4sLvLTA0/JIK16Eqmvm7YI9KWsZODOQJ7Oqds0X7WNJACEyQZVqOXaMnZRK5EzAKNdOFMSUDWgPWhqGNADVSScHj6xTrXiWH0n9QrQm6l9HSgOlhoGrJwOKfbXYG4v/9VoJ+ledlIdxghCy6SI/ERZG1jg9y+MSGIqhBpRJrv9qsT6VlKHOOKdDcBZPXgb1YsG5KJTvSvnKySyOLDkix+SMOOSSVMgtqZIaYeSJvJIP8mk8G2/Gl/E9Hc0YM88hmSvj5xfaL6s3</latexit>

ef1, ef2, ef4, ef5, . . .
<latexit sha1_base64="wyWevPCzfWJOtfdixHIXHiK+0bc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LFbBU0nEr2PBi8cK1hbSUDabbbt0swm7E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlOgLRtFKfheFjHjemfRGvWrNrbszkGXiFaQGBZq96lc3SlgWc4VMUmN8z00xyKlGwSSfVLqZ4SllIzrgvqWKxtwE+ezkCTm1SkT6ibalkMzU3xM5jY0Zx6HtjCkOzaI3Ff/z/Az7N0EuVJohV2y+qJ9JggmZ/k8ioTlDObaEMi3srYQNqaYMbUoVG4K3+PIyeTyve1f1y/uLWuOkiKMMR3AMZ+DBNTTgDprQAgYJPMMrvDnovDjvzse8teQUM4fwB87nD5DzkVw=</latexit>

X̃k

<latexit sha1_base64="cPGM0RQdERu/ZqTZN8AhavVSBQQ=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BKvgqSTi17HgxWMFawtpKJvNtF262Q27E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h88GpVpBi2mhNKdiBoQXEILOQropBpoEgloR6Pbqd9+Am24kg84TiFM6EDyPmcUrRR0kYsY8s6k5/eqNa/uzeAuE78gNVKg2at+dWPFsgQkMkGNCXwvxTCnGjkTMKl0MwMpZSM6gMBSSRMwYT47eeKeWiV2+0rbkujO1N8TOU2MGSeR7UwoDs2iNxX/84IM+zdhzmWaIUg2X9TPhIvKnf7vxlwDQzG2hDLN7a0uG1JNGdqUKjYEf/HlZfJ4Xvev6pf3F7XGSRFHmRyRY3JGfHJNGuSONEmLMKLIM3klbw46L8678zFvLTnFzCH5A+fzBzkLkSI=</latexit>

X̃1
<latexit sha1_base64="M19b8KOpPkcSgkHwfc2MTHsc8F8=">AAAB8nicbVDLSsNAFJ3UV62vqks3g1VwVZLia1lw47KCfUAaymQyaYdOZsLMjVBCP8ONC0Xc+jXu/BunbRbaeuDC4Zx7ufeeMBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1gYNgvVQzkoSCdcPx3czvPjFtuJKPMElZkJCh5DGnBKzk94GLiOW96aAxqNbcujsHXiVeQWqoQGtQ/epHimYJk0AFMcb33BSCnGjgVLBppZ8ZlhI6JkPmWypJwkyQz0+e4nOrRDhW2pYEPFd/T+QkMWaShLYzITAyy95M/M/zM4hvg5zLNAMm6WJRnAkMCs/+xxHXjIKYWEKo5vZWTEdEEwo2pYoNwVt+eZV0GnXvun71cFlrnhVxlNEJOkUXyEM3qInuUQu1EUUKPaNX9OaA8+K8Ox+L1pJTzByjP3A+fwA6j5Ej</latexit>

X̃2

Transformed Features
<latexit sha1_base64="i49prhg+wOVXSZZvDKysKV6+Qpk=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAquSiK+lgUXuqxgH9CEMJlM2qEzSZi5KZTQP3HjQhG3/ok7/8Zpm4W2HrhwOOde7r0nzATX4Djf1srq2vrGZmWrur2zu7dvHxy2dZorylo0FanqhkQzwRPWAg6CdTPFiAwF64TDu6nfGTGleZo8wThjviT9hMecEjBSYNsecBGxwrsnUpJJ4AZ2zak7M+Bl4pakhko0A/vLi1KaS5YAFUTrnutk4BdEAaeCTaperllG6JD0Wc/QhEim/WJ2+QSfGSXCcapMJYBn6u+JgkitxzI0nZLAQC96U/E/r5dDfOsXPMlyYAmdL4pzgSHF0xhwxBWjIMaGEKq4uRXTAVGEggmrakJwF19eJu2Luntdv3q8rDVOyzgq6BidoHPkohvUQA+oiVqIohF6Rq/ozSqsF+vd+pi3rljlzBH6A+vzB2W3k2w=</latexit>

�̃1
<latexit sha1_base64="pfYgsF08/PPuoRfVB9PtWp+sEcI=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSq4KknxtSy40GUF+4AmhMnkth06Mwkzk0IJ/RM3LhRx65+482+ctllo64ELh3Pu5d57opRRpV332yqtrW9sbpW3Kzu7e/sH9uFRWyWZJNAiCUtkN8IKGBXQ0lQz6KYSMI8YdKLR3czvjEEqmognPUkh4HggaJ8SrI0U2ravKYsh9+8x53ga1kO76tbcOZxV4hWkigo0Q/vLjxOScRCaMKxUz3NTHeRYakoYTCt+piDFZIQH0DNUYA4qyOeXT51zo8ROP5GmhHbm6u+JHHOlJjwynRzroVr2ZuJ/Xi/T/dsgpyLNNAiyWNTPmKMTZxaDE1MJRLOJIZhIam51yBBLTLQJq2JC8JZfXiXtes27rl09XlYbZ0UcZXSCTtEF8tANaqAH1EQtRNAYPaNX9Gbl1ov1bn0sWktWMXOM/sD6/AFnO5Nt</latexit>

�̃2

<latexit sha1_base64="u8binIahcix86DXeZnFR/O99kvA=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBVclUR8LQsudFnBPqAJYTKZtENnkjAzKZTQP3HjQhG3/ok7/8Zpm4W2HrhwOOde7r0nzDhT2nG+rZXVtfWNzcpWdXtnd2/fPjhsqzSXhLZIylPZDbGinCW0pZnmtJtJikXIaScc3k39zohKxdLkSY8z6gvcT1jMCNZGCmzb04xHtPDusRB4EgwDu+bUnRnQMnFLUoMSzcD+8qKU5IImmnCsVM91Mu0XWGpGOJ1UvVzRDJMh7tOeoQkWVPnF7PIJOjNKhOJUmko0mqm/JwoslBqL0HQKrAdq0ZuK/3m9XMe3fsGSLNc0IfNFcc6RTtE0BhQxSYnmY0MwkczcisgAS0y0CatqQnAXX14m7Yu6e12/erysNU7LOCpwDCdwDi7cQAMeoAktIDCCZ3iFN6uwXqx362PeumKVM0fwB9bnD72fk6Y=</latexit>

�̃k

…

Transform Feature Space

<latexit sha1_base64="5RKOpwYL0Tg4UrhiwSQGVm8u+m0=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBQ8hV3xdQx48ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV271S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyZpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjrZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEyaFxXvunJVvyxXT/M4CnAMJ3AOHtxAFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHr/OMyA==</latexit>

X

Refined Search Space

Step
 Size

:
<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit> ⌘

<latexit sha1_base64="mxezXHw0F+j5WyENgQ0bV0Eh+1A=">AAACBnicbVDLSgMxFM3UV62vUZciBKsgImWm1sey4MZlBfuAtg6ZNNOGZh4kd4QydOXGX3HjQhG3foM7/8Z0OgttPZDD4dx7ubnHjQRXYFnfRm5hcWl5Jb9aWFvf2Nwyt3caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7rD60m9+cCk4mFwB6OIdX3SD7jHKQFtOea+59j3J6eeU075LOWK5k4vBOWYRatkpcDzws5EEWWoOeaXnqOxzwKggijVtq0IugmRwKlg40InViwidEj6rK1lQHymukl6xhgfaaeHvVDqFwBO3d8TCfGVGvmu7vQJDNRsbWL+V2vH4F11Ex5EMbCAThd5scAQ4kkmuMcloyBGWhAquf4rpgMiCQWdXEGHYM+ePC8a5ZJ9UTq/rRSrh1kcebSHDtAxstElqqIbVEN1RNEjekav6M14Ml6Md+Nj2pozspld9AfG5w9vLpZ9</latexit>

f⇤
1 , f⇤

2 , f⇤
3 , f⇤

4 , . . .
<latexit sha1_base64="OxJCXeWLw9E+X7iGaCtcSMMvtLI=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiiIhzAjbseAF48RzQLJGHo6PUmTnp6hu0YIQz7BiwdFvPpF3vwbO8tBEx8UPN6roqpekEhh0HW/ndzS8srqWn69sLG5tb1T3N2rmzjVjNdYLGPdDKjhUiheQ4GSNxPNaRRI3ggGN2O/8cS1EbF6wGHC/Yj2lAgFo2il++bjaadYcsvuBGSReDNSghmqneJXuxuzNOIKmaTGtDw3QT+jGgWTfFRop4YnlA1oj7csVTTixs8mp47IsVW6JIy1LYVkov6eyGhkzDAKbGdEsW/mvbH4n9dKMbz2M6GSFLli00VhKgnGZPw36QrNGcqhJZRpYW8lrE81ZWjTKdgQvPmXF0n9rOxdli/uzkuVo1kceTiAQzgBD66gArdQhRow6MEzvMKbI50X5935mLbmnNnMPvyB8/kDyPqNZA==</latexit>

X⇤

f1
<latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit><latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit><latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit><latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit>

fN
<latexit sha1_base64="KJ5mjcgD5C5U8nJgrJJVHPSLYIg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBiyepYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGSn0f9+2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFtlQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+vew1WtcVbEUYYTOIUL8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD1/KOmQ==</latexit><latexit sha1_base64="KJ5mjcgD5C5U8nJgrJJVHPSLYIg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBiyepYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGSn0f9+2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFtlQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+vew1WtcVbEUYYTOIUL8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD1/KOmQ==</latexit><latexit sha1_base64="KJ5mjcgD5C5U8nJgrJJVHPSLYIg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBiyepYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGSn0f9+2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFtlQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+vew1WtcVbEUYYTOIUL8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD1/KOmQ==</latexit><latexit sha1_base64="KJ5mjcgD5C5U8nJgrJJVHPSLYIg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBiyepYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGSn0f9+2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFtlQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+vew1WtcVbEUYYTOIUL8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD1/KOmQ==</latexit>

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+…

<latexit sha1_base64="Rod9ISnSozmuoVtttMqwkdFaC1Q=">AAAB6nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VRBJeV2ge0g2TSO21oJjMkGaEM/QQ3LhRx6xe5829M21lo9UDgcM655N4TJIJr47pfTmFpeWV1rbhe2tjc2t4p7+61dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC6nvrtR1Sax/LejBP0IzqQPOSMGis1Gjf1h3LFrbozkL/Ey0kFctj8Z68fszRCaZigWnc9NzF+RpXhTOCk1Es1JpSN6AC7lkoaofaz2aoTcmSVPgljZZ80ZKb+nMhopPU4CmwyomaoF72p+J/XTU146WdcJqlByeYfhakgJibTu0mfK2RGjC2hTHG7K2FDqigztp2SLcFbPPkvaZ1UvfPq2d1ppXaV11GEAziEY/DgAmpwC3VoAoMBPMELvDrCeXbenPd5tODkM/vwC87HN939jYo=</latexit>

SEP
<latexit sha1_base64="fHXx8A1r/X2+kmY0IQdIkbLYJLE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQBG9GYh6QLGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJbCoOt+Obml5ZXVtfx6YWNza3unuLvXMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMrqd+85FrIyL1gOOY+yEdKNEXjKKVajd3tW6x5JbdGchf4mWkBBmq3eJnpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IkVV6pB9pWwrJTP05kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+/Jc0Tsreefns/rRUucriyMMBHMIxeHABFbiFKtSBwQCe4AVeHek8O2/O+7w152Qz+/ALzsc33GeNiQ==</latexit>

EOS

…

f1
<latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit><latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit><latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit><latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit>

fN
<latexit sha1_base64="KJ5mjcgD5C5U8nJgrJJVHPSLYIg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBiyepYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGSn0f9+2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFtlQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+vew1WtcVbEUYYTOIUL8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD1/KOmQ==</latexit><latexit sha1_base64="KJ5mjcgD5C5U8nJgrJJVHPSLYIg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBiyepYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGSn0f9+2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFtlQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+vew1WtcVbEUYYTOIUL8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD1/KOmQ==</latexit><latexit sha1_base64="KJ5mjcgD5C5U8nJgrJJVHPSLYIg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBiyepYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGSn0f9+2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFtlQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+vew1WtcVbEUYYTOIUL8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD1/KOmQ==</latexit><latexit sha1_base64="KJ5mjcgD5C5U8nJgrJJVHPSLYIg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBiyepYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGSn0f9+2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFtlQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+vew1WtcVbEUYYTOIUL8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD1/KOmQ==</latexit>

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+…

<latexit sha1_base64="Rod9ISnSozmuoVtttMqwkdFaC1Q=">AAAB6nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VRBJeV2ge0g2TSO21oJjMkGaEM/QQ3LhRx6xe5829M21lo9UDgcM655N4TJIJr47pfTmFpeWV1rbhe2tjc2t4p7+61dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC6nvrtR1Sax/LejBP0IzqQPOSMGis1Gjf1h3LFrbozkL/Ey0kFctj8Z68fszRCaZigWnc9NzF+RpXhTOCk1Es1JpSN6AC7lkoaofaz2aoTcmSVPgljZZ80ZKb+nMhopPU4CmwyomaoF72p+J/XTU146WdcJqlByeYfhakgJibTu0mfK2RGjC2hTHG7K2FDqigztp2SLcFbPPkvaZ1UvfPq2d1ppXaV11GEAziEY/DgAmpwC3VoAoMBPMELvDrCeXbenPd5tODkM/vwC87HN939jYo=</latexit>

SEP
<latexit sha1_base64="fHXx8A1r/X2+kmY0IQdIkbLYJLE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQBG9GYh6QLGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJbCoOt+Obml5ZXVtfx6YWNza3unuLvXMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMrqd+85FrIyL1gOOY+yEdKNEXjKKVajd3tW6x5JbdGchf4mWkBBmq3eJnpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IkVV6pB9pWwrJTP05kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+/Jc0Tsreefns/rRUucriyMMBHMIxeHABFbiFKtSBwQCe4AVeHek8O2/O+7w152Qz+/ALzsc33GeNiQ==</latexit>

EOS

…

<latexit sha1_base64="PlAq+k9TjDToMJZT9DnsgqzpUvE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0nEr2PRi8cK1hbSUDbbSbt0kw27EyGU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88GpVpDi2upNKdkBmQIoEWCpTQSTWwOJTQDke3U7/9BNoIlTxgnkIQs0EiIsEZWsn3uxCnmBvAoFetuXV3BrpMvILUSIFmr/rV7SuexZAgl8wY33NTDMZMo+ASJpVuZiBlfMQG4FuasBhMMJ6dPKEnVunTSGlbCdKZ+ntizGJj8ji0nTHDoVn0puJ/np9hdB2MRZJmCAmfL4oySVHR6f+0LzRwlLkljGthb6V8yDTjaFOq2BC8xZeXyeNZ3busX9yf1xo3RRxlckSOySnxyBVpkDvSJC3CiSLP5JW8Oei8OO/Ox7y15BQzh+QPnM8fpFuRgQ==</latexit>

[;]

<latexit sha1_base64="voF9IoXQbeLeXkfsb1iSIg/uGpY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbSUDbbTbt0swm7E6GU/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvyqQw6LrfTmlldW19o7xZ2dre2d2r7h88mjTXjPsslaluR9RwKRT3UaDk7UxzmkSSt6Lh7dRvPXFtRKoecJTxMKF9JWLBKFrJD+KuF3arNbfuzkCWiVeQGhRodqtfnV7K8oQrZJIaE3huhuGYahRM8kmlkxueUTakfR5YqmjCTTieHTshJ1bpkTjVthSSmfp7YkwTY0ZJZDsTigOz6E3F/7wgx/g6HAuV5cgVmy+Kc0kwJdPPSU9ozlCOLKFMC3srYQOqKUObT8WG4C2+vEwez+reZf3i/rzWuCniKMMRHMMpeHAFDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBVqeOZA==</latexit>

[f1]

<latexit sha1_base64="7DrWSmbZ5ExjU00FFxcxXpRTS7g=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0n8Pha8eKxg2kIayma7aZdudsPuRiihv8GLB0W8+oO8+W/ctjlo64OBx3szzMyLUs60cd1vp7Syura+Ud6sbG3v7O5V9w9aWmaKUJ9ILlUnwppyJqhvmOG0kyqKk4jTdjS6m/rtJ6o0k+LRjFMaJnggWMwINlbyg7h3EfaqNbfuzoCWiVeQGhRo9qpf3b4kWUKFIRxrHXhuasIcK8MIp5NKN9M0xWSEBzSwVOCE6jCfHTtBp1bpo1gqW8Kgmfp7IseJ1uMksp0JNkO96E3F/7wgM/FtmDORZoYKMl8UZxwZiaafoz5TlBg+tgQTxeytiAyxwsTYfCo2BG/x5WXSOq971/Wrh8ta46SIowxHcAxn4MENNOAemuADAQbP8ApvjnBenHfnY95acoqZQ/gD5/MHUKuOSA==</latexit>

[f3]

f1
<latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit><latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit><latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit><latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit>

fN
<latexit sha1_base64="KJ5mjcgD5C5U8nJgrJJVHPSLYIg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBiyepYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGSn0f9+2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFtlQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+vew1WtcVbEUYYTOIUL8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD1/KOmQ==</latexit><latexit sha1_base64="KJ5mjcgD5C5U8nJgrJJVHPSLYIg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBiyepYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGSn0f9+2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFtlQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+vew1WtcVbEUYYTOIUL8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD1/KOmQ==</latexit><latexit sha1_base64="KJ5mjcgD5C5U8nJgrJJVHPSLYIg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBiyepYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGSn0f9+2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFtlQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+vew1WtcVbEUYYTOIUL8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD1/KOmQ==</latexit><latexit sha1_base64="KJ5mjcgD5C5U8nJgrJJVHPSLYIg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBiyepYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGSn0f9+2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFtlQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+vew1WtcVbEUYYTOIUL8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD1/KOmQ==</latexit>

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+…

<latexit sha1_base64="Rod9ISnSozmuoVtttMqwkdFaC1Q=">AAAB6nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VRBJeV2ge0g2TSO21oJjMkGaEM/QQ3LhRx6xe5829M21lo9UDgcM655N4TJIJr47pfTmFpeWV1rbhe2tjc2t4p7+61dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC6nvrtR1Sax/LejBP0IzqQPOSMGis1Gjf1h3LFrbozkL/Ey0kFctj8Z68fszRCaZigWnc9NzF+RpXhTOCk1Es1JpSN6AC7lkoaofaz2aoTcmSVPgljZZ80ZKb+nMhopPU4CmwyomaoF72p+J/XTU146WdcJqlByeYfhakgJibTu0mfK2RGjC2hTHG7K2FDqigztp2SLcFbPPkvaZ1UvfPq2d1ppXaV11GEAziEY/DgAmpwC3VoAoMBPMELvDrCeXbenPd5tODkM/vwC87HN939jYo=</latexit>

SEP
<latexit sha1_base64="fHXx8A1r/X2+kmY0IQdIkbLYJLE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQBG9GYh6QLGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJbCoOt+Obml5ZXVtfx6YWNza3unuLvXMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMrqd+85FrIyL1gOOY+yEdKNEXjKKVajd3tW6x5JbdGchf4mWkBBmq3eJnpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IkVV6pB9pWwrJTP05kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+/Jc0Tsreefns/rRUucriyMMBHMIxeHABFbiFKtSBwQCe4AVeHek8O2/O+7w152Qz+/ALzsc33GeNiQ==</latexit>

EOS

…

<latexit sha1_base64="+AK7oeTZRzlzzHopIpxfFCQdk84=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBQ8SNgVX8eAF48RzAOTJcxOZpMhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGLBDEVVN91dQSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ34zSeujYjVA44S7ke0r0QoGEUrPbbDrndG7Od3S2W34k5BFomXkzLkqHVLX51ezNKIK2SSGtP23AT9jGoUTPJxsZManlA2pH3etlTRiBs/m248JidW6ZEw1vYpJFP1d0dGI2NGUWArI4oDM+9NxP+8dorhjZ8JlaTIFZsNClNJMCaT80lPaM5QjiyhTAu7K2EDqilDG1LRhuDNn7xIGucV76pyeX9Rrh7ncRTgEI7gFDy4hircQQ3qwEDBM7zCm2OcF+fd+ZiVLjl5zwH8gfP5A/iJj7o=</latexit>

[f1, f1]

<latexit sha1_base64="knkfA3jMwtJdOCUs4sdYWbfqNxk=">AAAB8XicbVDLSsNAFL2pr1pfUZduBqvgQkrie1lw47KCfWAawmQ6aYdOJmFmIpTQv3DjQhG3/o07/8Zpm4W2HrhwOOde7r0nTDlT2nG+rdLS8srqWnm9srG5tb1j7+61VJJJQpsk4YnshFhRzgRtaqY57aSS4jjktB0Obyd++4lKxRLxoEcp9WPcFyxiBGsjPXpR4J6iKDj3A7vq1Jwp0CJxC1KFAo3A/ur2EpLFVGjCsVKe66Taz7HUjHA6rnQzRVNMhrhPPUMFjqny8+nFY3RslB6KEmlKaDRVf0/kOFZqFIemM8Z6oOa9ifif52U6uvFzJtJMU0Fmi6KMI52gyfuoxyQlmo8MwUQycysiAywx0SakignBnX95kbTOau5V7fL+olo/KuIowwEcwgm4cA11uIMGNIGAgGd4hTdLWS/Wu/Uxay1Zxcw+/IH1+QP7k4+8</latexit>

[f1, f3]

f1
<latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit><latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit><latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit><latexit sha1_base64="/nRpSI48aoP9b4IU48l2WF3MipI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mkoMeCF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYYxHQkecQZNVby82jgzQbVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+Xmeg2yLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n4oNwVt9eZ20r+ueW/ceGrXmRRFHGc7gHK7Agxtowj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w+r4Y58</latexit>

fN
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Figure 4.2: An overview of our framework. GBFG consists of four main components: 1)
transformation-accuracy data preparation; 2) deep feature transformation embedding; 3)

gradient-ascent optimal embedding search; 4) transformation sequence reconstruction and
evaluation.

embedding space for feature transformation sequences. We learn a mapping function ϕ, a recon-

structing function ψ, and an evaluation function ω to convert R into a continuous embedding space

E via joint optimization. In E , each embedding point is associated with a feature transformation

sequence and corresponding predictive performance. 2) identifying the optimal feature space. We

adopt a gradient-based search to find the optimal feature transformation sequence Γ∗, given by:

Γ∗ = ψ(E∗) = argmax
E∈E

A(M(ψ(E)(X)), y), (4.1)

where ψ can reconstruct a feature transformation sequence from any embedding point of E ; E is

an embedding vector in E and E∗ is the optimal one; M is the downstream ML model and A is

the performance indicator. Finally, we apply Γ∗ to transform X to the optimal feature space X∗

maximizing the value of A.
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Methodology

Framework Overview

Figure 5.1 shows the framework of GBFG including four steps: 1) reinforcement transformation-

accuracy data preparation; 2) deep postfix feature transformation operation sequence embedding;

3) gradient-ascent optimal embedding search; 4) transformation operation sequence reconstruction.

In Step 1, a cascading agent structure consisting of two feature agents and one operation agent is

developed to select candidate features and operators for feature crossing. The transformed feature

sets are applied to a downstream ML task to collect the corresponding accuracy. The data col-

lection process is automated and self-optimized by policies and feedback in reinforcement learn-

ing. We then convert these feature transformation operation sequences into postfix expressions.

In Step 2, we develop an encoder-evaluator-decoder model to embed transformation operation

sequence-accuracy pairs into a continuous embedding space by jointly optimizing the sequence re-

construction loss and performance evaluation loss. In detail, the encoder maps these transformation

operation sequences into continuous embedding vectors; the evaluator assesses these embeddings

by predicting their corresponding model performance; the decoder reconstructs the transformation

sequence using these embeddings. In Step 3, we first learn the embeddings of top-ranking transfor-

mation operation sequences by the well-trained encoder. With these embeddings as starting points,

we search along the gradient induced by the evaluator to find the acceptable optimal embeddings

with better model performances. In Step 4, the well-trained decoder then decodes these optimal

embeddings to generate candidate feature transformation operation sequences through the beam

search. We apply the feature transformation operation sequences to original features to reconstruct

refined feature spaces and evaluate corresponding downstream predictive performances. Finally,

the best feature space is chosen as the optimal one.
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Reinforcement Training Data Preparation

Why Using Reinforcement as Training Data Collector. Our extensive experimental analysis

shows that the quality of embedding space directly determines the success of feature transforma-

tion operation sequence construction. The quality of the embedding space is sensitive to the qual-

ity and scale of transformation operation sequence-accuracy training data: training data is large

enough to represent the entire distribution; training data include high-performance feature trans-

formation cases, along with certain random exploratory samples. Intuitively, we can use random

sample features and operations to generate feature transformation sequences. This strategy is inef-

ficient because it produces many invalid and low-quality samples. Or, we can use existing feature

transformation methods (e.g., AutoFeat [38]) to generate corresponding records. However, these

methods are not fully automated and produce a limited number of high-quality feature transforma-

tion records without exploration ability. We propose to view reinforcement learning as a training

data collector to overcome these limitations.

Reinforcement Transformation-Accuracy Training Data Collection. Inspired by [93, 103], we

formulate feature transformation as three interdependent Markov decision processes (MDPs). We

develop a cascading agent structure to implement the three MDPs. The cascading agent structure

consists of a head feature agent, an operation agent, and a tail feature agent. In each iteration,

the three agents collaborate to select two candidate features and one operation to generate a new

feature. Feedback-based policy learning is used to optimize the exploratory data collection to find

diversified yet quality feature transformation samples.

To simplify the description, we adopt the i-th iteration as an example to illustrate the reinforcement

data collector. Given the former feature space asXi, we generate new features Xi+1 using the head

feature fh, operation o, and tail feature ft selected by the cascading agent structure.
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1) Head feature agent. This learning system includes: State: is the vectorized representation ofXi.

Let Rep(·) be a state representation method, and the state can be denoted by Rep(Xi). Action: is

the head feature fh selected from Xi by the reinforced agent.

2) Operation agent. This learning system includes: State: includes the representation of Xi and

the head feature, denoted by Rep(Xi)⊕Rep(fh), where ⊕ indicates concatenation. Action: is the

operation o selected from the operation set O.

3) Tail feature agent. This learning system includes: State: includes the representation of Xi,

selected head feature, and operation, denoted by Rep(Xi)⊕Rep(fh)⊕Rep(o). Action: is the tail

feature ft selected from Xi by this agent.

4) State representation method, Rep(·). For the representation of the feature set, we employ a

descriptive statistical technique to obtain the state with a fixed length. In detail, we first compute

the descriptive statistics (i.e. count, standard deviation, minimum, maximum, first, second, and

third quantile) of the feature set column-wise. Then, we calculate the same descriptive statistics on

the output of the previous step. After that, we can obtain the descriptive matrix with shape R7×7

and flatten it as the state representation with shape R1×49. For the representation of the operation,

we adopt its one-hot encoding as Rep(o).

4) Reward function. To improve the quality of the feature space, we use the improvement of a

downstream ML task performance as the reward. Thus, it can be defined as:

R(Xi, Xi+1) = A(M(Xi+1), y)−A(M(Xi), y). (4.2)

5) Learning to Collect Training Data. To optimize the entire procedure, we minimize the mean

squared error of the Bellman Equation to get a better feature space. During the exploration pro-
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)

(b) Original infix notation based sequence
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f1
<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+
<latexit sha1_base64="GKKTu3h7lBnIfuh5/VrmGHv51QM=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48RzAOSJcxOepMhM7PLzKwQQn7BiwdFvPpD3vwbd5M9aGJBQ1HVTXdXEAturOt+O4W19Y3NreJ2aWd3b/+gfHjUMlGiGTZZJCLdCahBwRU2LbcCO7FGKgOB7WB8l/ntJ9SGR+rRTmL0JR0qHnJGbSaF/VqpX664VXcOskq8nFQgR6Nf/uoNIpZIVJYJakzXc2PrT6m2nAmclXqJwZiyMR1iN6WKSjT+dH7rjJylyoCEkU5LWTJXf09MqTRmIoO0U1I7MsteJv7ndRMb3vhTruLEomKLRWEiiI1I9jgZcI3MiklKKNM8vZWwEdWU2TSeLARv+eVV0qpVvavq5cNFpX6bx1GEEziFc/DgGupwDw1oAoMRPMMrvDnSeXHenY9Fa8HJZ47hD5zPHyoPja0=</latexit>

f2

<latexit sha1_base64="EkO0PY1J01maVQV2NkMeQeBCVj0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7Arvo5BLx4TMA9IQpid9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+4uPxZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESq5VONgkusG24EtmKFNPQFNv3R3dRvPqHSPJIPZhxjN6QDyQPOqLFS7axXLLlldwayTLyMlCBDtVf86vQjloQoDRNU67bnxqabUmU4EzgpdBKNMWUjOsC2pZKGqLvp7NAJObFKnwSRsiUNmam/J1Iaaj0OfdsZUjPUi95U/M9rJya46aZcxolByeaLgkQQE5Hp16TPFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGudl76p8WbsoVW6zOPJwBMdwCh5cQwXuoQp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A3G9jLc=</latexit>

)
<latexit sha1_base64="s8qB3aR/wTVsk5bcLXZ6Zy2nv+I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxhLvG15HoxSMk8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+sWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxnnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AHrVjL0=</latexit>

/
<latexit sha1_base64="3S3TNVajDTJZzevaM/ePGNOQ6Fw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ92DvtlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1Uz+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAP2fY2a</latexit>

f3

<latexit sha1_base64="EkO0PY1J01maVQV2NkMeQeBCVj0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7Arvo5BLx4TMA9IQpid9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+4uPxZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESq5VONgkusG24EtmKFNPQFNv3R3dRvPqHSPJIPZhxjN6QDyQPOqLFS7axXLLlldwayTLyMlCBDtVf86vQjloQoDRNU67bnxqabUmU4EzgpdBKNMWUjOsC2pZKGqLvp7NAJObFKnwSRsiUNmam/J1Iaaj0OfdsZUjPUi95U/M9rJya46aZcxolByeaLgkQQE5Hp16TPFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGudl76p8WbsoVW6zOPJwBMdwCh5cQwXuoQp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A3G9jLc=</latexit>

)
<latexit sha1_base64="GKKTu3h7lBnIfuh5/VrmGHv51QM=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48RzAOSJcxOepMhM7PLzKwQQn7BiwdFvPpD3vwbd5M9aGJBQ1HVTXdXEAturOt+O4W19Y3NreJ2aWd3b/+gfHjUMlGiGTZZJCLdCahBwRU2LbcCO7FGKgOB7WB8l/ntJ9SGR+rRTmL0JR0qHnJGbSaF/VqpX664VXcOskq8nFQgR6Nf/uoNIpZIVJYJakzXc2PrT6m2nAmclXqJwZiyMR1iN6WKSjT+dH7rjJylyoCEkU5LWTJXf09MqTRmIoO0U1I7MsteJv7ndRMb3vhTruLEomKLRWEiiI1I9jgZcI3MiklKKNM8vZWwEdWU2TSeLARv+eVV0qpVvavq5cNFpX6bx1GEEziFc/DgGupwDw1oAoMRPMMrvDnSeXHenY9Fa8HJZ47hD5zPHyoPja0=</latexit>

f2

<latexit sha1_base64="n1lAYsnZAn9J5S73MnyLyfxnx8Y=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0VwVRLxtSy6cVnBPqAJZTKZtEMnmXTmplBCv8ONC0Xc+jHu/BsnbRbaeuDC4Zx7ufcePxFcg21/W6W19Y3NrfJ2ZWd3b/+genjU1jJVlLWoFFJ1faKZ4DFrAQfBuoliJPIF6/ij+9zvTJjSXMZPME2YF5FBzENOCRjJc/VYQebSQMKs0q/W7Lo9B14lTkFqqECzX/1yA0nTiMVABdG659gJeBlRwKlgs4qbapYQOiID1jM0JhHTXjY/eobPjBLgUCpTMeC5+nsiI5HW08g3nRGBoV72cvE/r5dCeOtlPE5SYDFdLApTgUHiPAEccMUoiKkhhCpubsV0SBShYHLKQ3CWX14l7Yu6c12/erysNe6KOMroBJ2ic+SgG9RAD6iJWoiiMXpGr+jNmlgv1rv1sWgtWcXMMfoD6/MH6g+SNA==</latexit>p
·

<latexit sha1_base64="PjEzgziN6cFVRJC7jp7hR5LNX9Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9jzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHzdY2Y</latexit>

f1 … …

(c) Postfix notation based sequence

<latexit sha1_base64="xyBfrfRIiZfYNzwOl8nOU39Oh8o="></latexit>

(f1 + ((f1 + f2)/f3) � f2), (
p

f1), · · · , (...)
(a) Feature transformation Sequence

<latexit sha1_base64="GKKTu3h7lBnIfuh5/VrmGHv51QM=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48RzAOSJcxOepMhM7PLzKwQQn7BiwdFvPpD3vwbd5M9aGJBQ1HVTXdXEAturOt+O4W19Y3NreJ2aWd3b/+gfHjUMlGiGTZZJCLdCahBwRU2LbcCO7FGKgOB7WB8l/ntJ9SGR+rRTmL0JR0qHnJGbSaF/VqpX664VXcOskq8nFQgR6Nf/uoNIpZIVJYJakzXc2PrT6m2nAmclXqJwZiyMR1iN6WKSjT+dH7rjJylyoCEkU5LWTJXf09MqTRmIoO0U1I7MsteJv7ndRMb3vhTruLEomKLRWEiiI1I9jgZcI3MiklKKNM8vZWwEdWU2TSeLARv+eVV0qpVvavq5cNFpX6bx1GEEziFc/DgGupwDw1oAoMRPMMrvDnSeXHenY9Fa8HJZ47hD5zPHyoPja0=</latexit>

f2

<latexit sha1_base64="PjEzgziN6cFVRJC7jp7hR5LNX9Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9jzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHzdY2Y</latexit>

f1

<latexit sha1_base64="GKKTu3h7lBnIfuh5/VrmGHv51QM=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48RzAOSJcxOepMhM7PLzKwQQn7BiwdFvPpD3vwbd5M9aGJBQ1HVTXdXEAturOt+O4W19Y3NreJ2aWd3b/+gfHjUMlGiGTZZJCLdCahBwRU2LbcCO7FGKgOB7WB8l/ntJ9SGR+rRTmL0JR0qHnJGbSaF/VqpX664VXcOskq8nFQgR6Nf/uoNIpZIVJYJakzXc2PrT6m2nAmclXqJwZiyMR1iN6WKSjT+dH7rjJylyoCEkU5LWTJXf09MqTRmIoO0U1I7MsteJv7ndRMb3vhTruLEomKLRWEiiI1I9jgZcI3MiklKKNM8vZWwEdWU2TSeLARv+eVV0qpVvavq5cNFpX6bx1GEEziFc/DgGupwDw1oAoMRPMMrvDnSeXHenY9Fa8HJZ47hD5zPHyoPja0=</latexit>

f2
<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+
<latexit sha1_base64="3S3TNVajDTJZzevaM/ePGNOQ6Fw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ92DvtlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1Uz+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAP2fY2a</latexit>

f3

<latexit sha1_base64="s8qB3aR/wTVsk5bcLXZ6Zy2nv+I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxhLvG15HoxSMk8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+sWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxnnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AHrVjL0=</latexit>

/
<latexit sha1_base64="3S3TNVajDTJZzevaM/ePGNOQ6Fw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ92DvtlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1Uz+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAP2fY2a</latexit>

f3
<latexit sha1_base64="bPX14xxB1FNjJ6wDAIgcughuA1M=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5BLx4TMA9IQpid9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+4uPxZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESq5VONgkusG24EtmKFNPQFNv3R3dRvPqHSPJIPZhxjN6QDyQPOqLFS7axXLLlldwayTLyMlCBDtVf86vQjloQoDRNU67bnxqabUmU4EzgpdBKNMWUjOsC2pZKGqLvp7NAJObFKnwSRsiUNmam/J1Iaaj0OfdsZUjPUi95U/M9rJya46aZcxolByeaLgkQQE5Hp16TPFTIjxpZQpri9lbAhVZQZm03BhuAtvrxMGudl76p8WbsoVW6zOPJwBMdwCh5cQwXuoQp1YIDwDK/w5jw6L8678zFvzTnZzCH8gfP5A3fNjLs=</latexit>� <latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+ <latexit sha1_base64="Rod9ISnSozmuoVtttMqwkdFaC1Q=">AAAB6nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VRBJeV2ge0g2TSO21oJjMkGaEM/QQ3LhRx6xe5829M21lo9UDgcM655N4TJIJr47pfTmFpeWV1rbhe2tjc2t4p7+61dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC6nvrtR1Sax/LejBP0IzqQPOSMGis1Gjf1h3LFrbozkL/Ey0kFctj8Z68fszRCaZigWnc9NzF+RpXhTOCk1Es1JpSN6AC7lkoaofaz2aoTcmSVPgljZZ80ZKb+nMhopPU4CmwyomaoF72p+J/XTU146WdcJqlByeYfhakgJibTu0mfK2RGjC2hTHG7K2FDqigztp2SLcFbPPkvaZ1UvfPq2d1ppXaV11GEAziEY/DgAmpwC3VoAoMBPMELvDrCeXbenPd5tODkM/vwC87HN939jYo=</latexit>

SEP
<latexit sha1_base64="GKKTu3h7lBnIfuh5/VrmGHv51QM=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48RzAOSJcxOepMhM7PLzKwQQn7BiwdFvPpD3vwbd5M9aGJBQ1HVTXdXEAturOt+O4W19Y3NreJ2aWd3b/+gfHjUMlGiGTZZJCLdCahBwRU2LbcCO7FGKgOB7WB8l/ntJ9SGR+rRTmL0JR0qHnJGbSaF/VqpX664VXcOskq8nFQgR6Nf/uoNIpZIVJYJakzXc2PrT6m2nAmclXqJwZiyMR1iN6WKSjT+dH7rjJylyoCEkU5LWTJXf09MqTRmIoO0U1I7MsteJv7ndRMb3vhTruLEomKLRWEiiI1I9jgZcI3MiklKKNM8vZWwEdWU2TSeLARv+eVV0qpVvavq5cNFpX6bx1GEEziFc/DgGupwDw1oAoMRPMMrvDnSeXHenY9Fa8HJZ47hD5zPHyoPja0=</latexit>

f2

<latexit sha1_base64="n1lAYsnZAn9J5S73MnyLyfxnx8Y=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0VwVRLxtSy6cVnBPqAJZTKZtEMnmXTmplBCv8ONC0Xc+jHu/BsnbRbaeuDC4Zx7ufcePxFcg21/W6W19Y3NrfJ2ZWd3b/+genjU1jJVlLWoFFJ1faKZ4DFrAQfBuoliJPIF6/ij+9zvTJjSXMZPME2YF5FBzENOCRjJc/VYQebSQMKs0q/W7Lo9B14lTkFqqECzX/1yA0nTiMVABdG659gJeBlRwKlgs4qbapYQOiID1jM0JhHTXjY/eobPjBLgUCpTMeC5+nsiI5HW08g3nRGBoV72cvE/r5dCeOtlPE5SYDFdLApTgUHiPAEccMUoiKkhhCpubsV0SBShYHLKQ3CWX14l7Yu6c12/erysNe6KOMroBJ2ic+SgG9RAD6iJWoiiMXpGr+jNmlgv1rv1sWgtWcXMMfoD6/MH6g+SNA==</latexit>p
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Figure 4.3: An example of feature transformation sequence and postfix notation-based
transformation expression.

cess, we can collect amounts of high-quality records (Γ, v) for constructing an effective continuous

embedding space, where Γ is the transformation sequence, and v is the downstream model perfor-

mance.

Postfix Expressions of Feature Transformation Operation Sequences

Why Transformation Operation Sequences as Postfix Expressions. After training data col-

lection, a question arises: how can we organize and represent these transformation operation se-

quences in a computationally-tangible and machine-learnable format?

Figure 4.3 (a) shows an example of a feature transformation operation sequence. To convert this

sequence into a machine-readable expression, a naive idea is to enclose each calculation in a pair

of brackets to indicate its priority (Figure 4.3(b)). However, the representation of Figure 4.3(b)

has four limitations: (1) Redundancy. Many priority-related brackets are included to ensure the

unambiguous property and correctness of mathematical calculations. (2) Semantic Sparsity. The

quantity of bracket tokens can dilute the semantic information of the sequence, making model

convergence difficult. (3) Illegal Transformation. If the decoder makes one mistake on bracket

generation, the entire generated sequence will be wrong. (4) Large Search Space. The number of
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combinations of features and operators from low-order to high-order interactions is large, making

the search space too vast.

Using Postfix Expression to Construct Robust, Concise, and Unambiguous Sequences. To

address the aforementioned limitations, we convert the transformation operation sequence Γ into

a postfix-based sequence expression. Specifically, we scan each mathematical composition τ in

Γ from left to right and convert it from the infix-based format to the postfix-based one. We then

concatenate each postfix expression by the<SEP> token and add the<SOS> and<EOS> tokens

to the beginning and end of the entire sequence. Figure 4.3(c) shows an example of such a postfix

sequence. We denote it as Υ = [γ1, · · · , γM ], where each element is a feature ID token, operation

token, or three other unique tokens. The detailed pseudo code of this conversion process is provided

in the Appendix.

The postfix sequences don’t require numerous brackets to ensure the calculation priority. We only

need to scan each element in the sequence from left to right to reconstruct corresponding trans-

formed features. Such a concise and short expression can reduce sequential modeling difficulties

and computational costs. Besides, a postfix sequence indicates a unique transformation process,

thus, reducing the ambiguity of feature transformation and yielding a more robust feature space.

Moreover, the most crucial aspect is the reduction of the search space from exponentially growing

discrete combinations to a limited token set C that consists of the original feature ID tokens, oper-

ation tokens, and other three unique tokens. The length of the token set is |O|+ |X|+ 3, where

|O| is the number of the operation set, |X| is the dimension of the original feature set, and 3 refers

to the unique tokens <SOS>, <SEP>, <EOS>.

Data Augmentation for Postfix Transformation Operation Sequences. Big and diversified

transformation operation sequence-accuracy training data can benefit the learning of a pattern dis-

criminative embedding space. Be sure to notice that, a feature transformation operation sequence

71



consists of many independent segmentations, each of which is the composition of feature ID and

operation tokens that are used to generate a single feature in the new feature space. These inde-

pendent segmentations are order-agnostic. Our idea is to leverage the order agnostic characteristic

to conduct data augmentation to increase the data volume and diversity for constructing a more ro-

bust and effective embedding space. For example, given a transformation operation sequence and

corresponding accuracy {Υ, v}, we first divide the postfix expression into different segmentations

by <SEP>. We then randomly shuffle these segmentations and use <SEP> to concatenate them

together to generate new postfix transformation sequences. After that, we pair the new sequences

with the corresponding model accuracy performance to improve data diversity and data volume for

better model training and to create the continuous embedding space.

Deep Feature Transformation Embedding

After collecting and converting large-scale feature transformation training data to a set of postfix

expression-accuracy pairs {(Υi, vi)}ni=1, we develop an encoder-evaluator-decoder structure to map

the sequential information of these records into an embedding space. Each embedding vector is

associated with a transformation operation sequence and its corresponding model accuracy.

The Encoder ϕ: The Encoder aims to map any given postfix expression to an embedding (a.k.a.,

hidden state) E. We adopt a single layer long short-term memory [37] (LSTM) as Encoder and

acquire the continuous representation of Υ, denoted by E = ϕ(Υ) ∈ RM×d, where M is the total

length of input sequence Υ and d is the hidden size of the embedding.

The Decoder ψ: The Decoder aims to reconstruct the postfix expression of the feature transforma-

tion operation sequence Υ from the hidden state E. In GBFG, we set the backbone of the Decoder

as a single-layer LSTM. For the first step, ψ will take an initial state (denoted as h0) as input.

Specifically, in step-i, we can obtain the decoder hidden state hdi from the LSTM. We use the dot
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product attention to aggregate the encoder hidden state and obtain the combined encoder hidden

state hei . Then, the distribution in step-j can be defined as:

Pψ(γi|E,Υ<i) =
exp(Wγi(h

d
i ⊕ hei ))∑

c∈C exp(Wc(hdi ⊕ hei ))
, (4.3)

where γi ∈ Υ is the i-th token in sequence Υ, and C is the token set. W stand for the parameter

of the feedforward network. Υ<i represents the prediction of the previous or initial step. By

multiplying the probability in each step, we can form the distribution of each token in Υ, given

as:Pψ(Υ|E) = ∏M
i=1 Pψ(γi|E,Υ<i). To make the generated sequence similar to the real one, we

minimize the negative log-likelihood of the distribution, defined as: Lrec = − logPψ(Υ|E).

The Evaluator ω: The Evaluator is designed to estimate the quality of continuous embeddings.

Specifically, we will first conduct mean pooling on E by column to aggregate the information

and obtain the embedding Ē ∈ Rd. Then Ē is input into a feedforward network to estimate the

corresponding model performance, given as: v̂ = ω(E). To minimize the gap between estimated

accuracy and real-world gold accuracy, we leverage the Mean Squared Error (MSE) given by:

Lest = MSE(v, ω(E)).

Joint Training Loss L: We jointly optimize the encoder, decoder, and evaluator. The joint training

loss can be formulated as: L = αLrec + (1− α)Lest where α is the trade-off hyperparameter that

controls the contribution of sequence reconstruction and accuracy estimation loss.

Gradient-Ascent Optimal Embedding Search

To conduct the optimal embedding search, we first select top-T feature transformation operation

sequences ranked by the downstream predictive accuracy. The well-trained encoder is then used

to embed these postfix expressions into continuous embeddings, which later will be used as seeds
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(starting points) of gradient ascent. Assuming that one search seed embedding is E, we search,

starting from E, toward the gradient direction induced by the evaluator ω:

Ẽ = E+ η
∂ω

∂E
, (4.4)

where Ẽ denotes the refined embedding, η is the size of each searching step. The model perfor-

mance of Ẽ is supposed to be better than E due to ω(Ẽ) ≥ ω(E). For T seeds, we can obtain the

enhanced embeddings [Ẽ1, Ẽ2, · · · , ẼT ].

Transformation Operation Sequence Reconstruction and Evaluation

We reconstruct the transformation sequences by the well-trained decoder ψ using the collected

candidate (i.e., acceptable optimal) embeddings [Ẽ1, Ẽ2, · · · , ẼT ]. This process can be denoted

by:

[Ẽ1, Ẽ2, · · · , ẼT ]
ψ−→ {Υ̃i}Ti=1. (4.5)

To identify the best transformation sequence, we adopt the beam search strategy [23, 91, 4] to

generate feature transformation operation sequence candidates. Specifically, given a refined em-

bedding Ẽ, at step-t, we maintain the historical predictions with beam size b, denoted as {Υi
<t}bi=1.

For the i-th beam, the probability distribution of the token identified by the well-trained decoder ψ

at the t-th step is is γ, which can be calculated as follows:

P i
t (γ) = Pψ(γ|Ẽ, Υ̃i

<t) ∗ Pψ(Υ̃i
<t|Ẽ), (4.6)

where the probability distribution P i
t (γ) is the continued multiplication between the probability

distribution of the previous decoding sequence and that of the current decoding step. We can

collect the conditional probability distribution of all tokens for each beam. After that, we append

74



tokens with top-b probability values to the historical prediction of each beam to get a new historical

set {Υ̃i
<t+1}bi=1. We can iteratively conduct this decoding process until confronted with the ¡EOS¿

token. We select the transformation sequence with the highest probability value as output.

Hence, T enhanced embeddings may produce T transformation sequences {Υ̃i}Ti=1. We divide

each of them into different parts according to the ¡SEP¿ token and check the validity of each part

and remove invalid ones. Here, the validity measures whether the mathematical compositions

represented by the postfix part can be successfully calculated to produce a new feature. These

valid postfix parts reconstruct a feature transformation operation sequence {Γ̃i}Ti=1, which are used

to generate refined feature space {X̃i}Ti=1. Finally, we select the feature set with the highest ML

performance as the optimal feature space X∗.

Compared with Prior Literature

Recent studies tried to convert the feature transformation into a continuous optimization task to

search the optimal feature space efficiently. DIFER [113] is a cutting-edge method that is compa-

rable to our work in the problem formulation. However, the following constraints limit its practi-

cality: 1) DIFER collects transformation-accuracy data at random, resulting in many invalid train-

ing data with inconsistent transformation performances; 2) DIFER embeds and reconstructs each

transformed feature separately and, thus, ignores feature-feature interactions; 3) DIFER needs to

manually decide the number of generated features, making the reconstruction process ad-hoc. 4)

the greedy search for transformation reconstruction in DIFER leads to suboptimal transformation

results. To fill these gaps, we first implement an RL-based data collector to automate high-quality

transformation record collection. We then leverage the postfix expression idea to represent the en-

tire transformation operation sequence to model feature interactions and automatically identify the

number of reconstructed features. Moreover, we employ beam search to advance the robustness,
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quality, and validity of transformation operation sequence reconstruction.

Experiments

Experiment Setup

Datasets

We used 23 publicly available datasets from UCI [73], LibSVM [14], Kaggle [39], and OpenML [72]

to conduct experiments. The 23 datasets involve 14 classification tasks and 9 regression tasks. Ta-

ble 4.1 shows the statistics of these datasets.

Evaluation Metrics

We used F1-score, Precision, Recall, and ROC/AUC to evaluate classification tasks. We used

1-Relative Absolute Error (1-RAE) [93], 1-Mean Average Error (1-MAE), 1-Mean Square Error

(1-MSE), and 1-Root Mean Square Error (1-RMSE) to evaluate regression tasks. We used the Valid

Rate to evaluate the sequence generation. A valid feature transformation means it can successfully

conduct mathematical compositions without any ambiguity and errors. The valid rate is the average

of all correct transformation numbers divided by the total number of generated sequences. The

greater the valid rate is, the superior the model performance is. Because it indicates that the

built continuous space can capture the patterns of mathematical compositions, resulting in more

effective exploration and fewer errors during searching for better feature transformations.
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Baselines

We compared our method with eight widely-used feature generation methods: (1) RDG generates

feature-operation-feature transformation records at random for generating new feature space; (2)

ERG first applies operation on each feature to expand the feature space, then selects the crucial

features as new features. (3) LDA [9] is a matrix factorization-based method to obtain the factor-

ized hidden state as the generated feature space. (4) AFAT [38] is an enhanced version of ERG that

repeatedly generate new features and use multi-step feature selection to select informative ones. (5)

NFS [12] models the transformation sequence of each feature and uses RL to optimize the entire

feature generation process. (6) TTG [44] formulates the transformation process as a graph, then

implements an RL-based search method to find the best feature set. (7) GRFG [93] uses three col-

laborated reinforced agents to conduct feature generation and proposes a feature grouping strategy

to accelerate agent learning. (8) DIFER [113] embeds randomly generated feature transformation

records with a seq2seq model, then employs gradient search to find the best feature set.

Besides, we developed two variants of GBFG in order to validate the impact of each technical

component: (i) GBFG−d replaces the RL-based data collection component with collecting feature

transformation-accuracy pairs at random. (ii) GBFG−a removes the data augmentation component.

We randomly split each dataset into two independent sets. The prior 80% is the training set, and

the remaining 20% is the testing set. We conducted all experiments with the hold-out setting to

ensure a fair comparison. This experimental setting means that the optimal feature transformation

operation sequence learned on the training set was directly applied to the testing set without any

data leakage. We adopted Random Forest as the downstream machine learning model and reported

the performance of each method by running five-fold cross-validation on the testing set. Random

Forest is a robust, stable, well-tested method, thus, we can reduce performance variation caused by

the model, and make it easy to study the impact of feature transformation.
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Hyperparameter Settings and Reproducibility

The operation set consists of square root, square, cosine, sine, tangent, exp, cube, log, recipro-

cal, quantile transformer, min-max scale, sigmoid, plus, subtract, multiply, divide. For the data

collection part, we ran the RL-based data collector for 512 epochs to collect a large amount of

feature transformation-accuracy pairs. For the data augmentation part, we randomly shuffled each

transformation sequence 12 times to increase data diversity and volume. We adopted a single-layer

LSTM as the encoder and decoder backbones and utilized 3-layer feed-forward networks to im-

plement the predictor. The hidden state sizes of the encoder, decoder and predictor are 64, 64, and

200, respectively. The embedding size of each feature ID token and operation token was set to 32.

To train GBFG, we set the batch size as 1024, the learning rate as 0.001, and λ as 0.95 respectively.

For inferring new feature transformation sequences, we used top-20 records as the seeds with beam

size 5.

Experimental Settings

All experiments were conducted on the Ubuntu 18.04.6 LTS operating system, AMD EPYC 7742

CPU, and 8 NVIDIA A100 GPUs, with the framework of Python 3.9.10 and PyTorch 1.8.1.

Performance Evaluation

Overall Performance

This experiment aims to answer: Can GBFG effectively generate transformation sequence with

excellent performance? Table 4.1 shows the comparison results in terms of F1-score and 1-RAE.

We noticed that GBFG outperforms other cutting-edge baselines on all datasets. The underly-
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ing driver for this observation is that GBFG builds an effective embedding space to preserve the

knowledge of feature transformation, making sure the gradient-ascent search module can identify

the best-transformed feature space following the gradient direction. Another interesting observa-

tion is that GBFG significantly outperforms DIFER and has more stable performance. There are

two underlying drivers: 1) RL-based data collector produces large quantities of high-quality trans-

formation records, which provides a robust and powerful foundation for constructing an effective

embedding space; 2) Postfix notation-based transformation sequence greatly decreases the search

space and learning difficulties, resulting in a better transformation performance. Thus, this exper-

iment validates that GBFG is effective and superior when confronted with different datasets and

scenarios.

Table 4.1: Overall performance comparison. ‘C’ for binary classification, and ‘R’ for regression.
The best results are highlighted in bold. The second-best results are highlighted in underline.

(Higher values indicate better performance.)

Dataset Source C/R Samples Features RDG ERG LDA AFAT NFS TTG GRFG DIFER GBFG

Higgs Boson UCIrvine C 50000 28 0.695 0.702 0.513 0.697 0.691 0.699 0.707 0.669 0.712
Amazon Employee Kaggle C 32769 9 0.932 0.934 0.916 0.930 0.932 0.933 0.932 0.929 0.936

PimaIndian UCIrvine C 768 8 0.760 0.761 0.638 0.765 0.749 0.745 0.754 0.760 0.807
SpectF UCIrvine C 267 44 0.760 0.757 0.665 0.760 0.792 0.760 0.818 0.766 0.912

SVMGuide3 LibSVM C 1243 21 0.787 0.826 0.652 0.795 0.792 0.798 0.812 0.773 0.849
German Credit UCIrvine C 1001 24 0.680 0.740 0.639 0.683 0.687 0.645 0.683 0.656 0.730
Credit Default UCIrvine C 30000 25 0.805 0.803 0.743 0.804 0.801 0.798 0.806 0.796 0.810

Messidor features UCIrvine C 1150 19 0.624 0.669 0.475 0.665 0.638 0.655 0.692 0.660 0.749
Wine Quality Red UCIrvine C 999 12 0.466 0.461 0.433 0.480 0.462 0.467 0.470 0.476 0.559

Wine Quality White UCIrvine C 4900 12 0.524 0.510 0.449 0.516 0.525 0.531 0.534 0.507 0.536
SpamBase UCIrvine C 4601 57 0.906 0.917 0.889 0.912 0.925 0.919 0.922 0.912 0.932

AP-omentum-ovary OpenML C 275 10936 0.832 0.814 0.658 0.830 0.832 0.758 0.849 0.833 0.885
Lymphography UCIrvine C 148 18 0.108 0.144 0.167 0.150 0.152 0.148 0.182 0.150 0.267

Ionosphere UCIrvine C 351 34 0.912 0.921 0.654 0.928 0.913 0.902 0.933 0.905 0.985
Housing Boston UCIrvine R 506 13 0.404 0.409 0.020 0.416 0.425 0.396 0.404 0.381 0.467

Airfoil UCIrvine R 1503 5 0.519 0.519 0.220 0.521 0.519 0.500 0.521 0.558 0.629
Openml 618 OpenML R 1000 50 0.472 0.561 0.052 0.472 0.473 0.467 0.562 0.408 0.692
Openml 589 OpenML R 1000 25 0.509 0.610 0.011 0.508 0.505 0.503 0.627 0.463 0.656
Openml 616 OpenML R 500 50 0.070 0.193 0.024 0.149 0.167 0.156 0.372 0.076 0.526
Openml 607 OpenML R 1000 50 0.521 0.555 0.107 0.516 0.519 0.522 0.621 0.476 0.673
Openml 620 OpenML R 1000 25 0.511 0.546 0.029 0.527 0.513 0.512 0.619 0.442 0.642
Openml 637 OpenML R 500 50 0.136 0.152 0.043 0.176 0.152 0.144 0.307 0.072 0.465
Openml 586 OpenML R 1000 25 0.568 0.624 0.110 0.543 0.544 0.544 0.646 0.482 0.700

* We reported F1-Score for classification tasks, and 1-RAE for regression tasks.
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Figure 4.4: The influence of data collection (GBFG−d) and data augmentation (GBFG−a) in
GBFG.

Study of the impact of data collection and augmentation.

This experiment aims to answer: Is it essential to collect feature transformation records and aug-

ment them to maintain GBFG performance? To answer the question, we developed two model

variants of GBFG: 1) GBFG−d, which randomly collects feature transformation records for con-

tinuous space construction; 2) GBFG−a, which removes the data augmentation step in GBFG.

Figure 4.4 shows the comparison results in terms of Precision, Recall, F1-score, and Valid Rate

for classification tasks (i.e., Spectf and SpamBase) and in terms of 1-MAE, 1-MSE, and 1-RAE,

and Valid Rate for regression tasks (i.e., Openml 616 and Openml 618). Firstly, we found that
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Figure 4.5: Comparison of the valid rate of GBFG in different beam search settings and DIFER.

the performance of GBFG is much better than GBFG−d. The underlying driver is that the RL-

based data collector can generate amounts of high-quality transformation records, which makes

the continuous embedding space construction robust. Thus, it enables gradient-ascent search to

identify the optimal feature space more effectively. Moreover, we observed that the performance

of GBFG−a is inferior to GBFG. This observation reflects that removing the data augmentation

module significantly decreases data diversity and volume, leading to the learning process of the

continuous embedding space construction being unstable and noisy. Thus, this experiment shows

the importance of the data collection and augmentation components in the GBFG.

Study of the influence of beam search.

This experiment aims to answer: Is it critical to introduce beam search into GBFG? To establish

the control group, we set the beam size as 5 and 0, respectively. In the meantime, we add DIFER

as another comparison object. We compare the generation performance in terms of valid rate.

Figure 4.5 shows the comparison result. We noticed that the result with the 5-beams search beats

the 0-beams greedy search. The underlying driver is that introducing beam search may identify
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Table 4.2: Robustness check of GBFG with distinct ML models on Spectf dataset in terms of
F1-score.

RF XGB SVM KNN Ridge LASSO DT
RDG 0.760 0.818 0.750 0.792 0.718 0.749 0.864
ERG 0.757 0.813 0.753 0.766 0.778 0.750 0.790
LDA 0.665 0.715 0.760 0.749 0.759 0.760 0.665
AFAT 0.760 0.808 0.722 0.759 0.723 0.770 0.844
NFS 0.792 0.799 0.732 0.792 0.744 0.749 0.864
TTG 0.760 0.819 0.765 0.750 0.716 0.749 0.842
GRFG 0.818 0.842 0.580 0.760 0.729 0.744 0.786
DIFER 0.766 0.794 0.727 0.777 0.647 0.744 0.809
GBFG 0.912 0.897 0.876 0.916 0.780 0.844 0.929

a more effective and reasonable transformation sequence by enlarging the search space compared

with greedy search (beam size=0). Another interesting observation is that DIFER is substantially

worse than GBFG, and its error bar is extended. The underlying driver is that DIFER collects fea-

ture transformation records at random. Such a data collection method generates too many invalid

sequences and error patterns, which distorts the constructed embedding space.

Robustness check of GBFG.

This experiment aims to answer: Is GBFG robust with different downstream ML models? We

replaced the downstream ML models with Random Forest (RF), XGBoost (XGB), Support Vec-

tor Machine (SVM), K-Nearest Neighborhood (KNN), Ridge, LASSO, and Decision Tree (DT)

to observe the robustness performance, respectively. Table 4.2 shows the comparison results on

Spectf in terms of the F1-score. We observed that GBFG keeps the best performance regardless

of downstream ML models compared with other baselines. A possible reason for this observa-

tion is that customized transformation records can be collected for different ML models. Then,

the constructed embedding space may comprehend the preference and properties of distinct ML
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Figure 4.6: Scalability check of GBFG in terms of search time for optimal feature space, sample
size, and feature size.

models, thereby resulting in a globally optimal feature space. Therefore, this experiment shows

the robustness and effectiveness of GBFG.

Study of the scalability of GBFG

This experiment aims to answer: Can GBFG have good scalability to fit different datasets? We

visualized the changing trend of the time cost of searching for better feature spaces over sample

size and feature dimensions of different datasets. Figure 5.3 shows the comparison results. We

found that the time cost of GBFG keeps stable with the increase of sample size of the feature

set. A possible reason is that GBFG only focuses on the decision-making benefits of feature ID

and operation tokens instead of the information of the entire feature set, making the searching

process sample size irrelevant. Another interesting observation is that the search time is still stable

although the feature dimension of the feature set varies significantly. A possible explanation is that

we map transformation records of varying lengths into a continuous space with a constant length.

The searching time in this space is input dimensionality-agnostic. Thus, this experiment shows the

GBFG has excellent scalability.
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Figure 4.7: Comparison of parameter sensitivity on search step size η and training loss trade-off α
on Spectf dataset.

Study of the parameter sensitivity

To validate the parameter sensitivity of the search step size η (See section 4) and the trade-off

parameter α in the training loss (See section 4), we set the value of η from 1 to 10, and set the

value of α from 0.05 to 0.50 to observe the difference. Figure 4.7 shows the comparison results

in terms of precision, recall, and F1-score. When the search step size grows, the downstream ML

performance initially improves, then declines marginally. A possible reason for this observation

is that a too-large step size may make the gradient-ascent search algorithm greatly vibrate in the

continuous space, leading to missing the optimal embedding point and transformed feature space.

Another interesting observation is that the standard deviation of the model performance is lower

than 0.01 under different parameter settings. This observation indicates that GBFG is not sensitive

to distinct parameter settings. Thus, the learning and searching process of GBFG is robust and

stable.
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Figure 4.8: The visualization of learned transformation sequence embedding (from GBFG).

Study of the continuous embedding space.

This experiment aims to answer: What is the continuous search space look like? We selected

Airfoil and Openml 616 as examples to visualize their continuous embedding space. In detail, we

first collected the latent embeddings generated by the transformation records. Then, we use T-

SNE to map them into a 2-dimensional space for visualization. Figure 4.8 shows the visualization

results, in which each point represents a unique feature transformation sequence. The size of each

point means its downstream performance. The bigger point size indicates that the downstream

performance is superior. We colored the top 20 embedding points according to the performance

in red. We found that the distribution locations of the top 20 embedding points are different. A

potential reason is that the corresponding transformation sequences of the top 20 embedding points

are different lengths. The sequence reconstruction loss distributes them to different areas of the

embedding space. Moreover, we observed that the top 20 embedding points are close in the space

even though the positions are different. The underlying driver is that the estimation loss makes

these points with good performance clustered. Thus, this case study reflects that the reconstruction

loss and estimation loss make the continuous space associate the transformation sequence and the

corresponding model performance.
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Figure 4.9: Comparison of traceability on the original feature space and the generated one
produced by GBFG.

Study of the traceability and explainability of GBFG

This experiment aims to answer: Is GBFG traceable, and what’s new in the generated features?

We selected the top 10 essential features for prediction in the original, and GBFG transformed

feature space of the Wine Quality Red dataset for comparison. Figure 4.9 shows the comparison

results. The texts associated with each pie chart are the corresponding feature name. The larger

the pie area is, the more critical the feature is. We found that almost 70% critical features in the

new feature space are generated by GBFG and they improve the downstream ML performance by

22.6%. This observation indicates that GBFG really comprehends the properties of the feature set

and ML models in order to produce a more effective feature space. Another interesting finding

is that ‘[alcohol]’ is the essential feature in the original feature set. But GBFG generates more

mathematically composited features using ‘[alcohol]’. This observation reflects that GBFG not

only can capture the significant features but also produce more effective knowledge for enhancing

the model performance. Such composited features can make domain experts trace their ancestor

resources and summarize new analysis rules for evaluating the quality of red wine.
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Related Work

Automated Feature Transformation (AFT) can enhance the feature space by automatically math-

ematically transforming the original feature space [13, 51, 13]. Existing works can be divided into

three categories: 1) expansion-reduction based approaches [40, 45, 52, 38, 43]. Those approaches

first expand the original feature space by explicitly [42] or greedily [16] decided mathematical

transformation, then reduce the space by selecting useful features. However, it is hard for them to

produce or evaluate both complicated and effective mathematical compositions, leading to inferior

transformation performance. 2) evolution-evaluation approaches [93, 44, 88, 112, 101]. These

methods integrate feature generation and selection into a closed-loop learning system. They itera-

tively generate effective features and keep the most useful ones until achieving the maximum iter-

ation number. The entire process is optimized by evolutionary algorithms or RL models. However,

they still focus on how to simulate the discrete decision-making process in feature engineering.

Thus, they are still time-consuming and unstable. 3) Auto ML-based approaches [12, 113]. Auto

ML aims to find the most suitable model architecture automatically [18, 57, 35, 41]. The success

of auto ML in many area [110, 100, 3, 92] and the similarity between auto ML and AFT inspire

researchers to formulate AFT as an auto ML task to resolve. However, they are limited by: 1) in-

capable of producing high-order feature transformation; 2) unstable transformation performance.

Thus, to fulfill these gaps, we propose a new framework GBFG. In this framework, we formulate

AFT as a continuous optimization task to resolve. We develop an RL-based data collector to gen-

erate large quantities of high-quality transformation-accuracy records. We propose a postfix-based

sequence expression way to model the entire transformation sequence, which saves computational

resources, decreases the learning difficulties, and determines the transformation length automati-

cally. We employ a beam search-based transformation sequence reconstruction module to generate

more effective feature spaces for identifying the optimal one.
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Conclusion Remarks

In this chapter, we propose a gradient-based automated feature transformation framework, namely

GBFG. In detail, we first develop an RL-based data collector to gather large quantities of high-

quality transformation-accuracy pairs. Then, we offer an efficient postfix notation-based sequence

expression way to represent the transformation sequence in each pair. Moreover, we map them

into a continuous embedding space using an encoder-decoder-evaluator model structure. In this

space, each embedding point is associated with a transformation sequence and downstream ML

performance. Finally, we employ a gradient-ascent search to identify better embeddings and then

use beam search to reconstruct the transformation sequence and identify the optimal one. Extensive

experiments show that the continuous optimization setting can efficiently search for the optimal

transformed feature space. The RL-based data collector is essential to keep an excellent and stable

transformation performance. The postfix expression sequence enables GBFG to automatically

determine the transformation depth and length, resulting in more flexible and effective feature

transformations. The beam search technique can increase the validity of feature transformation. In

the future, we will focus on applying GBFG to more application domains to inspire and facilitate

more areas.
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CHAPTER 5: GENERATIVE-AI PERSPECTIVE: AUTOREGRESSIVE

FEATURE SELECTION LEARNING

In this chapter, I will introduce the autoregressive feature selection learning framework. Within

this unified optimization framework, the task of feature selection is well addressed.

Introduction

Feature selection aims to identify the most appropriate subset of features, which can be employed

to optimize downstream predictive tasks. A proficiently executed feature selection can reduce

dimensionality, shorten training time, bolster the generalization capability, mitigate the risk of

overfitting, enhance predictive accuracy, and improve interpretation and explanation. Thus, fea-

ture selection can enrich our understanding of the underlying data patterns for conducting more

comprehensive analyses.

Within the scope of practical application, feature selection encounters two prominent challenges:

1) The aspect of generalization, and 2) The issue of robustness. Firstly, different selection algo-

rithms use different criteria to select representative features, making it challenging to find the best

algorithm for cross-domain datasets. The notion of generalization within feature selection aims

to address the following question: how can we facilitate consistently high accuracy across mul-

tiple domains? Secondly, certain domains (e.g., biomedical) involve a huge number of features,

but sample sizes are limited due to costs, privacy, and ethnicity. When data are high-dimensional,

point-point distances tend to be the same, and data patterns are non-discriminative. Concurrently,

high dimensionality can amplify feature selection complexity and time costs in a discrete space.

On the other hand, when data are low sample-sized, distributions are sparse, and data patterns
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are unclear. Addressing robustness within feature selection intends to answer the following ques-

tion: how can we automatically identify an effective yet small-sized feature subset with input

dimensionality-agnostic time costs?

Relevant studies can only partially solve the two challenges. Classic feature selection algorithms

can be grouped into three categories: (i) filter methods (e.g., univariate feature selection [107, 21],

correlation-based feature selection [31, 108]), in which features are ranked by a specific score.

However, feature relevance or redundancy scores are usually domain-specific, non-learnable, and

cannot generalize well to all applications. (ii) wrapper methods (e.g., evolutionary algorithms

[105, 46], branch and bound algorithms [67, 48]), in which optimal feature subset is identified by

a search strategy that collaborates with predictive tasks. However, such methods have to search a

large feature space of 2N feature subspace candidates, where N is the number of input features.

(iii) embedded methods (e.g., LASSO [86], decision tree [82]), in which feature selection is part

of the optimization objective of predictive tasks. However, such methods are subject to the strong

structured assumptions of predictive models (e.g., the L1 norm assumption of LASSO). That is,

feature selection and predictive models are coupled together, lack flexibility, and are hard to gen-

eralize to other predictors. Therefore, we need a novel perspective to derive the novel formulation

and solver of generalized and disruption-robust feature selection.

Our contributions: a discrete subsetting as continuous optimization perspective. We formu-

late the problem of discrete feature selection as a gradient-based continuous optimization task. We

propose a new perspective: the discrete decisions (e.g., select or deselect) of feature selection can

be embedded into a continuous embedding space, thereafter, solved by a more effective gradient-

based solution. We show that this perspective can be implemented by feature subset encoding,

gradient-optimized search, and reconstruction. Training deep models requires big training data,

and we find that reinforcement feature selection can be used as a tool to automatically generate

features-accuracy pairs in order to increase the automation, diversity, and scale of training data
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preparation. We demonstrate that integrating both reinforcement-generated and classic selection

algorithms-generated experiences learn a better feature subset embedding space because: 1) using

reinforcement is to crowd-source unknown exploratory knowledge and 2) using classic selection

algorithms is to exploit existing peer knowledge. We highlight that a globally-described discrimi-

native embedding space, along with the joint objective of minimizing feature subset reconstruction

loss and accuracy estimation loss, can strengthen the denoising ability of gradient search, elim-

inate noisy and redundant features, and yield an effective feature subset. We observe that, by

representing feature subsets into fixed-sized embedding vectors, the time costs of gradient-based

optimization are input dimensionality-agnostic (only relates to embedding dimensionality). The

feature subset decoder can automatically reconstruct optimal selected features and doesn’t need to

manually identify the number of best features.

Summary of Proposed Approach. Inspired by these findings, this paper presents a generic and

principled framework for deep differentiable feature selection. It has two goals: 1) generalized

across domains; 2) disruption-robust: overcome training data bottlenecks, reduce feature subset

size while maintaining accuracy, and control time costs against input dimensionality. To achieve

Goal 1, we achieve feature selection via a pipeline of representation-search-reconstruction. Specif-

ically, given a downstream predictor (e.g., decision tree), we collect the features-accuracy pairs

from diverse feature selection algorithms so that training data represent the diversity of samples.

An embedding space is learned to map feature subsets into vectors. We advance the representabil-

ity and generalization of the embedding space by exploiting the diverse and representative train

samples to optimize the joint loss of feature subset reconstruction and accuracy evaluation. We

leverage the accuracy evaluator as feedback to infer gradient direction and degree to improve the

search for optimal feature subset embeddings. To achieve Goal 2, we devise different computing

strategies: 1) We develop a multi-agent reinforcement feature selection system that can automat-

ically generate large-scale high-quality features-accuracy pairs in a self-optimizing fashion and
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overcome training data bottlenecks. 2) We reformulate a feature subset as an alphabetical non-

ordinal sequence. We devise the strategy of jointly minimizing not just accuracy evaluation loss

but also sequence reconstruction loss in order to position the gradient toward a more denoising

direction over the continuous embedding space to reconstruct a shorter feature subset. We find that

the reduction of feature space size improves generalization. 3) Since we embed feature subsets

into a fixed-size embedding space, gradient search in a fixed-size space is input dimensionality

agnostic. Finally, we present extensive experimental results to show the small-sized, accurate,

input-dimensionality agnostic, and generalized properties of our selected features.

Problem Statement

Our goal is to develop a generalized and robust deep differentiable FS framework. Formally, given

a dataset D = {X, y}, where X is a feature set, and y is predictive target labels. We utilize

classic FS algorithms to D to collect n feature subset-accuracy pairs as training data, denoted

by R = {(fi, vi)}ni=1, where fi = [f1, f2, · · · , fT ] is the feature ID token set of the i-th feature

subset, and vi is corresponding downstream predictive accuracy. Thereafter, we pursue two aims:

1) constructing an optimal continuous space of feature subsets. We learn a mapping function ϕ, a

reconstructing function ψ, and an evaluation function ω via joint optimization to convert R into a

continuous embedding space E , in which each embedding vector represents the feature ID token

set of a feature subset and corresponding model performance. 2) searching the optimal feature

subset. We adopt gradient-based search to find the optimal feature token set f∗, given by:

f∗ = ψ(E∗) = argmaxE∈EA(M(X[ψ(E)]), y), (5.1)

where ψ is a reconstruction function to reconstruct a feature ID token set from any embedding of

E ; E is an embedding vector in E and E∗ is the optimal one; M is the downstream ML model
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and A is the performance indicator. We apply f∗ to X to select the optimal feature subset X[f∗] to

maximize downstream ML model performances.

Methodology

In this section, we present an overview of our method, and then introduce the technical details of

each component.
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<latexit sha1_base64="CGnC2KaoxjunCoHkqninh+zNrF0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE1GXRjQsXFewD2hAm00k7dDIJMxOlxH6KGxeKuPVL3Pk3TtostPXAwOGce5lzT5BwprTjfFulldW19Y3yZmVre2d3z67ut1WcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjK9zv/NApWKxuNeThHoRHgoWMoK1kXy72o+wHhHMs9upn0lKpr5dc+rODGiZuAWpQYGmb3/1BzFJIyo04Vipnusk2suw1IxwOq30U0UTTMZ4SHuGChxR5WWz6FN0bJQBCmNpntBopv7eyHCk1CQKzGQeVC16ufif10t1eOllTCSppoLMPwpTjnSM8h7QgJljNZ8YgolkJisiIywx0aatiinBXTx5mbRP6+55/ezurNa4KuoowyEcwQm4cAENuIEmtIDAIzzDK7xZT9aL9W59zEdLVrFzAH9gff4A3wmUaQ==</latexit>Lrec

<latexit sha1_base64="S6Dk+mhr7GsMgJzTHkpjJlg+4DI=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQi6rLoxoWLCvYBbQiT6U07dDIJMxOlxH6KGxeKuPVL3Pk3TtostPXAwOGce7lnTpBwprTjfFulldW19Y3yZmVre2d3z67ut1WcSgotGvNYdgOigDMBLc00h24igUQBh04wvs79zgNIxWJxrycJeBEZChYySrSRfLvaj4geUcKz26mfgdJT3645dWcGvEzcgtRQgaZvf/UHMU0jEJpyolTPdRLtZURqRjlMK/1UQULomAyhZ6ggESgvm0Wf4mOjDHAYS/OExjP190ZGIqUmUWAm86Bq0cvF/7xeqsNLL2MiSTUIOj8UphzrGOc94AGTQDWfGEKoZCYrpiMiCdWmrYopwV388jJpn9bd8/rZ3VmtcVXUUUaH6AidIBddoAa6QU3UQhQ9omf0it6sJ+vFerc+5qMlq9g5QH9gff4A+leUew==</latexit>Lest

Gradient

Hidden State

e<latexit sha1_base64="C1/e47yaIXAwnKwProu1wjVNJjY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgRW8VbCu2pWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrG+D5hBKRQ2SJDE+0QjiwKJrWB0NfVbj6iNiNUdjRPsRmygRCg4Iys9dAifKAgznPTKFa/qzeAuEz8nFchR75W/Ov2YpxEq4pIZ0/a9hLoZ0yS4xEmpkxpMGB+xAbYtVSxC081mF0/cE6v03TDWthS5M/X3RMYiY8ZRYDsjRkOz6E3F/7x2SuFlNxMqSQkVny8KU+lS7E7fd/tCIyc5toRxLeytLh8yzTjZkEo2BH/x5WXSPKv6XtW/Pa/UbvI4inAEx3AKPlxADa6hDg3goOAZXuHNMc6L8+58zFsLTj5zCH/gfP4ADBiRKw==</latexit><latexit sha1_base64="C1/e47yaIXAwnKwProu1wjVNJjY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgRW8VbCu2pWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrG+D5hBKRQ2SJDE+0QjiwKJrWB0NfVbj6iNiNUdjRPsRmygRCg4Iys9dAifKAgznPTKFa/qzeAuEz8nFchR75W/Ov2YpxEq4pIZ0/a9hLoZ0yS4xEmpkxpMGB+xAbYtVSxC081mF0/cE6v03TDWthS5M/X3RMYiY8ZRYDsjRkOz6E3F/7x2SuFlNxMqSQkVny8KU+lS7E7fd/tCIyc5toRxLeytLh8yzTjZkEo2BH/x5WXSPKv6XtW/Pa/UbvI4inAEx3AKPlxADa6hDg3goOAZXuHNMc6L8+58zFsLTj5zCH/gfP4ADBiRKw==</latexit><latexit sha1_base64="C1/e47yaIXAwnKwProu1wjVNJjY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgRW8VbCu2pWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrG+D5hBKRQ2SJDE+0QjiwKJrWB0NfVbj6iNiNUdjRPsRmygRCg4Iys9dAifKAgznPTKFa/qzeAuEz8nFchR75W/Ov2YpxEq4pIZ0/a9hLoZ0yS4xEmpkxpMGB+xAbYtVSxC081mF0/cE6v03TDWthS5M/X3RMYiY8ZRYDsjRkOz6E3F/7x2SuFlNxMqSQkVny8KU+lS7E7fd/tCIyc5toRxLeytLh8yzTjZkEo2BH/x5WXSPKv6XtW/Pa/UbvI4inAEx3AKPlxADa6hDg3goOAZXuHNMc6L8+58zFsLTj5zCH/gfP4ADBiRKw==</latexit><latexit sha1_base64="C1/e47yaIXAwnKwProu1wjVNJjY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgRW8VbCu2pWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrG+D5hBKRQ2SJDE+0QjiwKJrWB0NfVbj6iNiNUdjRPsRmygRCg4Iys9dAifKAgznPTKFa/qzeAuEz8nFchR75W/Ov2YpxEq4pIZ0/a9hLoZ0yS4xEmpkxpMGB+xAbYtVSxC081mF0/cE6v03TDWthS5M/X3RMYiY8ZRYDsjRkOz6E3F/7x2SuFlNxMqSQkVny8KU+lS7E7fd/tCIyc5toRxLeytLh8yzTjZkEo2BH/x5WXSPKv6XtW/Pa/UbvI4inAEx3AKPlxADa6hDg3goOAZXuHNMc6L8+58zFsLTj5zCH/gfP4ADBiRKw==</latexit>

0.91

e<latexit sha1_base64="C1/e47yaIXAwnKwProu1wjVNJjY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgRW8VbCu2pWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrG+D5hBKRQ2SJDE+0QjiwKJrWB0NfVbj6iNiNUdjRPsRmygRCg4Iys9dAifKAgznPTKFa/qzeAuEz8nFchR75W/Ov2YpxEq4pIZ0/a9hLoZ0yS4xEmpkxpMGB+xAbYtVSxC081mF0/cE6v03TDWthS5M/X3RMYiY8ZRYDsjRkOz6E3F/7x2SuFlNxMqSQkVny8KU+lS7E7fd/tCIyc5toRxLeytLh8yzTjZkEo2BH/x5WXSPKv6XtW/Pa/UbvI4inAEx3AKPlxADa6hDg3goOAZXuHNMc6L8+58zFsLTj5zCH/gfP4ADBiRKw==</latexit><latexit sha1_base64="C1/e47yaIXAwnKwProu1wjVNJjY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgRW8VbCu2pWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrG+D5hBKRQ2SJDE+0QjiwKJrWB0NfVbj6iNiNUdjRPsRmygRCg4Iys9dAifKAgznPTKFa/qzeAuEz8nFchR75W/Ov2YpxEq4pIZ0/a9hLoZ0yS4xEmpkxpMGB+xAbYtVSxC081mF0/cE6v03TDWthS5M/X3RMYiY8ZRYDsjRkOz6E3F/7x2SuFlNxMqSQkVny8KU+lS7E7fd/tCIyc5toRxLeytLh8yzTjZkEo2BH/x5WXSPKv6XtW/Pa/UbvI4inAEx3AKPlxADa6hDg3goOAZXuHNMc6L8+58zFsLTj5zCH/gfP4ADBiRKw==</latexit><latexit sha1_base64="C1/e47yaIXAwnKwProu1wjVNJjY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgRW8VbCu2pWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrG+D5hBKRQ2SJDE+0QjiwKJrWB0NfVbj6iNiNUdjRPsRmygRCg4Iys9dAifKAgznPTKFa/qzeAuEz8nFchR75W/Ov2YpxEq4pIZ0/a9hLoZ0yS4xEmpkxpMGB+xAbYtVSxC081mF0/cE6v03TDWthS5M/X3RMYiY8ZRYDsjRkOz6E3F/7x2SuFlNxMqSQkVny8KU+lS7E7fd/tCIyc5toRxLeytLh8yzTjZkEo2BH/x5WXSPKv6XtW/Pa/UbvI4inAEx3AKPlxADa6hDg3goOAZXuHNMc6L8+58zFsLTj5zCH/gfP4ADBiRKw==</latexit><latexit sha1_base64="C1/e47yaIXAwnKwProu1wjVNJjY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgRW8VbCu2pWy2k3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrG+D5hBKRQ2SJDE+0QjiwKJrWB0NfVbj6iNiNUdjRPsRmygRCg4Iys9dAifKAgznPTKFa/qzeAuEz8nFchR75W/Ov2YpxEq4pIZ0/a9hLoZ0yS4xEmpkxpMGB+xAbYtVSxC081mF0/cE6v03TDWthS5M/X3RMYiY8ZRYDsjRkOz6E3F/7x2SuFlNxMqSQkVny8KU+lS7E7fd/tCIyc5toRxLeytLh8yzTjZkEo2BH/x5WXSPKv6XtW/Pa/UbvI4inAEx3AKPlxADa6hDg3goOAZXuHNMc6L8+58zFsLTj5zCH/gfP4ADBiRKw==</latexit>

e+
1<latexit sha1_base64="6Ou1vCayM1yIzu3li5ur1N1gYNo=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIuYY8CKeIphEyIvZSW8yZHZ2melVw5L/8OJBEa/+izf/xslDiKIFDUVVN12UH0th0HU/nczS8srqWnY9t7G5tb2T392rmyjRHGo8kpG+9ZkBKRTUUKCE21gDC30JDX94MfEbd6CNiNQNjmJoh6yvRCA4Qyt1WggP6AcpjDsnXa+bL3hFdwrqLpBy6azs0m+rQOaodvMfrV7EkxAUcsmMaXpujO2UaRRcwjjXSgzEjA9ZH5qWKhaCaafT1GN6ZJUeDSJtRyGdqosXKQuNGYW+3QwZDsxvbyL+5TUTDMrtVKg4QVB89ihIJMWITiqgPaGBoxxZwrgWNivlA6YZR1tUbrGE/0n9tOi5Re+6VKhczevIkgNySI6JR85JhVySKqkRTjR5JM/kxbl3npxX5222mnHmN/vkB5z3L4H/koc=</latexit><latexit sha1_base64="6Ou1vCayM1yIzu3li5ur1N1gYNo=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIuYY8CKeIphEyIvZSW8yZHZ2melVw5L/8OJBEa/+izf/xslDiKIFDUVVN12UH0th0HU/nczS8srqWnY9t7G5tb2T392rmyjRHGo8kpG+9ZkBKRTUUKCE21gDC30JDX94MfEbd6CNiNQNjmJoh6yvRCA4Qyt1WggP6AcpjDsnXa+bL3hFdwrqLpBy6azs0m+rQOaodvMfrV7EkxAUcsmMaXpujO2UaRRcwjjXSgzEjA9ZH5qWKhaCaafT1GN6ZJUeDSJtRyGdqosXKQuNGYW+3QwZDsxvbyL+5TUTDMrtVKg4QVB89ihIJMWITiqgPaGBoxxZwrgWNivlA6YZR1tUbrGE/0n9tOi5Re+6VKhczevIkgNySI6JR85JhVySKqkRTjR5JM/kxbl3npxX5222mnHmN/vkB5z3L4H/koc=</latexit><latexit sha1_base64="6Ou1vCayM1yIzu3li5ur1N1gYNo=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIuYY8CKeIphEyIvZSW8yZHZ2melVw5L/8OJBEa/+izf/xslDiKIFDUVVN12UH0th0HU/nczS8srqWnY9t7G5tb2T392rmyjRHGo8kpG+9ZkBKRTUUKCE21gDC30JDX94MfEbd6CNiNQNjmJoh6yvRCA4Qyt1WggP6AcpjDsnXa+bL3hFdwrqLpBy6azs0m+rQOaodvMfrV7EkxAUcsmMaXpujO2UaRRcwjjXSgzEjA9ZH5qWKhaCaafT1GN6ZJUeDSJtRyGdqosXKQuNGYW+3QwZDsxvbyL+5TUTDMrtVKg4QVB89ihIJMWITiqgPaGBoxxZwrgWNivlA6YZR1tUbrGE/0n9tOi5Re+6VKhczevIkgNySI6JR85JhVySKqkRTjR5JM/kxbl3npxX5222mnHmN/vkB5z3L4H/koc=</latexit><latexit sha1_base64="6Ou1vCayM1yIzu3li5ur1N1gYNo=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIuYY8CKeIphEyIvZSW8yZHZ2melVw5L/8OJBEa/+izf/xslDiKIFDUVVN12UH0th0HU/nczS8srqWnY9t7G5tb2T392rmyjRHGo8kpG+9ZkBKRTUUKCE21gDC30JDX94MfEbd6CNiNQNjmJoh6yvRCA4Qyt1WggP6AcpjDsnXa+bL3hFdwrqLpBy6azs0m+rQOaodvMfrV7EkxAUcsmMaXpujO2UaRRcwjjXSgzEjA9ZH5qWKhaCaafT1GN6ZJUeDSJtRyGdqosXKQuNGYW+3QwZDsxvbyL+5TUTDMrtVKg4QVB89ihIJMWITiqgPaGBoxxZwrgWNivlA6YZR1tUbrGE/0n9tOi5Re+6VKhczevIkgNySI6JR85JhVySKqkRTjR5JM/kxbl3npxX5222mnHmN/vkB5z3L4H/koc=</latexit>

e+
2<latexit sha1_base64="5u3dCXbqwQ3cLjpij/r/catA9uY=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGE3RMwx4EU8RTAPSDZhdtKbDJl9MNOrhiX/4cWDIl79F2/+jZOHEEULGoqqbrooL5ZCo21/WpmV1bX1jexmbmt7Z3cvv3/Q0FGiONR5JCPV8pgGKUKoo0AJrVgBCzwJTW90OfWbd6C0iMJbHMfgBmwQCl9whkbqdhAe0PNTmHTPeqVevuAU7RmovUQq5fOKTb+tAlmg1st/dPoRTwIIkUumdduxY3RTplBwCZNcJ9EQMz5iA2gbGrIAtJvOUk/oiVH61I+UmRDpTF2+SFmg9TjwzGbAcKh/e1PxL6+doF9xUxHGCULI54/8RFKM6LQC2hcKOMqxIYwrYbJSPmSKcTRF5ZZL+J80SkXHLjo35UL1elFHlhyRY3JKHHJBquSK1EidcKLII3kmL9a99WS9Wm/z1Yy1uDkkP2C9fwGDg5KI</latexit><latexit sha1_base64="5u3dCXbqwQ3cLjpij/r/catA9uY=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGE3RMwx4EU8RTAPSDZhdtKbDJl9MNOrhiX/4cWDIl79F2/+jZOHEEULGoqqbrooL5ZCo21/WpmV1bX1jexmbmt7Z3cvv3/Q0FGiONR5JCPV8pgGKUKoo0AJrVgBCzwJTW90OfWbd6C0iMJbHMfgBmwQCl9whkbqdhAe0PNTmHTPeqVevuAU7RmovUQq5fOKTb+tAlmg1st/dPoRTwIIkUumdduxY3RTplBwCZNcJ9EQMz5iA2gbGrIAtJvOUk/oiVH61I+UmRDpTF2+SFmg9TjwzGbAcKh/e1PxL6+doF9xUxHGCULI54/8RFKM6LQC2hcKOMqxIYwrYbJSPmSKcTRF5ZZL+J80SkXHLjo35UL1elFHlhyRY3JKHHJBquSK1EidcKLII3kmL9a99WS9Wm/z1Yy1uDkkP2C9fwGDg5KI</latexit><latexit sha1_base64="5u3dCXbqwQ3cLjpij/r/catA9uY=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGE3RMwx4EU8RTAPSDZhdtKbDJl9MNOrhiX/4cWDIl79F2/+jZOHEEULGoqqbrooL5ZCo21/WpmV1bX1jexmbmt7Z3cvv3/Q0FGiONR5JCPV8pgGKUKoo0AJrVgBCzwJTW90OfWbd6C0iMJbHMfgBmwQCl9whkbqdhAe0PNTmHTPeqVevuAU7RmovUQq5fOKTb+tAlmg1st/dPoRTwIIkUumdduxY3RTplBwCZNcJ9EQMz5iA2gbGrIAtJvOUk/oiVH61I+UmRDpTF2+SFmg9TjwzGbAcKh/e1PxL6+doF9xUxHGCULI54/8RFKM6LQC2hcKOMqxIYwrYbJSPmSKcTRF5ZZL+J80SkXHLjo35UL1elFHlhyRY3JKHHJBquSK1EidcKLII3kmL9a99WS9Wm/z1Yy1uDkkP2C9fwGDg5KI</latexit><latexit sha1_base64="5u3dCXbqwQ3cLjpij/r/catA9uY=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGE3RMwx4EU8RTAPSDZhdtKbDJl9MNOrhiX/4cWDIl79F2/+jZOHEEULGoqqbrooL5ZCo21/WpmV1bX1jexmbmt7Z3cvv3/Q0FGiONR5JCPV8pgGKUKoo0AJrVgBCzwJTW90OfWbd6C0iMJbHMfgBmwQCl9whkbqdhAe0PNTmHTPeqVevuAU7RmovUQq5fOKTb+tAlmg1st/dPoRTwIIkUumdduxY3RTplBwCZNcJ9EQMz5iA2gbGrIAtJvOUk/oiVH61I+UmRDpTF2+SFmg9TjwzGbAcKh/e1PxL6+doF9xUxHGCULI54/8RFKM6LQC2hcKOMqxIYwrYbJSPmSKcTRF5ZZL+J80SkXHLjo35UL1elFHlhyRY3JKHHJBquSK1EidcKLII3kmL9a99WS9Wm/z1Yy1uDkkP2C9fwGDg5KI</latexit>

e+
3<latexit sha1_base64="neO46+ZMvKQiZhQNaArnrCpaWQk=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXI+YY8CKeIpgHJJswO+lNhszOLjO9aljyH148KOLVf/Hm37h5CFG0oKGo6qaL8iIpDNr2p5VZWl5ZXcuu5zY2t7Z38rt7dRPGmkONhzLUTY8ZkEJBDQVKaEYaWOBJaHjDy4nfuANtRKhucRSBG7C+Er7gDFOp00Z4QM9PYNw56Z518wWnaE9B7QVSLp2XbfptFcgc1W7+o90LeRyAQi6ZMS3HjtBNmEbBJYxz7dhAxPiQ9aGVUsUCMG4yTT2mR6nSo36o01FIp+riRcICY0aBl24GDAfmtzcR//JaMfplNxEqihEUnz3yY0kxpJMKaE9o4ChHKWFcizQr5QOmGce0qNxiCf+T+mnRsYvOTalQuZ7XkSUH5JAcE4dckAq5IlVSI5xo8kieyYt1bz1Zr9bbbDVjzW/2yQ9Y71+FB5KJ</latexit><latexit sha1_base64="neO46+ZMvKQiZhQNaArnrCpaWQk=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXI+YY8CKeIpgHJJswO+lNhszOLjO9aljyH148KOLVf/Hm37h5CFG0oKGo6qaL8iIpDNr2p5VZWl5ZXcuu5zY2t7Z38rt7dRPGmkONhzLUTY8ZkEJBDQVKaEYaWOBJaHjDy4nfuANtRKhucRSBG7C+Er7gDFOp00Z4QM9PYNw56Z518wWnaE9B7QVSLp2XbfptFcgc1W7+o90LeRyAQi6ZMS3HjtBNmEbBJYxz7dhAxPiQ9aGVUsUCMG4yTT2mR6nSo36o01FIp+riRcICY0aBl24GDAfmtzcR//JaMfplNxEqihEUnz3yY0kxpJMKaE9o4ChHKWFcizQr5QOmGce0qNxiCf+T+mnRsYvOTalQuZ7XkSUH5JAcE4dckAq5IlVSI5xo8kieyYt1bz1Zr9bbbDVjzW/2yQ9Y71+FB5KJ</latexit><latexit sha1_base64="neO46+ZMvKQiZhQNaArnrCpaWQk=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXI+YY8CKeIpgHJJswO+lNhszOLjO9aljyH148KOLVf/Hm37h5CFG0oKGo6qaL8iIpDNr2p5VZWl5ZXcuu5zY2t7Z38rt7dRPGmkONhzLUTY8ZkEJBDQVKaEYaWOBJaHjDy4nfuANtRKhucRSBG7C+Er7gDFOp00Z4QM9PYNw56Z518wWnaE9B7QVSLp2XbfptFcgc1W7+o90LeRyAQi6ZMS3HjtBNmEbBJYxz7dhAxPiQ9aGVUsUCMG4yTT2mR6nSo36o01FIp+riRcICY0aBl24GDAfmtzcR//JaMfplNxEqihEUnz3yY0kxpJMKaE9o4ChHKWFcizQr5QOmGce0qNxiCf+T+mnRsYvOTalQuZ7XkSUH5JAcE4dckAq5IlVSI5xo8kieyYt1bz1Zr9bbbDVjzW/2yQ9Y71+FB5KJ</latexit><latexit sha1_base64="neO46+ZMvKQiZhQNaArnrCpaWQk=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXI+YY8CKeIpgHJJswO+lNhszOLjO9aljyH148KOLVf/Hm37h5CFG0oKGo6qaL8iIpDNr2p5VZWl5ZXcuu5zY2t7Z38rt7dRPGmkONhzLUTY8ZkEJBDQVKaEYaWOBJaHjDy4nfuANtRKhucRSBG7C+Er7gDFOp00Z4QM9PYNw56Z518wWnaE9B7QVSLp2XbfptFcgc1W7+o90LeRyAQi6ZMS3HjtBNmEbBJYxz7dhAxPiQ9aGVUsUCMG4yTT2mR6nSo36o01FIp+riRcICY0aBl24GDAfmtzcR//JaMfplNxEqihEUnz3yY0kxpJMKaE9o4ChHKWFcizQr5QOmGce0qNxiCf+T+mnRsYvOTalQuZ7XkSUH5JAcE4dckAq5IlVSI5xo8kieyYt1bz1Zr9bbbDVjzW/2yQ9Y71+FB5KJ</latexit>

e+
4<latexit sha1_base64="SgLxWzCLF3+KSKndX4J0/PwKeBM=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIuYY8CKeIphEyIvZSW8yZHZ2melVw5L/8OJBEa/+izf/xslDiKIFDUVVN12UH0th0HU/nczS8srqWnY9t7G5tb2T392rmyjRHGo8kpG+9ZkBKRTUUKCE21gDC30JDX94MfEbd6CNiNQNjmJoh6yvRCA4Qyt1WggP6AcpjDsn3VI3X/CK7hTUXSDl0lnZpd9WgcxR7eY/Wr2IJyEo5JIZ0/TcGNsp0yi4hHGulRiIGR+yPjQtVSwE006nqcf0yCo9GkTajkI6VRcvUhYaMwp9uxkyHJjf3kT8y2smGJTbqVBxgqD47FGQSIoRnVRAe0IDRzmyhHEtbFbKB0wzjrao3GIJ/5P6adFzi951qVC5mteRJQfkkBwTj5yTCrkkVVIjnGjySJ7Ji3PvPDmvzttsNePMb/bJDzjvX4aLkoo=</latexit><latexit sha1_base64="SgLxWzCLF3+KSKndX4J0/PwKeBM=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIuYY8CKeIphEyIvZSW8yZHZ2melVw5L/8OJBEa/+izf/xslDiKIFDUVVN12UH0th0HU/nczS8srqWnY9t7G5tb2T392rmyjRHGo8kpG+9ZkBKRTUUKCE21gDC30JDX94MfEbd6CNiNQNjmJoh6yvRCA4Qyt1WggP6AcpjDsn3VI3X/CK7hTUXSDl0lnZpd9WgcxR7eY/Wr2IJyEo5JIZ0/TcGNsp0yi4hHGulRiIGR+yPjQtVSwE006nqcf0yCo9GkTajkI6VRcvUhYaMwp9uxkyHJjf3kT8y2smGJTbqVBxgqD47FGQSIoRnVRAe0IDRzmyhHEtbFbKB0wzjrao3GIJ/5P6adFzi951qVC5mteRJQfkkBwTj5yTCrkkVVIjnGjySJ7Ji3PvPDmvzttsNePMb/bJDzjvX4aLkoo=</latexit><latexit sha1_base64="SgLxWzCLF3+KSKndX4J0/PwKeBM=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIuYY8CKeIphEyIvZSW8yZHZ2melVw5L/8OJBEa/+izf/xslDiKIFDUVVN12UH0th0HU/nczS8srqWnY9t7G5tb2T392rmyjRHGo8kpG+9ZkBKRTUUKCE21gDC30JDX94MfEbd6CNiNQNjmJoh6yvRCA4Qyt1WggP6AcpjDsn3VI3X/CK7hTUXSDl0lnZpd9WgcxR7eY/Wr2IJyEo5JIZ0/TcGNsp0yi4hHGulRiIGR+yPjQtVSwE006nqcf0yCo9GkTajkI6VRcvUhYaMwp9uxkyHJjf3kT8y2smGJTbqVBxgqD47FGQSIoRnVRAe0IDRzmyhHEtbFbKB0wzjrao3GIJ/5P6adFzi951qVC5mteRJQfkkBwTj5yTCrkkVVIjnGjySJ7Ji3PvPDmvzttsNePMb/bJDzjvX4aLkoo=</latexit><latexit sha1_base64="SgLxWzCLF3+KSKndX4J0/PwKeBM=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIuYY8CKeIphEyIvZSW8yZHZ2melVw5L/8OJBEa/+izf/xslDiKIFDUVVN12UH0th0HU/nczS8srqWnY9t7G5tb2T392rmyjRHGo8kpG+9ZkBKRTUUKCE21gDC30JDX94MfEbd6CNiNQNjmJoh6yvRCA4Qyt1WggP6AcpjDsn3VI3X/CK7hTUXSDl0lnZpd9WgcxR7eY/Wr2IJyEo5JIZ0/TcGNsp0yi4hHGulRiIGR+yPjQtVSwE006nqcf0yCo9GkTajkI6VRcvUhYaMwp9uxkyHJjf3kT8y2smGJTbqVBxgqD47FGQSIoRnVRAe0IDRzmyhHEtbFbKB0wzjrao3GIJ/5P6adFzi951qVC5mteRJQfkkBwTj5yTCrkkVVIjnGjySJ7Ji3PvPDmvzttsNePMb/bJDzjvX4aLkoo=</latexit>

e+
k<latexit sha1_base64="x0ues5mYLMP15+Q8CoFG7ftUFl8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIuYY8CKeIphEyIvZSW8yZHZ2melVw5L/8OJBEa/+izf/xslDiKIFDUVVN12UH0th0HU/nczS8srqWnY9t7G5tb2T392rmyjRHGo8kpG+9ZkBKRTUUKCE21gDC30JDX94MfEbd6CNiNQNjmJoh6yvRCA4Qyt1WggP6AcpjDsn3WE3X/CK7hTUXSDl0lnZpd9WgcxR7eY/Wr2IJyEo5JIZ0/TcGNsp0yi4hHGulRiIGR+yPjQtVSwE006nqcf0yCo9GkTajkI6VRcvUhYaMwp9uxkyHJjf3kT8y2smGJTbqVBxgqD47FGQSIoRnVRAe0IDRzmyhHEtbFbKB0wzjrao3GIJ/5P6adFzi951qVC5mteRJQfkkBwTj5yTCrkkVVIjnGjySJ7Ji3PvPDmvzttsNePMb/bJDzjvX9nnksE=</latexit><latexit sha1_base64="x0ues5mYLMP15+Q8CoFG7ftUFl8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIuYY8CKeIphEyIvZSW8yZHZ2melVw5L/8OJBEa/+izf/xslDiKIFDUVVN12UH0th0HU/nczS8srqWnY9t7G5tb2T392rmyjRHGo8kpG+9ZkBKRTUUKCE21gDC30JDX94MfEbd6CNiNQNjmJoh6yvRCA4Qyt1WggP6AcpjDsn3WE3X/CK7hTUXSDl0lnZpd9WgcxR7eY/Wr2IJyEo5JIZ0/TcGNsp0yi4hHGulRiIGR+yPjQtVSwE006nqcf0yCo9GkTajkI6VRcvUhYaMwp9uxkyHJjf3kT8y2smGJTbqVBxgqD47FGQSIoRnVRAe0IDRzmyhHEtbFbKB0wzjrao3GIJ/5P6adFzi951qVC5mteRJQfkkBwTj5yTCrkkVVIjnGjySJ7Ji3PvPDmvzttsNePMb/bJDzjvX9nnksE=</latexit><latexit sha1_base64="x0ues5mYLMP15+Q8CoFG7ftUFl8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIuYY8CKeIphEyIvZSW8yZHZ2melVw5L/8OJBEa/+izf/xslDiKIFDUVVN12UH0th0HU/nczS8srqWnY9t7G5tb2T392rmyjRHGo8kpG+9ZkBKRTUUKCE21gDC30JDX94MfEbd6CNiNQNjmJoh6yvRCA4Qyt1WggP6AcpjDsn3WE3X/CK7hTUXSDl0lnZpd9WgcxR7eY/Wr2IJyEo5JIZ0/TcGNsp0yi4hHGulRiIGR+yPjQtVSwE006nqcf0yCo9GkTajkI6VRcvUhYaMwp9uxkyHJjf3kT8y2smGJTbqVBxgqD47FGQSIoRnVRAe0IDRzmyhHEtbFbKB0wzjrao3GIJ/5P6adFzi951qVC5mteRJQfkkBwTj5yTCrkkVVIjnGjySJ7Ji3PvPDmvzttsNePMb/bJDzjvX9nnksE=</latexit><latexit sha1_base64="x0ues5mYLMP15+Q8CoFG7ftUFl8=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIuYY8CKeIphEyIvZSW8yZHZ2melVw5L/8OJBEa/+izf/xslDiKIFDUVVN12UH0th0HU/nczS8srqWnY9t7G5tb2T392rmyjRHGo8kpG+9ZkBKRTUUKCE21gDC30JDX94MfEbd6CNiNQNjmJoh6yvRCA4Qyt1WggP6AcpjDsn3WE3X/CK7hTUXSDl0lnZpd9WgcxR7eY/Wr2IJyEo5JIZ0/TcGNsp0yi4hHGulRiIGR+yPjQtVSwE006nqcf0yCo9GkTajkI6VRcvUhYaMwp9uxkyHJjf3kT8y2smGJTbqVBxgqD47FGQSIoRnVRAe0IDRzmyhHEtbFbKB0wzjrao3GIJ/5P6adFzi951qVC5mteRJQfkkBwTj5yTCrkkVVIjnGjySJ7Ji3PvPDmvzttsNePMb/bJDzjvX9nnksE=</latexit>

e+
5<latexit sha1_base64="yxG6/2ylS8r3npru6EVJoQH75Y0=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXEswx4EU8RTAPSDZhdtKbDJmdXWZ61bDkP7x4UMSr/+LNv3HzEKJoQUNR1U0X5UVSGLTtTyuzsrq2vpHdzG1t7+zu5fcPGiaMNYc6D2WoWx4zIIWCOgqU0Io0sMCT0PRGl1O/eQfaiFDd4jgCN2ADJXzBGaZSt4PwgJ6fwKR71iv38gWnaM9A7SVSKZUrNv22CmSBWi//0emHPA5AIZfMmLZjR+gmTKPgEia5TmwgYnzEBtBOqWIBGDeZpZ7Qk1TpUz/U6SikM3X5ImGBMePASzcDhkPz25uKf3ntGP2KmwgVxQiKzx/5saQY0mkFtC80cJTjlDCuRZqV8iHTjGNaVG65hP9J47zo2EXnplSoXi/qyJIjckxOiUMuSJVckRqpE040eSTP5MW6t56sV+ttvpqxFjeH5Aes9y+ID5KL</latexit><latexit sha1_base64="yxG6/2ylS8r3npru6EVJoQH75Y0=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXEswx4EU8RTAPSDZhdtKbDJmdXWZ61bDkP7x4UMSr/+LNv3HzEKJoQUNR1U0X5UVSGLTtTyuzsrq2vpHdzG1t7+zu5fcPGiaMNYc6D2WoWx4zIIWCOgqU0Io0sMCT0PRGl1O/eQfaiFDd4jgCN2ADJXzBGaZSt4PwgJ6fwKR71iv38gWnaM9A7SVSKZUrNv22CmSBWi//0emHPA5AIZfMmLZjR+gmTKPgEia5TmwgYnzEBtBOqWIBGDeZpZ7Qk1TpUz/U6SikM3X5ImGBMePASzcDhkPz25uKf3ntGP2KmwgVxQiKzx/5saQY0mkFtC80cJTjlDCuRZqV8iHTjGNaVG65hP9J47zo2EXnplSoXi/qyJIjckxOiUMuSJVckRqpE040eSTP5MW6t56sV+ttvpqxFjeH5Aes9y+ID5KL</latexit><latexit sha1_base64="yxG6/2ylS8r3npru6EVJoQH75Y0=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXEswx4EU8RTAPSDZhdtKbDJmdXWZ61bDkP7x4UMSr/+LNv3HzEKJoQUNR1U0X5UVSGLTtTyuzsrq2vpHdzG1t7+zu5fcPGiaMNYc6D2WoWx4zIIWCOgqU0Io0sMCT0PRGl1O/eQfaiFDd4jgCN2ADJXzBGaZSt4PwgJ6fwKR71iv38gWnaM9A7SVSKZUrNv22CmSBWi//0emHPA5AIZfMmLZjR+gmTKPgEia5TmwgYnzEBtBOqWIBGDeZpZ7Qk1TpUz/U6SikM3X5ImGBMePASzcDhkPz25uKf3ntGP2KmwgVxQiKzx/5saQY0mkFtC80cJTjlDCuRZqV8iHTjGNaVG65hP9J47zo2EXnplSoXi/qyJIjckxOiUMuSJVckRqpE040eSTP5MW6t56sV+ttvpqxFjeH5Aes9y+ID5KL</latexit><latexit sha1_base64="yxG6/2ylS8r3npru6EVJoQH75Y0=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXEswx4EU8RTAPSDZhdtKbDJmdXWZ61bDkP7x4UMSr/+LNv3HzEKJoQUNR1U0X5UVSGLTtTyuzsrq2vpHdzG1t7+zu5fcPGiaMNYc6D2WoWx4zIIWCOgqU0Io0sMCT0PRGl1O/eQfaiFDd4jgCN2ADJXzBGaZSt4PwgJ6fwKR71iv38gWnaM9A7SVSKZUrNv22CmSBWi//0emHPA5AIZfMmLZjR+gmTKPgEia5TmwgYnzEBtBOqWIBGDeZpZ7Qk1TpUz/U6SikM3X5ImGBMePASzcDhkPz25uKf3ntGP2KmwgVxQiKzx/5saQY0mkFtC80cJTjlDCuRZqV8iHTjGNaVG65hP9J47zo2EXnplSoXi/qyJIjckxOiUMuSJVckRqpE040eSTP5MW6t56sV+ttvpqxFjeH5Aes9y+ID5KL</latexit>

e+
6<latexit sha1_base64="LGtRfqY53RwPcIB3BJ9Vf/5+cT4=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXouYY8CKeIpgHJJswO+lNhszOLjO9aljyH148KOLVf/Hm37h5CFG0oKGo6qaL8iIpDNr2p5VZWl5ZXcuu5zY2t7Z38rt7dRPGmkONhzLUTY8ZkEJBDQVKaEYaWOBJaHjDy4nfuANtRKhucRSBG7C+Er7gDFOp00Z4QM9PYNw56Z538wWnaE9B7QVSLp2VbfptFcgc1W7+o90LeRyAQi6ZMS3HjtBNmEbBJYxz7dhAxPiQ9aGVUsUCMG4yTT2mR6nSo36o01FIp+riRcICY0aBl24GDAfmtzcR//JaMfplNxEqihEUnz3yY0kxpJMKaE9o4ChHKWFcizQr5QOmGce0qNxiCf+T+mnRsYvOTalQuZ7XkSUH5JAcE4dckAq5IlVSI5xo8kieyYt1bz1Zr9bbbDVjzW/2yQ9Y71+Jk5KM</latexit><latexit sha1_base64="LGtRfqY53RwPcIB3BJ9Vf/5+cT4=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXouYY8CKeIpgHJJswO+lNhszOLjO9aljyH148KOLVf/Hm37h5CFG0oKGo6qaL8iIpDNr2p5VZWl5ZXcuu5zY2t7Z38rt7dRPGmkONhzLUTY8ZkEJBDQVKaEYaWOBJaHjDy4nfuANtRKhucRSBG7C+Er7gDFOp00Z4QM9PYNw56Z538wWnaE9B7QVSLp2VbfptFcgc1W7+o90LeRyAQi6ZMS3HjtBNmEbBJYxz7dhAxPiQ9aGVUsUCMG4yTT2mR6nSo36o01FIp+riRcICY0aBl24GDAfmtzcR//JaMfplNxEqihEUnz3yY0kxpJMKaE9o4ChHKWFcizQr5QOmGce0qNxiCf+T+mnRsYvOTalQuZ7XkSUH5JAcE4dckAq5IlVSI5xo8kieyYt1bz1Zr9bbbDVjzW/2yQ9Y71+Jk5KM</latexit><latexit sha1_base64="LGtRfqY53RwPcIB3BJ9Vf/5+cT4=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXouYY8CKeIpgHJJswO+lNhszOLjO9aljyH148KOLVf/Hm37h5CFG0oKGo6qaL8iIpDNr2p5VZWl5ZXcuu5zY2t7Z38rt7dRPGmkONhzLUTY8ZkEJBDQVKaEYaWOBJaHjDy4nfuANtRKhucRSBG7C+Er7gDFOp00Z4QM9PYNw56Z538wWnaE9B7QVSLp2VbfptFcgc1W7+o90LeRyAQi6ZMS3HjtBNmEbBJYxz7dhAxPiQ9aGVUsUCMG4yTT2mR6nSo36o01FIp+riRcICY0aBl24GDAfmtzcR//JaMfplNxEqihEUnz3yY0kxpJMKaE9o4ChHKWFcizQr5QOmGce0qNxiCf+T+mnRsYvOTalQuZ7XkSUH5JAcE4dckAq5IlVSI5xo8kieyYt1bz1Zr9bbbDVjzW/2yQ9Y71+Jk5KM</latexit><latexit sha1_base64="LGtRfqY53RwPcIB3BJ9Vf/5+cT4=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXouYY8CKeIpgHJJswO+lNhszOLjO9aljyH148KOLVf/Hm37h5CFG0oKGo6qaL8iIpDNr2p5VZWl5ZXcuu5zY2t7Z38rt7dRPGmkONhzLUTY8ZkEJBDQVKaEYaWOBJaHjDy4nfuANtRKhucRSBG7C+Er7gDFOp00Z4QM9PYNw56Z538wWnaE9B7QVSLp2VbfptFcgc1W7+o90LeRyAQi6ZMS3HjtBNmEbBJYxz7dhAxPiQ9aGVUsUCMG4yTT2mR6nSo36o01FIp+riRcICY0aBl24GDAfmtzcR//JaMfplNxEqihEUnz3yY0kxpJMKaE9o4ChHKWFcizQr5QOmGce0qNxiCf+T+mnRsYvOTalQuZ7XkSUH5JAcE4dckAq5IlVSI5xo8kieyYt1bz1Zr9bbbDVjzW/2yQ9Y71+Jk5KM</latexit>

e+
7<latexit sha1_base64="5vAet586GYIFqbovGG0wFRQRb7A=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIskx4EU8RTAPSDZhdtKbDJl9MNOrhiX/4cWDIl79F2/+jZOHEEULGoqqbrooL5ZCo21/WpmV1bX1jexmbmt7Z3cvv3/Q0FGiONR5JCPV8pgGKUKoo0AJrVgBCzwJTW90OfWbd6C0iMJbHMfgBmwQCl9whkbqdhAe0PNTmHTPeuVevuAU7RmovUQqpYuKTb+tAlmg1st/dPoRTwIIkUumdduxY3RTplBwCZNcJ9EQMz5iA2gbGrIAtJvOUk/oiVH61I+UmRDpTF2+SFmg9TjwzGbAcKh/e1PxL6+doF9xUxHGCULI54/8RFKM6LQC2hcKOMqxIYwrYbJSPmSKcTRF5ZZL+J80zouOXXRuSoXq9aKOLDkix+SUOKRMquSK1EidcKLII3kmL9a99WS9Wm/z1Yy1uDkkP2C9fwGLF5KN</latexit><latexit sha1_base64="5vAet586GYIFqbovGG0wFRQRb7A=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIskx4EU8RTAPSDZhdtKbDJl9MNOrhiX/4cWDIl79F2/+jZOHEEULGoqqbrooL5ZCo21/WpmV1bX1jexmbmt7Z3cvv3/Q0FGiONR5JCPV8pgGKUKoo0AJrVgBCzwJTW90OfWbd6C0iMJbHMfgBmwQCl9whkbqdhAe0PNTmHTPeuVevuAU7RmovUQqpYuKTb+tAlmg1st/dPoRTwIIkUumdduxY3RTplBwCZNcJ9EQMz5iA2gbGrIAtJvOUk/oiVH61I+UmRDpTF2+SFmg9TjwzGbAcKh/e1PxL6+doF9xUxHGCULI54/8RFKM6LQC2hcKOMqxIYwrYbJSPmSKcTRF5ZZL+J80zouOXXRuSoXq9aKOLDkix+SUOKRMquSK1EidcKLII3kmL9a99WS9Wm/z1Yy1uDkkP2C9fwGLF5KN</latexit><latexit sha1_base64="5vAet586GYIFqbovGG0wFRQRb7A=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIskx4EU8RTAPSDZhdtKbDJl9MNOrhiX/4cWDIl79F2/+jZOHEEULGoqqbrooL5ZCo21/WpmV1bX1jexmbmt7Z3cvv3/Q0FGiONR5JCPV8pgGKUKoo0AJrVgBCzwJTW90OfWbd6C0iMJbHMfgBmwQCl9whkbqdhAe0PNTmHTPeuVevuAU7RmovUQqpYuKTb+tAlmg1st/dPoRTwIIkUumdduxY3RTplBwCZNcJ9EQMz5iA2gbGrIAtJvOUk/oiVH61I+UmRDpTF2+SFmg9TjwzGbAcKh/e1PxL6+doF9xUxHGCULI54/8RFKM6LQC2hcKOMqxIYwrYbJSPmSKcTRF5ZZL+J80zouOXXRuSoXq9aKOLDkix+SUOKRMquSK1EidcKLII3kmL9a99WS9Wm/z1Yy1uDkkP2C9fwGLF5KN</latexit><latexit sha1_base64="5vAet586GYIFqbovGG0wFRQRb7A=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMgCGFXIskx4EU8RTAPSDZhdtKbDJl9MNOrhiX/4cWDIl79F2/+jZOHEEULGoqqbrooL5ZCo21/WpmV1bX1jexmbmt7Z3cvv3/Q0FGiONR5JCPV8pgGKUKoo0AJrVgBCzwJTW90OfWbd6C0iMJbHMfgBmwQCl9whkbqdhAe0PNTmHTPeuVevuAU7RmovUQqpYuKTb+tAlmg1st/dPoRTwIIkUumdduxY3RTplBwCZNcJ9EQMz5iA2gbGrIAtJvOUk/oiVH61I+UmRDpTF2+SFmg9TjwzGbAcKh/e1PxL6+doF9xUxHGCULI54/8RFKM6LQC2hcKOMqxIYwrYbJSPmSKcTRF5ZZL+J80zouOXXRuSoXq9aKOLDkix+SUOKRMquSK1EidcKLII3kmL9a99WS9Wm/z1Yy1uDkkP2C9fwGLF5KN</latexit>
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Figure 5.1: An overview of our framework. GAINS is made up of four main components: 1)
feature-accuracy training data preparation, designed to quickly collect large quantities of qualified
and valid training data; 2) deep feature subset embedding, purposed to preserve the knowledge of

feature selection into a global continuous embedding space; 3) gradient-optimized best
embedding search, intended to search for better embeddings in the learned space; 4) optimal
feature subset reconstruction, devised to reconstruct and output the optimal feature subset.

Framework Overview

Figure 5.1 shows the overview of our framework, including four steps: 1) feature-accuracy training

data preparation; 2) deep feature subset embedding; 3) gradient-optimized best embedding search;
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4) optimal feature subset reconstruction. Step 1 is to collect selected feature subsets and corre-

sponding predictive performances as training data for deep feature subset embedding. In particu-

lar, to exploit existing peer knowledge, we utilize classical feature selection methods (e.g., K-Best,

mRMR) to collect feature subset-accuracy records; to explore crowdsource unknown knowledge,

we utilize reinforcement learning (RL) based feature selector to collect diverse feature subset-

accuracy records. Step 2 is to develop a deep encoder-evaluator-decoder model to learn the opti-

mal embedding space of feature subsets. In particular, given a feature subset, the encoder maps

the feature subset ID tokens into a continuous embedding vector; the evaluator optimizes the em-

bedding vector along the gradient direction by predicting the corresponding model performance;

the decoder reconstructs the feature ID tokens using feature subset embedding vectors. We learn

the optimal embedding space by jointly optimizing the reconstruction and evaluation losses of the

encoder, evaluator, and decoder. Step 3 aims to expedite the gradient-optimized search of opti-

mal feature subset embedding vector in the embedding space. In particular, we first select top-K

historical feature subset-accuracy pairs as search seeds (starting points) and obtain corresponding

embeddings using the well-trained encoder. We then search by starting from these embeddings at a

minute rate in the gradient direction of performance improvement to identify optimal embeddings.

Step 4 is to exploit the well-trained decoder to reconstruct the optimal feature ID tokens as candi-

date feature subsets from these identified embeddings. We evaluate these candidate feature subsets

with a downstream ML model to present the best feature subset with the highest performance.

Feature-Accuracy Training Data Preparation

We collect a set of feature-accuracy pairs as training data to construct an effective continuous space

that depicts the properties of the original feature set.

Leveraging exploitation and exploration for automated training data preparation. The di-
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versity, scale, and comprehensiveness of the training data population are essential for learning an

effective embedding space. The training data is collected via two strategies. 1) exploitation of

existing feature selection algorithms: we apply classical feature selectors (e.g., KBest, Lasso.) to

the given feature set. Each algorithm represents one algorithmic perspective and produces a small

number of feature subset-accuracy records. It is challenging to collect large-scale, diverse train-

ing data. 2) exploration of other unknown candidate subsets: We find that reinforcement learning

can be used to automatically explore and select various feature subsets to evaluate corresponding

feature subset performance [61]. In other words, reinforcement feature selection can be viewed

as a tool for automated training data preparation. In particular, we develop a multi-agent rein-

forcement feature selection system, where each agent is to select or deselect a feature in order to

progressively explore feature subsets and find high-accuracy low-redundancy feature subsets. The

reinforcement feature selection system leverage randomness and self-optimization to automati-

cally generate high-quality, diverse, comprehensive feature subset-accuracy records to overcome

data sparsity.

Leveraging order agnostic property to augment training data. To learn a feature subset em-

bedding space, we view a feature subset as a token sequence and exploit seq2vec models to embed

a feature subset as a vector. Since the feature subset is order-agnostic, the token sequence is order-

agnostic. We leverage the order-agnostic property to augment the feature subset-accuracy training

data by shuffling and rearranging the orders of selected features in a feature token sequence. For-

mally, given a selected feature subset and corresponding predictive accuracy, denoted by {f , v},

where f = [f1, f2, · · · , fT ] is the ID tokens of selected features and vi is corresponding perfor-

mance. We shuffle the old token order and obtain a new order of the T -length feature subset

f̃ = [f3, fT , · · · , f1]. We add the new shuffled token sequence and corresponding accuracy into the

training data to enhance data diversity and comprehensiveness.
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Deep Feature Subset Embedding

Why effective embedding space construction matters. Most conventional feature selection al-

gorithms are of a discrete choice formulation. Such formulation results in suboptimal performance

since it is difficult to enumerate all possible feature combinations in a high-dimensional dataset. To

efficiently search the optimal feature subset, it is crucial to change feature selection from searching

in discrete space to searching in continuous space, where gradient-based optimization can be used

for faster and more effective selection.

But, How can the knowledge derived from feature selection be incorporated into an embedding

space? There are two potential methods: 1) Sequential modeling, which learns distinct embed-

dings for the same feature subset irrespective of order; 2) Set modeling, which generates a consis-

tent embedding for the same feature subset, even with altered order. In sequential modeling, the

identical subset with varying orders yields different embeddings. These form a global continuous

embedding space, where lighter regions signify poor model performance, while darker regions cor-

respond to superior performance. It is easy to search for the optimal solution by shifting candidate

embeddings to the optimal regions via gradients. Conversely, set modeling, which learns a consis-

tent embedding for variations of the same feature subset, results in a locally optimal embedding

space. This model cannot perceive the order of feature subsets that do not influence performance.

Consequently, even after embedding updates, locating the optimal point remains challenging due

to the lack of clear direction. Based on these observations, we opt for sequential modeling (i.e.,

LSTM) to integrate feature selection knowledge into a continuous embedding space.

Leveraging the encoder-evaluator-decoder framework to embed feature subset tokens. We

aim to construct an effective continuous embedding space in order to search for better feature

subsets using gradient-based search in the gradient direction of higher performance. We develop

a novel learning framework that includes the encoder, evaluator, and decoder. Next, we use f
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to denote the feature ID tokens of selected features and v to denote the corresponding model

performance.

The feature subset encoder ϕ: The encoder is to learn a mapping function ϕ that takes f as input,

and outputs its continuous embedding E, denoted by ϕ(f) = E. The encoder is designed based on

a single layer of Long Sort-Term Memory [37] (LSTM), where f ∈ R1×T and T is the length of

the feature subset. After inputting f into ϕ, we collect each feature ID token embedding to form E.

Here, E = [h1,h2, · · · ,hT ] ∈ RT×d, where ht ∈ R1×d is the t-th token embedding with dimension

d.

The feature subset decoder ψ: The decoder ψ aims to reconstruct the feature ID tokens f of of

an embedding vector E, denoted by ψ(E) = f . Similar to the encoder, we employ a single-layer

LSTM to implement the decoder. We train the decoder in an autoregressive manner. The initial

input of the decoder is the last embedding of E, denoted by ĥ0 = hT . We take the i-th step in

LSTM as an example to demonstrate the calculation process. Specifically, we input ĥi−1 and the

i-th feature ID token in s into the LSTM layer to get the current embedding ĥi. The output of the

decoder and the input of the encoder share the same feature ID token dictionary. Thus, to forecast

the next most possible token easily, we utilize the attention mechanism [2] to learn the attention

weights between ĥi and each token embedding in E. Then, we generate the enhanced embedding

h̃i by aggregating the knowledge of E using the attention weights. This process can be defined by:

h̃i =
∑

hj∈E

aijhj, where aij =
exp(ĥi · hj)∑

hk∈E exp(ĥi · hk)
. (5.2)

where hj is the j-th embedding from E and aij is the attention weight between ĥi to hj . Later, we

concatenate ĥi and h̃i together and input them into a fully-connected layer activated by Softmax
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to estimate the distribution of each feature ID token for the i-th step, which can be formulated by:

Pψ(fi|E, f<i) =
exp(Whi

concat(h̃i, ĥi))∑
hk∈E exp(Whk

concat(h̃i, ĥi))
, (5.3)

where concat(·) is the concatenate operation, W(·) represents the weight matrix. f<i represent the

previous tokens before the i-th step. We may take the token with the highest probability as the

predicted feature ID token, denoted by fi. If multiple the probability at each step, the probability

distribution of the whole token sequence f can be represented by:

Pψ(f |E) =
T∏

t=1

Pψ(ft|E, f<t). (5.4)

The Feature Subset Evaluator ω: The evaluator ω aims to predict the model performance given

the continuous embedding of E. Specifically, we apply the mean pooling to the embedding E in a

column-wise manner to obtain the embedding ē ∈ R1×d. We then input it into a fully-connected

layer to predict the model performance v̈, which can be defined by: v̈ = ω(ē).

The joint optimization. We jointly optimize the encoder, decoder, and evaluator. There are two

goals: 1) reconstructing the feature ID tokens f . To achieve this goal, we minimize the negative

log-likelihood of f given E, defined by:

Lrec = − logPψ(f |E) = −
T∑

t=1

logPψ(ft|E, f<t). (5.5)

2) minimizing the difference between the predicted performance v̈ and the real one v. To achieve

this goal, we minimize the Mean Squared Error (MSE) between v̈ and v, defined by:

Lest = MSE(v, v̈). (5.6)
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We integrate the two losses to form a joint training loss L, defined by:

L = λLrec + (1− λ)Lest, (5.7)

where λ is the trade-off hyperparameter to balance the contribution of the two objectives during

the learning process.

Gradient-Optimized Best Embedding Search

Why selecting search seeds matters. When the encoder-evaluator-decoder model converges, we

perform a gradient-based search in the well-built continuous space for better feature selection

results. Similar to the significance of initialization for deep neural networks, good starting points

can accelerate the search process and enhance its performance. These points are called “search

seeds”. Thus, we first rank the selection records based on the corresponding model performance.

Then, the top-K selection records are chosen as search seeds for searching for better embeddings.

Gradient-ascent Optimizer Search. Assuming that one of the top-K selection records is (f , v).

We input f into the encoder to obtain the embedding E = [h1,h2, · · · ,hT ]. Then, we move each

embedding in E along the gradient direction induced by the evaluator ω:

h+
t = ht + η

∂ω

∂ht
,E+ = {h+

1 ,h
+
2 , · · · ,h+

T , }, (5.8)

where η is the step size and E+ is the enhanced embedding. We should set η within a reasonable

range (e.g., small enough) to make the model performance of the enhanced embedding E+ is better

than E, denoted by ω(E+) ≥ ω(E). We conduct the search process for each record and collect

these enhanced embeddings, denoted by [E+
1 ,E

+
2 , · · · ,E+

K ]. Since we have embedded discrete se-

lection records into d dimensional embedding space, the time complexity of the searching process
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is independent of the size of the original feature set.

Optimal Feature Subset Reconstruction

The enhanced embeddings indicate possible better feature selection results. To find the optimal

one, we should reconstruct the feature ID tokens using them. Specifically, we input [E+
1 ,E

+
2 , · · · ,E+

K ]

into the well-trained decoder to get the reconstructed feature ID tokens [f+1 , f
+
2 , · · · , f+K ]. We do not

need to set the number of feature ID tokens throughout the decoding process; instead, we identify

each token until the stop token, similar to how natural language generation works. Then, we use

them to select different feature subsets from the original feature set. Finally, we adopt the down-

stream ML model to evaluate these subsets and output the optimal feature ID tokens f∗, which can

be used to select the best feature subset with the highest model performance.

Experiments

In this section, we present detailed experimental setups and conduct comprehensive experimental

analyses and case studies to validate the efficacy of the proposed model.

Experimental Setup

Dataset Description.

We conducted extensive experiments using 19 publicly available datasets from UCI, OpenML,

CAVE, Kaggle, and LibSVM. These datasets are categorized into 3 folds based on the types of ML

tasks: 1) binary classification (C); 2) multi-class classification (MC); 3) regression (R). Table 5.1
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shows the statistics of these datasets, which is accessible via the website address provided in the

Abstract.

Evaluation Metrics.

For the binary classification task, we adopted F1-score, Precision, Recall, and ROC/AUC. For the

multi-classification task, we used Micro-F1, Precision, Recall, and Macro-F1. For the regression

task, we utilized 1-Mean Average Error (1-MAE), 1-Mean Square Error (1-MSE), and 1-Root

Mean Square Error (1-RMSE). For all metrics, the higher the value is, the better the model perfor-

mance is.

Baseline Algorithms.

We compared GAINS with 10 widely used feature selection methods: (1) K-Best selects K features

with the highest feature scores [107]; (2) mRMR intends to select a feature subset with the great-

est relevance to the target and the least redundancy among themselves [70]; (3) LASSO selects

features by regularizing model parameters, which shrinks the coefficients of useless features into

zero [86]; (4) RFE recursively removes the weakest features until the specified number of features

is reached [27]; (5) LASSONet designs a novel objective function to conduct feature selection in

neural networks [55]; (6) GFS selects features using genetic algorithms, which recursively gen-

erates a population based on a possible feature subset, then uses a predictive model to evaluate

it [54]; (7) MARLFS builds a multi-agent system for selecting features, wherein each agent is

associated with a single feature, and feature redundancy and downstream task performance are

viewed as incentives [61]; (8) SARLFS is a simplified version of MARLFS, which uses one agent

to determine the selection of all features in order to alleviate computational costs [64]; (9) RRA

first collects distinct selected feature subsets, and then integrates them based on statistical sorting
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distributions [80]; (10) MCDM first obtains a decision matrix using the ranks of features, then as-

signs feature scores based on the matrix for ensemble feature selection [33]. Among the discussed

baseline models, K-Best and mRMR fall under the category of filter methods. Lasso, RFE, and

LassoNet are considered as embedded methods. GFS, SARLFS, and MARLFS are classified as

wrapper methods. Lastly, RRA and MCDM are representative of hybrid feature selection methods.

We randomly split each dataset into two independent sets. The prior 80% is used to build the

embedding space, and the remaining 20% is used to search for the optimal feature space. We

conducted all experiments using the hold-out setting to ensure a fair comparison. We adopted

Random Forest as the downstream machine learning model and reported the performance of each

method by running five-fold cross-validation on the testing set. Random Forest is a robust, stable,

well-tested method, thus, we can reduce performance variation caused by the model, and make it

easy to study the impact of the result of feature selection.

Hyperparameter Settings and Reproducibility.

We ran MARLFS for 300 epochs to collect historical feature subsets and the corresponding down-

stream task performance. To augment data, we permutated the index of each feature subset 25

times. These augmented data can be used for GAINS training. The Encoder and Generator have

the same model structure, which is a single-layer LSTM. The Predictor is made up of 2-layer feed-

forward networks. The hidden state sizes of the Encoder, Decoder, and Predictor are 64, 64, and

200, respectively. The embedding size of each feature index is 32. To train GAINS , we set the

batch size as 1024, the learning rate as 0.001, and λ as 0.8 respectively. During the model inference

stage, we used the top 25 feature selection records as the initial points to search for the optimal

feature space.
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Environmental Settings

All experiments were conducted on the Ubuntu 18.04.6 LTS operating system, AMD EPYC 7742

CPU, and 8 NVIDIA A100 GPUs, with the framework of Python 3.9.10 and PyTorch 1.8.1 [68].

Performance Evaluation

Table 5.1: Overall performance comparison. ‘C’ for binary classification, ‘MC’ for multi-class
classification, and ‘R’ for regression. The best results are highlighted in bold. The second-best

results are highlighted in underline. (Higher values indicate better performance.)

Dataset Task #Samples #Features Original K-Best mRMR LASSO RFE LASSONet GFS SARLFS MARLFS RRA MCDM GAINS

SpectF C 267 44 75.96 78.21 79.16 75.96 80.80 75.96 75.01 75.96 75.96 79.16 80.36 87.38
SVMGuide3 C 1243 21 77.81 75.13 75.34 75.95 78.07 76.44 83.12 79.48 81.32 77.63 76.66 83.68

German Credit C 1001 24 64.88 66.67 65.81 69.65 64.86 58.20 67.54 63.32 69.00 69.69 70.85 75.34
Credit Default C 30000 25 80.19 80.59 80.59 77.94 80.28 80.05 79.96 80.05 80.24 75.39 74.46 80.61

SpamBase C 4601 57 92.68 92.02 91.91 91.74 91.68 88.39 92.25 90.94 92.35 89.43 88.95 92.93
Megawatt1 C 253 38 81.60 78.55 80.08 83.78 80.08 81.03 77.42 82.75 79.33 87.78 85.11 90.42
Ionosphere C 351 34 92.85 91.38 95.69 86.98 95.69 85.58 91.34 94.27 88.48 92.74 88.64 97.10

Activity MC 10299 561 96.17 96.07 95.92 95.92 95.87 96.17 96.12 95.87 95.87 95.58 96.12 96.46
Mice-Protein MC 1080 77 74.99 78.69 76.84 78.71 77.29 78.23 77.35 74.53 77.30 70.86 78.69 79.16

Coil-20 MC 1440 400 96.53 95.84 95.49 95.84 96.52 82.97 95.49 94.79 95.47 95.15 95.50 97.22
MNIST MC 10000 784 92.70 92.75 92.35 92.20 92.25 87.05 91.60 91.70 91.75 90.40 92.65 93.20

MNIST fashion MC 10000 784 80.15 80.80 80.00 79.90 80.50 78.85 80.60 80.10 80.15 78.85 80.20 81.00

Openml 586 R 1000 25 54.95 57.68 57.29 60.67 58.10 58.60 63.27 55.76 57.21 57.80 57.95 64.00
Openml 589 R 1000 25 50.95 54.09 54.03 59.74 54.25 54.80 44.72 38.64 52.77 54.54 55.43 59.76
Openml 607 R 1000 50 51.74 53.03 53.03 58.10 54.39 53.63 45.70 55.32 53.94 55.41 55.56 66.01
Openml 616 R 500 50 15.63 24.75 24.44 28.98 24.08 16.32 52.93 25.37 25.83 23.32 22.92 47.39
Openml 618 R 1000 50 46.89 51.33 51.33 47.41 50.64 50.69 52.40 50.18 51.71 50.93 50.90 59.13
Openml 620 R 1000 25 51.01 53.57 53.57 57.99 53.96 54.29 61.99 34.45 53.68 56.24 55.66 62.58
Openml 637 R 500 50 14.95 20.72 20.72 26.02 17.82 18.97 40.12 19.54 23.72 22.38 22.16 42.12

* We reported F1-Score for classification tasks, Micro-F1 for multi-class classification tasks, and 1-RAE
for regression tasks.

Overall Comparison.

This experiment aims to answer: Can GAINS effectively select the feature subset with excellent

performance? Table 5.1 shows the overall comparison results in terms of F1-score, Micro-F1, and
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1-RAE. We observed that GAINS outperforms other baseline models across all domains and var-

ious tasks. The underlying driver for this observation is that GAINS converts the discrete feature

selection records into a discriminative and effective embedding space by integrating the knowledge

of historical selection records. It enables the gradient-based search to effectively perceive the prop-

erties of the original feature set to obtain superior feature subsets. Another interesting observation

is that the performances of various baseline models vary over datasets: high in certain datasets,

yet low in other datasets. Such an observation indicates that classic feature selection methods can

address the feature selection task in a limited number of data environments, but perform unstably

in diverse data environments. Overall, this experiment demonstrates that GAINS has effective and

robust performance in various data environments and application scenarios.

Examining the impact of data collection and augmentation.

This experiment aims to answer: Is it essential to collect feature selection records and augment

them to maintain GAINS performance? To establish the control group, we developed two model

variants: 1) GAINS−d, we collected feature selection records at random rather than building basic

feature selectors. 2) GAINS−a, we removed the data augmentation process of GAINS. Figure 5.2

shows the comparison results on Spectf, German Credit, OpenML 589, and Mice Protein. We

found that the performance of GAINS is much better than GAINS−d. The underlying driver is

that, compared to random generation, selection records generated by feature selectors are more ro-

bust and denoising, which is important for creating a more effective embedding space for searching

better feature subsets. Moreover, we observed that GAINS is superior to GAINS−a in all cases.

The underlying driver is that data augmentation can increase the data diversity, resulting in a more

robust and effective learning process for GAINS. Thus, this experiment validates that data collec-

tion and augmentation is significant for maintaining GAINS performance.
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Figure 5.2: The influence of data collection (GAINS−d) and data augmentation (GAINS−a) in
GAINS.

Study of the scalability of GAINS.

This experiment aims to answer: Does GAINS have excellent scalability in different datasets? Ac-

cording to the dimensionality of the feature set, we chose 6 datasets: SVMGuide3, Megawatt1,

Spambase, Mice Protein, Coil-20, and MNIST, from small to large. We analyzed the variation in

the average time required to make an inference during a single search step and in the parameter

size employed by the encoder-evaluator-decoder model. Figure 5.3 (a-b) shows the comparison

results in terms of Parameter Size and Inference Time. We found that in spite of the almost 40-
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Figure 5.3: Scalability check of GAINS in terms of feature size, parameter size, inference time,
data preparation time, and training time.

fold increase in feature dimension from SVMGuide3 to MNIST, the inference time increases by

just about 4-fold, and the parameter size only enlarges by almost 2-fold. The underlying driver

for this observation is that the deep feature subset embedding module has integrated the knowl-

edge of discrete selection records into a fixed continuous embedding space, significantly reducing

the searching time and embedding model size. The time-cost bottleneck is only caused by the

downstream ML model validation. Therefore, this experiment validates that GAINS has strong

scalability when dealing with datasets of varying dimensions.
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Study of the time cost of data preparation and model training.

This experiment aims to address the following question: What are the computational costs in terms

of data preparation and model training? The same as the scalability examination, we selected

six datasets with varying dimensions, i.e., SVMGuide3, Megawatt1, Spambase, Mice Protein,

Coil-20, and MNIST. Figure 5.3 (c-d) illustrates the comparison of the corresponding time costs.

From Figure 5.3 (c) We found that the time cost for data preparation correlates with the feature

dimension. For instance, the MNIST dataset, encompassing 784 feature columns, necessitates

approximately 26,547.5 seconds for collecting sufficient samples. In contrast, the Coil-20 dataset,

comprising 400 feature columns, demands a lesser duration of 1344.56 seconds. Interestingly, the

Mice Protein dataset, despite only encompassing 77 feature columns, necessitates 3985 seconds.

This observation indicates that the time cost of the reinforcement learning-based data preparation

module is associated with the number of feature columns, the sample size, and the complexity of

the downstream task. Figure 5.3 (d) shows the model training duration increases proportionately

with the number of feature columns, thereby validating the findings of the scalability examination.

This illustrates that GAINS requires only a finite number of epochs for reinforced data collection,

thereby significantly reducing the time cost for exploration relative to RL-based methods such as

SARLFS and MARLFS. Secondly, the training time remains unaffected by the sample size or the

complexity of the downstream task, indicating that our continuous optimization method can make

the feature selection process more efficient.

Study of the impact of hold-out percentage.

This experiment aims to answer: How does the variation in hold-out settings impact our proposed

model? In the experiment setup section, we partitioned the dataset randomly into two independent

subsets. The larger subset, comprising 80% of the total, was allocated for data preparation, model
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Figure 5.4: Robustness check of GAINS when confronted with distinct downstream ML models
in terms of F1-score on German Credit.

training, and validation, whereas the remaining 20% functioned as a holdout set to evaluate the

performance of the optimally constructed feature subset. We further explored this holdout set-

ting and conducted an experiment to exemplify its effectiveness, with the results being depicted in

Figure ??. Figure ?? reveals that different datasets display distinct trends. For instance, the Iono-

sphere dataset’s performance is enhanced with a smaller test split. Conversely, the performance on

the Spectf dataset remains relatively constant, irrespective of fluctuations in the split setting. More-

over, a smaller test split shows a negative influence on the performance of the OpenML 607 and
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Mice Protein datasets. Various elements, such as the randomness of the dataset partitioning and the

volume of the training data, can affect these datasets’ performance. Notwithstanding, we observed

consistently significant improvements between the performance lines of the optimized and original

feature sets. This observation indicates that the holdout percentage setting does not influence our

proposed method’s optimization for the original datasets, thus substantiating the model’s robust-

ness. Therefore, his experiment demonstrates that GAINS can comprehend the feature selection

knowledge and produce better feature selection results regardless of the hold-out percentages.

Robustness check of GAINS over downstream ML tasks.

This experiment aims to answer: Does our proposed model exhibit robustness when confronted

with various machine learning models serving as downstream tasks? We proceeded to substitute

the downstream machine learning model with Random Forest (RF), XGBoost (XGB), Support

Vector Machine (SVM), and K-Nearest Neighborhood (KNN) respectively. Figure 5.5 shows the

comparison results on the German Credit dataset in terms of the F1-score. It was observed that

our proposed model consistently outperforms other baseline models regardless of the downstream

model in use. The underlying driver for this observation is that GAINS has the capacity to cus-

tomize the deep embedding space based on the performance evaluation conducted by a specific

downstream machine learning model. This leads our model with a noteworthy degree of cus-

tomization capability. Therefore, this experiment validates the robustness of our proposed model

when confronted with different downstream tasks.
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Figure 5.5: Robustness check of GAINS when confronted with distinct downstream ML models
in terms of F1-score on German Credit.

Study of the size of selected feature subsets.

This experiment aims to answer this question: Is our proposed model capable of selecting a small,

yet effective, feature subset? We randomly selected seven datasets and compared the size of the

feature set of our proposed model with the best-performing baseline model and the original feature

set. Figure 5.6 shows the comparative results, represented in terms of feature ratio. The feature

ratio provides an indication of the proportion of selected features relative to the entire feature
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Figure 5.6: Comparison of the feature set size of GAINS, the best baseline model (Second Best),
and the original feature set (Original).

set. We found that the feature subset selected by our model is substantially smaller than that

of the second-best baseline, yet it maintains superior performance. A plausible explanation for

this observation is that the joint optimization of feature subset reconstruction loss and accuracy

estimation loss enhances the denoising capability of gradient search, reduces noise and redundancy

in features, and ultimately selects a compact but effective feature subset. Therefore, this experiment

demonstrates that the features selected by GAINS can not only improve model performance but

also decrease computational expenses.

Study of the hyperparameter sensitivity of GAINS.

This experiment aims to answer: To what extent is the performance of GAINS sensitive to the values

of the trade-off parameter λ and step size η? There are two major hyperparameters, training trade-

off λ and the step size η of each search step. A higher λ will make the model more concentrated

on the loss from the reconstruction of sequence, and a higher η make the model search more
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aggressive. We set η varies from 0.1 to 1.0, and λ from 0.1 to 0.9, then train the GAINS on

German Credit. The model performance is reported in Figure 5.7. Overall, we observed that the

model performance will change slightly on different step size settings. Further, a balanced (i.e., 0.5

or 0.6) model training trade-off value will slightly bring a higher downstream performance. These

findings provide insight into how η and λ impact the performance of our model and how we might

choose optimal values for these hyperparameters.
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Figure 5.7: The hyperparameter sensitivity test on German Credit.

Related Work

Feature Selection can be broadly categorized as wrapper, filter, and embedded methods according

to the selection strategies [56]. Filter methods choose the highest-scoring features based on the

feature relevance score derived from the statistical properties of the data [70, 7, 15]. For instance,

K-Best [107] algorithm operates by ranking all features based on a specific criterion or metric.

This criterion could be a correlation with the target variable, mutual information, or any other sta-

tistical measure that reflects the significance or importance of the feature. Once the features are
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ranked, the top ”k” features are selected. These approaches have low computational complexity

and can efficiently select features from high-dimensional datasets. But, they ignore feature-feature

dependencies and interactions, resulting in suboptimal performance. Wrapper methods assess the

quality of the selected feature subset based on a predefined machine learning (ML) model in an

iterative manner [54, 64, 20, 19, 1]. The performance of these methods is typically superior to that

of filter methods because they evaluate the entire feature set. MARLFS [61] adopted a multi-agent

reinforcement approach to manipulate and construct the combination of the features, which is ef-

fective to search the solution. Besides, many reinforcement learning approaches [94, 103, 102]

show great potential for feature engineering knowledge exploring. However, enumerating all pos-

sible feature subsets is an NP-hard problem, leading to cannot identify the optimal feature subset.

Embedded methods convert the feature selection task into a regularization item in a prediction

loss of the ML model to accelerate the selection process [86, 55, 27, 50, 49]. LassoNet [55] is a

representative embedded method that combines the regularization properties of the Lasso and the

expressive power of neural networks. The method is designed to handle high-dimensional data

with intricate and non-linear relationships among the features. The key principle behind LassoNet

is that it introduces sparsity, just like Lasso, but in the weights of a neural network. LassoNet,

thus, combines Lasso (Least Absolute Shrinkage and Selection Operator) with a feedforward neu-

ral network. These methods may have outstanding performance on the incorporated ML model

but are typically difficult to generalize to others. Moreover, other works have proposed hybrid fea-

ture selection methods, which have two technical categories: 1) homogeneous approach [78, 71];

2) heterogeneous approach [32, 79]. Their performance is all limited by their basic aggregat-

ing methods. Unlike these works, GAINS proposes a new feature selection perspective, which

maps historical discrete selection records into a continuous embedding space and then employs the

gradient-based search to efficiently identify the optimal feature subset.
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Conclusion Remarks

In chapter, our research has challenged traditional views of feature selection as a discrete choice

problem and instead considered a novel research question: is it feasible to approach feature se-

lection within a continuous space, thus enhancing its automation, effectiveness, and generaliz-

ability? In pursuit of an answer, we proposed a fresh perspective that transforms the discrete

feature selection process into a gradient-optimized search, thereby reformulating feature selection

as a continuous optimization task. Our study proposed a robust four-stage framework that inte-

grates: 1) Automated reinforcement training data preparation, 2) Deep feature subset embedding,

3) Gradient-optimized feature subset search, and 4) Feature subset reconstruction. Our research

findings have offered significant insights: 1) We demonstrated that reinforcement feature selec-

tion can act as a powerful tool for automated training data collection, significantly enriching the

diversity, scale, and comprehensiveness of the training data. 2) We established that the joint opti-

mization of the encoder, evaluator, and decoder can efficiently construct a continuous embedding

representation space. 3) We found that treating discrete feature selection as a gradient search

strategy can effectively reduce feature subset sizes and boost generalization. This novel method

proved to be automated, effective, and input dimensionality agnostic. Ultimately, these findings

underscore the potential of our proposed approach in improving the effectiveness and efficiency of

automated feature selection, thereby opening up new avenues for future research in this domain.
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CHAPTER 6: CONCLUSION AND FUTURE DIRECTIONS

Conclusion

In this dissertation, I focus mainly on two key areas in data-centric AI: feature generation learning

and feature selection learning. More specifically, I propose two innovative research perspectives

for the two tasks and present corresponding practical approaches:

1. Decision-Making Perspective: Self-Optimizing Feature Generation Learning. I introduce a

group-wise reinforced feature generation framework designed to optimize feature space re-

construction. This framework formulates feature generation as an iterative process, struc-

tured into three Markov Decision Processes (MDPs). An innovative cascading agent struc-

ture is developed for selecting candidate features and operations, facilitating the creation

and integration of new features into the existing space in each iteration. Furthermore, an

M-clustering algorithm enhances the process’s efficiency by forming robust feature clusters

from the information theory perspective. This framework generates feature groups at each

iteration instead of individual features. It aims to improve downstream task performance

while reducing feature set redundancy.

2. Decision-Making Perspective: Self-Optimizing Feature Selection Learning. I formulate fea-

ture selection as a Markov Decision Process and introduce a reinforced, single-agent Monte

Carlo-based approach for feature selection. This approach involves a reinforced agent specif-

ically developed to navigate through the feature set. The agent is to make decisions on feature

inclusion to optimize downstream task performance and minimize feature set redundancy.

Moreover, an early stopping strategy is proposed to enhance training efficiency. The utiliza-

tion of decision history, derived from the feature traversal strategy, diversifies training data,
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thereby enhancing the robustness and effectiveness of the training process. Additionally, an

interactive reinforcement learning strategy is employed to integrate domain knowledge to

accelerate the learning procedure.

3. Generative-AI Perspective: Autoregressive Feature Generation and Selection Learning. I pro-

pose a unified optimization framework to reformulate feature generation and selection, re-

ducing model complexity while improving performance. Drawing inspiration from genera-

tive AI, it hypothesizes that feature learning knowledge can be embedded into an embedding

space for enhanced feature space exploration. The framework comprises four significant

steps: 1) Data Collection: This stage gathers sufficient pairs of feature ID sequences and

corresponding model accuracies, utilizing a self-optimizing feature learning framework. 2)

Feature Learning Knowledge Embedding: An encoder-evaluator-decoder framework is in-

troduced to embed feature learning knowledge within an embedding space. Each point in

this space correlates to a specific feature generation or selection sequence and its associated

model performance. 3) Gradient-steered Search: The process involves identifying locally

optimal feature knowledge embeddings based on model performance. These embeddings

are then navigated using gradients from a well-trained evaluator, aiming to maximize down-

stream task performance. 4) Feature Space Reconstruction: Enhanced embeddings are input

into the well-trained decoder to regenerate feature generation or selection sequences. I then

construct a new feature space following these sequences, ultimately selecting the highest-

performing feature space as the final output.

Future Directions

In the future, the ultimate goal of this research is to develop a foundation model in the feature

learning domain. To achieve this goal, I have outlined the potential research directions in the
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following paragraphs:

D1: Large Sequential Model for Intelligent Feature Learning. The success of the sequential-

generation-based feature space refinement framework I developed signifies the practicality of em-

bedding feature learning knowledge into a continuous space. This motivates my intention to devise

a robust sequential model optimized for the automated feature learning domain. Such a model

can be efficiently and swiftly fine-tuned for varying sub-tasks. This process promises significant

resource savings and improves the generalizability and applicability of existing feature learning

techniques. To this end, I will focus on developing a practical large-scale model within the feature

learning domain. This will be accomplished through three stages: 1) I will obtain a substantial

collection of large, unlabeled datasets; 2) I aim to design a sequential model, potentially a Trans-

former, with the aim of embedding the acquired dataset knowledge into an effective embedding

space; 3) under supervised conditions, I will fine-tune this well-trained model across different

sub-domains to expedite the acquisition of optimal feature space.

D2: Federated Feature Learning for Distributed Data. In the practical context, data is often

stored in disparate repositories across various regions, rendering the centralization of this data for

feature engineering a challenging task due to constraints related to data confidentiality, transporta-

tion expenditures, and network bandwidth. In response to these challenges, I aim to develop a

federated feature engineering pipeline. The execution of this objective will ensure through three

distinct tasks: 1) The construction of a distributed learning framework capable of efficiently orga-

nizing and assimilating information from data stored in diverse repositories; 2 The formulation of

privacy-preserving computation strategies tailored specifically for the aforementioned distributed

learning framework; and 3) The proposal of parallel learning paradigms to accelerate the feature

engineering process.

D3: Real-Time Feature Learning for Streaming Data. Despite the proven effectiveness and
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efficiency of my prior work on automated feature engineering with static data, streaming data

introduces a distinct set of challenges vital for real-world implementation. My proposed plan

to adapt these techniques for real-time scenarios addresses the intricacies of feature engineering

within streaming data, including distribution shifts, the discrepancy between slower feature engi-

neering training speeds and data streaming speeds, and the constant fluctuation of feature addition

and elimination. To effectively mitigate these challenges, I propose a threefold approach: 1) I

will develop incremental updating strategies to reconcile the impact of both old and new data and

capture distribution shifts; 2) I will design adaptive sampling windows to align the pace of feature

engineering training with data streaming; 3) I propose the creation of innovative feature engineer-

ing pipelines adept at managing the complexities of cold-start feature space changes.

D4: Fairness-awareness in Feature Space Learning. This research trajectory, focused on in-

stituting fairness in the feature learning domain, will specifically address two tasks: 1) ensuring

fairness over demographic features and 2) maintaining fairness among noisy and distorted features.

My research will explore the concept of fairness in feature learning through several key avenues:

1) Fairness Evaluation: The goal is to devise innovative feedback paradigms or metrics capable

of justifying fairness within the framework of feature learning. 2) Unfairness Detection: This

aims to identify any features that may introduce unfairness into downstream tasks. 3) Unfairness

Elimination: This component is targeted at creating new feature engineering pipelines dedicated

to eradicating discrimination. 4) Balancing Fairness and Discrimination: This entails the sensitive

task of finding a compromise between fairness and other ethical considerations within the feature

learning process.
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