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PREFACE 

· Chapter I of this paper presents a review of several commonly used 

concentration measures. Chapter II focuses on the Grossack Model 

of Permanent Industrial Concentration and explains it in depth. 

Chapter III and Appendix A explain the mathematical methodology and 

statistical tests used to evaluate the Grossack Model Indices. Chapter 

IV and V present the results and conclusions of.the statistical tests. 

Appendix B contains information on, and a source listing of, the com­

puter prog.ram used to perform the statistical tests and Print Tables 

3-26. 
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ABSTRACT 

Several commonly used concentration measures are defined and dis­

cussed. The Grossack Model of Permanent Industrial Concentration 

and its three concentration indices are explained. Monte Carlo 

Techniques are used to generate synthetic data which is then used to 

compute theoretical values of the Grossack Model Indices. Values 

of other commonly used concentration indices are computed for com­

parison purposeso The Grossack Model Indices are then subjected to 

a variety of statistical tests. The results of these tests are presented 

and evaluated and a conclusion is drawn. 
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I. -~EVIEW OF COMMON CONCENTRATION INDICES 

The concept of concentration is concerned with the relative distri­

bution of sizes of firms within and between industries and is, gener­

ally speaking, closely linked to the level of competitive activity in an 

industry. If Industry A consists of one firm with a 50o/o market share 

and two firms each with 25o/o market shares, and Industry B consists 

of one 60o/o firm and two 20o/o firms, then the question arises, "Which 

industry is more concentrated?" To this end, v:arious mathe-

matical measures or concentration indices have been developed by 

econometricians in order to provide an answer to questions of this 

type. 

The simplest and easiest to understand of the concentration 

indices is the concentration ratio '\Vhich is merely the sum of the mar­

ket shares of the k largest firms in an industry, where the firm's rank 

and market share are determined according to some given criteria 

such as assets, sales, output, profits, employment, and so on. 

That is, 

CR = k 

k 
~ 

i = 1 
X. 

1 
(1-1) 

where X. is the market share of the i'th largest firm of the industry in 
1 

question. The most commonly used concentration ratios are those for 

four, eight, and twenty firms (CR
4

, CR
8

, CR
20

). Concentration 

ratios are computed and made available by the Bureau of the Census 

at regular intervals. 

Concentration ratios have the disadvantage that they do not 

reflect monopolistic tendencies within an industry. As can be seen 

2 
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from (1-1 ), if a very large firm absorbs a very small firm, the 

resultant change in CRk will be very small. The limitations of CRk 

as a concentration index were explained by Marshall Hall and 

Nicolaus _Tideman (1]. Hall and Tideman identified six properties a · 

"good" concentration index should possess: 

(1) The index should be unambiguous and one dimensional. It should 

be obvious to the user of the statistic whether one industry is more, 

less, or equally concentrated than another. 

(2) Concentration is independent of the actual size of the industry. 

Rather, concentration should be a function of the relative shares of 

the firms in the industry. M.A. Adelman [2, p. 100] detailed another 

difficulty relating to the actual size of an industry when he stated 

that "n, the number of firms, is inherently unknowable and is subject 

to large arbitary variation. 11 Thus, if the number of firms in an 

industry is unknown, the total size of the industry is also an unknown. 

(3) The concentration index should change if there is a change in the 

relative rankings of firms within the industry. It should increase if 

there is a shift of market share from a small firm to a large firm 

and it should decrease for a shift in the opposite direction. 

(4) If each firm in an industry is split into n equal sized firms, the 
1 

concentration index should be reduced by a factor of-. 
n 

(5) If an industry consists of n equal sized firms, the concentration 

index should be a decreasing function of n. 

(6) A concentration index should be scaled to range from 0 to 1. 

The concentration ratio, CRk, does not satisfy properties 2, 3, and 

4, because, first of all, CRk deals only with k firms at a time, 

ignoring the rest, and secondly, because it weights each firm 

equally. 

Another commonly used index, developed by 0. C. Herfindahl 

in 1950 [3], satisfies all six of the above properties. In the 
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Herfindahl Index each firm is weighted [Equation (1-2)] by its relative 

share of the total market. Thus, the relative sizes of firms are 

more important than the absolute number of firms. The formula 

for the Herftndahl Index is: 

n 

I-I = ~ x2 

i = 1 i 
(1- Z) 

where X. is as in (1-1) and n is the total number of firms in an 
1 

industry. Hall and Tideman [1] criticize the Herfindahl Index on the 

grounds that it deemphasizes the importance of the total number of 

firms, and they feel that the number of firms in an industry is indica­

tive of entry requirements for that industry. They argue that a large 

number of firm~ in an industry indicates easy entry, while a small 

number of firms indicates that entry is difficult. However, it should 

be pointed out that, in reality, the ease with which a firm enters an 

industry is determined more by such factors as capital requirements, 

management abilities and experience, and the potential ability of 

the new firm to succeed. The number of firms in an industry is 

important only inasmuch as it reflects these factors. Similarly, 

the idea that a large number of firms in an industry indicates easy 

entry is not necessarily true. Consider the computer industry, 

where competition is fierce, despite the fact that one firm (IBM) 

has an overwhelmingly large market share. The cost of entering 

the industry is extremely high, yet there is a large number of 

firms in the industry. 

However, the ability of firms in a given industry to prevent 

other firms from entering the industry does affect the ease with 

which new firms can enter that industry. Hall and Tideman [1] 

developed a concentration index which weighted each firm by its 

rank in the industry, thereby emphasizing the absolute number of 

firms in an industry: 



n 
HLT= 1/ [2 i~ 1 iXi- 1] 

5 

(1-3) 

The I-Iall-Tideman Index, of course, satisfies all six properties. 

Michael 0. Finkelstein and Richard M. Friedburg [4] developed 

another concentration measure, called the entropy measure because 

it resembles the entropy measure of the kinetic theory of gases in 

Physics. Finkelstein and Friedburg conjectured that if the degree 

of competitive activity of k equal sized firms is f(k), then the con­

tribution of each firm is t: f(k). They then assume that a few large 

firms constitute a greater competitive threat than a greater number 

of proportionately smaller firms. Based on this assumption, they 

concluded [ 4, p. 691] that "The contribution each firm tnakes to the 

total degree of competitive activity will be equ'al to the contribution 

that firm would make in a market otherwise identical but composed 

solely of firms equal to it in size. 11 Denoting the entropy measure 

of concentration by C, it follows that: 
1 1 1 

f(C) = - f(n
1

) + - f(n2 ) + ••• + - f(nk) 
n1 n2 nk 

(1-4) 

where (1/n.) is the market share of the i'th firm. If all firms are 
1 

of equal size, then 

f(C) = f(k) 

c = k. 

(1- 5) 

(1-6) 

Finkelstein and Friedburg chose a simple log function for f because 

it has the property of increasing without bound at a diminishing 

rate (that is, it assumes a slow decrease in competitive activity as 

the number of firms in an industry declines). This gives 

1 1 1 
log c = -;;_/og nl + nz log nz + ••• + nk log~ (1-7) 

C = 1/n1 1/nz n 1/nk = ~ 
n1 n2 ••• k 

i= 1 

1/n. n. 1 
1 

(1-8) 
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In terms of market shares, this becom.es: 

k c = 1T 
-X· X t 

i (1-9) 
i = 1 

-
The entropy measure is a kind of ''Numbers -Equivalent." 

Finkelstein and Friedburg state [4, p. 691] that: "We say that two 

markets are equivalent if they have the same total competitive 

activityo Given any market we seek to determine an equivalent 

equal-firm market. The entropy measure, which we denote by C, 

is the number of firms in this equivalent market. 11 

M.A. Adelman [2] commented on using the inverse of the 

Herfindahl Index as a numbers -equivalent. He expressed the 

Herfindahl Index in terms of the mean and variance of the sample of 

firms, as follows: 

2 
no- = H-(1/n) (1-1 0) 

\Vhere H is the Herfindahl Index for a particular sample, n the 

number of firms in the sample, and o-2 
the variance of the sample. 

If the industry in question consists of equal sized firms, the variance 

is zero and (1-1 0) reduces to: 

N = 1/H (1-11) 

Where N is a numbers -equivalent, the number of equal sized firms 

necessary in an industry to generate the specific index of concentra­

tion. 

Janos Horvath [5] came up with another concentration index 

called the 11 Comprehensive Concentration Index, II which incorporates 

both relative and absolute market shares. The index is defined as: 

n Z 
CCI = x

1 
+ L (X.) (Z - X.) 

j= z J J 
(1-1 Z) 

Where x
1 

is the net market share of the largest firm in the industry 

and X. is the net market share of the j'th largest firm in the industry. 
J 

Hence, the largest firm is given a weight of unity. The remaining 



firms are weighted according to the market share they do not have. 

The CCI Index differs from the H Index in that the CCI treats the 

largest firm independently and adds the weight factor of (2-X.) for 
J 

the other iil!-ms. 

7 

The concentration indices discussed thus far have two things in 

common: First: they are all static measures, which cannot indicate 

the degree of monopoly in an industry since the monopoly power of 

large firms depends on their ability to inhibit the entry and growth of 

small firms. However, this can only be measured over time, and 

static measures of concentration cannot incorporate the time dimen­

sion. Second: the indices presented concern themselves only with 

observed market shares. Irvin M. Grossack (6] proposed three 

"permanent" concentration indices based on a dynamic model which 

divides the observed market shares into permanent and transitory 

components. Professor Grossack then develops estimates of his 

indices based on observed market shares from two time periods. 



lL THE GROSSACK MODEL AND INDICES 

Irvin M. Grossack [6] developed three dynamic measures of 

concentration which attempt to measure the ability of large firms in 

an industry to inhibit the entry and growth of small firms. Since 

this power must be measured over time, only a dynamic measure can 

incorporate this power. Professor Grossack divides the variables 

which determine a large firm's power into two components: a perma­

.nent and a transitory component. The author then goes on to point 

out that it is possible to isolate the permanent and transitory compo­

nents in some "base" year only with respect to some "reference" 

year. 

Professor Grossack develops his model with the following defini­

tions, assumptions, and restrictions. Designating xiO and xit as 

deviations of the i 'th firm's market shares from the mean (for years 

0 and t), the first as suinption is that the total deviations from the 

mean are equal to the sum of the permanent and transitory deviations 

from their means. That is, 

X. Q = X. 0 + X. 0 1 1 p 1 s 
(2-1) 

x. x. + x. 
1t = 1tp 1ts 

where the p and s subscripts denote the permanent and transitory 

components. The next assumption is that the permanent components 

in years 0 and t are perfectly correlated, and, correspondingly, the 

transitory components in years 0 and tare perfectly uncorrelated. 

In other words, 

r ( x. 0 , x. t ) = 
1 p 1 p 

1 (2-2) 

8 



r (x. 
0 

, x. ) = 0 
1 s 1ts (2-3) 

The author then assumes that the permanent and transitory compo­

nents in any particular year are perfectly unrelated. This gives us 

r (X.o ' x. 0 ) = 0 
1 p 1 s 

r (x. , x. ) = 0 
1tp 1ts 

which implies that 

r (x. 
0 

, x. ) = 0 
1 p 1ts 

(2-4) 

(2- 5) 

(2-6) 

r (x. t , x. 
0 

) = 0 '( 2-7) 
1 p 1 s 

9 

The last two assumptions [(2-6) and (2-7)] are especially unrealistic. 

If a large firm were to gain a transitory advantage it would most 

likely attempt to make it a permanent one. Similarly, if a small 

firm gained an advantage, the larger firm would attempt to take it 

.from them adding it to their store of permanent components. Thus, 

the permanent components of year t would probably not be perfectly 

unrelated to the transitory components of year 0, as assumption 

(2-7) suggests. Also, since even "permanent" advantages can and do 

change over time, it is unlikely that the permanent components of 

year 0 are perfectly unrelated to the transitory components of year t, 

as (2-6) implies. 

Grossack defines a Herfindahl Index as derived by Adelman and 

with the sum of squared deviations term modified as the 'true' index 

of permanent concentration. 

n 2 1 
HT (0) = ~ X + - (2-8) 

. 
1 

iOp n 
1= 

where HT (0) is the true index for year 0. The corresponding index 

for year t would be: 

n 
HT (t) = ~ 

i= 1 

2 1 
X. + 1tp n 

(2-9) 
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Since it is impossible to directly measure x and x Professor 
iOp itp' 

Grossack derives approximations for HT based on two different 

assumptions. The first assumption is a proportionality assumption 

which states-that the ratios of the variances of the permanent com­

ponents to the observed data variances are the same for both years. 

Based on this assumption, the author derives 

2 2 
~xiOp = r:ExiO (2-10) 

where r is the correlation coefficient of the observed data (xiO on 

xit). Substituting (2-·1 0) into (2- 8) gives 

n 2 1 
= rL x.

0
+ 

i= 1 l n 
HT = HP (2 -11) 

as an index of permanent industrial concentration, where HP refers 

to the value of HT under the proportionality assumption. The 

second assumption is an equality assumption which states that the 

perm.anent advantages have the same absolute impact on the 

per1nanent components of every firm's market shares in both 

years. The author derives 

2 
L x.

0 l p 
= b L X 

2 
iO 

(2-12) 

where b is the regress ion coefficient of the observed data between 

the two years. Substituting (2-12) into (2-8) gives 

HT = HE = 
n 

b i~1 
2 1 

xiO + ~ (2 -13) 

as another index of permanent industrial concentration. HE t•efers 

to the value of HT under the equality assumption. 

Despite the fact that the model's assumptions are very restric­

tive and somewhat unrealistic, the Grossack Model obviously goes 

to the heart of the problem of monopoly power and represents an 

important theoretical advance. The way of the future appears to 
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be in the direction of a dynamic statistic as a measure of industrial 

concentration. There is an. urgent need, especially in the anti­

trust courts, for a statistic suitable for measuring monopoly power 

and concentration. Professor Grossack does relax some of the 

assumptions of the model. However, he asserts that relaxing the 

assumptions does little to change the concentration indices (HP and 

HE). Such an assertion needs to be tested empirically before any 

claim can be made. 

This research is an attempt to subject HP and HE to statistical 

testing when assumptions (2-6) and (2-7) are relaxed and to draw a 

conclusion based on the results. This will be done when x.
0 

and x. 
1 lt 

are computed by two different methods. · The first method, referred 

to as the addition method, is to compute xiO and xit according to 

equation (2-1). The second method is referred to as the multipli-

cation method, wherein xiO and xit are computed by 

(x. 0 ) (x. 0 ) 
1 p 1 s 

(x.t ) (x.t ) 
1 p 1 s 

(2-14) 

Monte Carlo Techniques are used to generate synthetic values of 

x , x , x , and x for certain specific values of X., where 
iOp iOs its its 

either X. = r(x.
0 

, x. ) or X.= r(x. , x.
0 

). The values of X. used 
1 p 1ts 1tp 1 s 

are ±1, ±o. 9, ~0. 7, ±0. 5, ±o. 3, 0. Values for xiO and xit are then 

obtained by both the addition and multiplication methods. Values of 

HT, HP, and HE are then computed and subjected to appropriate 

stat is tical tests. 



III. MATHEMATICS 

In order to test the properties of the Grossack Model Indices 

when assumptions (2-6) and (2-7) are violated, sample values for 

x.
0 

, x.
0 

, x.t , and x. with specified correlations must be gen-
1 p 1 s 1 p 1ts 

erated. The most effective way to generate the required values is 

to use Monte Carlo techniques to generate synthetic values for 

x.o , 1 p x.o ' 1 s X.t , 1 p 
and X.t with specified correlations where 

1 s 

x.o = x.o x.o 1 p 1 p 1 p 

x.o = x.o x.o 
1 s 1 s 1 s 

i = 1, 2, ••• J n (3 -1) 
x.t = X.t - X.t 

1 p 1 p 1 p 

x.t = X. -X 
1 s 1ts its 

and X.
0 

, X.
0 

, X. , X.t are the permanent and transitory com-
1 p 1 s 1tp 1 s 

ponents of a firm's market share. Since the X's (X.
0 

, X.
0 

, X.t , 
1 p 1 s 1 p 

X. ) represent market shares, they are subject to the following 
1ts 

restrictions, imposed by the structure of the market: 

o<;x <; 1 
iOp 

o<;x <;1 
iOs 

n n 

o<;x <1 
itp 

0 <;X. <; 1 
1ts 

i~ 1 XiO = i~ 1 (XiOp + XiOs) = 1 

n n 
-~~x.t = -~ 1 (X.t + x.t ) 
1= 1 1 = 1 p 1 s = 1 

(3-Z) 

(3-3) 

Since variables generated by Monte Carlo techniques will not auto-

matically conform to restrictions (3 -Z) and (3 -3) above, it is 

12 j 



necessary to transform or normalize the variables so that they 

meet the specifications.* After the variables are normalized, 

they are converted to deviations from means using (3-1) and are 

then used -te compute the indices of the Grossack model. The 

indices are then subjected to a variety of statistical tests. 

13 

The first step in generating the required variables is to com­

pute M, the covariance matrix of the Xa vector where 

x.o 
t p 

x.o 
t s 

(3-4) 

x.t 
t p 

X.t t s • 

Arbitrary values for the variances are chosen based on data from 

the steel and tobacco industries. The values used for the variances 

are given in Table 1. The resultant covariances are then com­

puted using the given values of the variances and correlations: 

cr = ab 
(3-5) 

where ~ab = r ab = r(a; b) = correlation between a and b. This is 

done for the following correlations~ ** 

* The data normalization procedure is explained in detail 
in Appendix A. 

** Note that: r(Xa' Xb) = r(xa, xb) 

where x . = X . - X at at a 

xbi = xbi - xb. 
For proof, refer to Appendix A. 
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Grossack 
Equivalent Model Value used in 

Correlation Correlation Value Computing M 

r(X.
0 

~x. 0 ) r(x. 
0 1 x. 

0 
) 0 (A) 0 (B) 1 s 1 p_- 1 s l p 

r(X.t I X.o ) r (x.t 1 x. 
0 

) . 1 1 1 p 1 p 1 p 1 p 

r(X.t 1 X.
0 ) r(x. 1 x.

0 
) 0 

1 s 1 p 1ts 1 p 

r(X.t I X.o ) r(x.t 1 x. 
0 

) 0 0 1 p 1 s 1 p 1 s 

r(X.t I X.o ) r (x. 1 x. 
0 

) 0 0 
1 s 1 s 1ts 1 s 

r(X.t 1 X.t ) 1 s 1 p 
r (x. ~ x. ) 

1ts 1tp 
0 A 

where A is a scalar which assumes the values X.= 01 ±o. 31 + - o. 5, 

±0.11 ±0.91 ±1. Only one set of correlation values is used at a 

time (.A or B above ) to compute M. It should be noted that the 

effect of using value set (A) above instead of the Grossack Model 

values is to violate assumption (2-6), while (B) violates assump­

tion (2-7). 

Once the M matrix is computed, the next step is to compute 

the lower-triangula:L' factorization of the M matrix: M = PP T 

where P is lower triangular. As M is symmetric, PT is com­

puted by the square root method of Cholesky [7]. 

The elements of Q = PT (nxn) are given by: 

A 

1 

0 

0 

0 

1/2 
q .. = (m .. ) (3-6) 

11 11 

(3-7) qlj = mti/q 11 for j = 2, ••• , n 

i-1 2 1 I 2 
q. . = ( II\ . - ~ qk. ) for j = 2, • • • , n ( 3 - 8) 

11 11 k= 1 1 

1 
q .. = q (m .. 

lJ ii 1J 

i-1 
~ qki qkj) for j = i + 1, ••• , n (3- 9) 
k:l 

and i = 2, •.. , n. 



Since M is a covariance matrix, M is positive definite. Thus, 

except when M is ill-conditioned, the q .. are always real 
11 

15 

numbers. It is possible for the Cholesky method to "fail" (that is, 

one or more -q .. and q .. are complex numbers) if M is ill-condi-
11 1J 

tioned or is not positive definite. 

The next step is to compute the X matrix using the method of 

Neiswanger and Yancey [8]: 

(3 -10) 

where S is a matrix of random normal deviates with mean 0 and 

variance of 1. This produces values for X. 
0 

, X. 
0 

, X. , and 
1 p . 1 s 1tp 

X. based on correlations set (A) or (B). These values are then 
1ts 

normalized to conform to the restrictions of equations (3-2) and 

(3-3). These restrictions are inherent to the system. For 

instance, no firm can have a negative market share, nor can a 

firm have a market share greater than 1 OOo/o, hence (3-2). 

Similarly, the sum of the market share of all the firms in the 

market should equal the entire market, or 1, hence (3-3). The 

nortnalization procedure and its effects are explained in Appendix 

A. It should be noted that the normalization procedure preserves 

correlations but does not preserve variances or covariances. 

Once the variables are normalized, the net market shares 

are computed for times 0 and t: 

X1. 0 = X. 0 + X. 0 . 1 p 1 s 
(3 -11) 

xit = xitp + xits. 

The values of X and X are then sorted into descending order 
iO it 

and the following commonly used concentration indices are com-

puted for both XiO and Xit: 

4 
CR

4 
·= .L

1
X. 

1= 1 
Concentration Ratio (3-12) 
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CR

8 
= .2J

1 
X. 

1= 1 

n 2 
HF = 2J X. 

i =1 1 

n 
HLT = 1 I (2 2J iX. - 1) 

i = 1 1 

n 
c = 1r (X. ) -xi 

i= 1 1 

CCI = 
n 2 

X. + 2J (X.) (2 - X.) 
1 i= 1 1 J 

N = 1/H 

Herfindahl Index 

Hall- Tideman 
Index 

Entropy 

Comprehensive 
Concentration Index 

Numbers -Equivalent 

16 

(3 -13) 

(3-14) 

(3 -15) 

(3 -16) 

(3 -17) 

(3 -18) 

Mean values of each of the seven indices above for both times 0 

and t are computed for each separate M matrix. These indices 

are presented in Tables 19-26. 

Once the X's have been gene.rated and normalized, the X's 

are converted to deviations from means (x's) using (3-1) to give 

a matrix of the x values: [x]. The covariance matrix of the [x] 

matrix is computed and a mean value is derived. The mean 

resultant variances of the normalized [x] matrices are given in 

Table 2. 

Net deviations from mean market share are then computed 

by both of the following methods: 

xiO = x.o + xiOs 1 p 
Addition Method (3 -19) 

x. = x. + x.t 1t 1tp 1 s 

and 

X = ( x. 0 ) ( ~ 0 ) iO · 1 p 1 s 
Multiplication Method (3- 20) 

X = (x.t ) (x.t ). 
it 1 p 1 s 

x iO and xit are computed by both the addition and multiplication 

The methods using the same values for x. 0 , x. 0 , x.t ' x.t • 1p 1S lp 18 
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resultant values of x.
0 

and x. are then used to compute the 
1 1t 

Grossack Model Indices and are subjected to statistical tests. 

The next step is to regress xit on xi
0

• The regression 

coefficient -(5), coefficient of correlation (r), and standard error 

of b (sb) are computed. The Grossack Model Indices are then 

computed as follows: 

n 
2 

HT
0 = ~ x.o 

i=l 1 p 

n 
.2 

HTt = ~ X. 
i= 1 1tp 

n 
2 

HP = r~ xiO + 
i= 1 

n 
2 

HE = b ~ x.o 
i = 1 1 

1 
+ n 

1 
+ n 

1 
n 

1 
+ n 

True Permanent 
Herfindahl Index 

Proportionality 
Model 

'Equality Model. 

(3- 21) 

(3-22) 

(3-23) 

(3-24) 

The standard errors associated with HP and HE are also computed. 

For each different value of A (and resultant covariance 

matrix M), 50 values each of HP, HE, and associated standard 

errors of HP, HE are derived for both addition and multiplication 

tnethods. The mean values of HP, HE, standard errors, stan­

dard dev:iation, and root mean square errors of HP, HE are 

computed for both addition and multiplication methods. Mean 

HT , HT , HF , and HF are also computed for each value of A. 
0 t 0 t 

In addition, the estimated standard errors of each HP, HE are 

analyzed in the following ways: 

(1) The number of times the estimated parameter values are 

greater than 2 standard errors (HP > 2sHP, HE >2sHE). 

(2) The number of times the absolute values of the estimated 

parameters minus the true parameters are greater than 2 stan-

dard errors ( IHP - HT I ;> 2sHP, IHE - HT I ~2sHE). The 

above statistics are summarized and presented in Tables 3-18. 



IV. THE ANALYSIS 

Table 1 yields the variances used to generate the covariance 

matrix (M Matrix) used to produce the initial X Matrix, and 

Table 2 lists the mean resultant variances derived from the normal­

lized [x] matrices. Note how the initial and resultant variances 

differ. This is a direct result of the scale factors used in the 

normalization procedure. The scale factors range from a low of 

approximately 10.6 to a high of 71. 2 over the·four matrices. 

Tables 3-18 contain the summary statistical data for indices 

HP, HE, and HT. Tables 3 and 4 contain this data for Matrix I 

when A= r (x.t , x. 0 ). Tables 5 and 6 contain similar data for 
1 s 1 p 

Matrix I with A = (x. , x.
0 

). The same pattern holds for Matrix 
ttp 1 s 

II (Tables 7-1 0), Matrix III (Tables 11-14), and Matrix IV (Tables 

15-18). 

Tables 3, 4, 7, 8, 11, 12, 15, and 16 give the summary 

statistical data when A=r(x.t , x.
0 

) in Matrices I-IV. Examination 
1 s 1 p 

of this data (for the addition method of computation) reveals trends 

for certain of the statistics. For the Standard Herfindahl Index 

computed at times 0 and t [HF (0) and HF (T) in the Tables], the 

trends were erratic. No trends were evident for HF (0) in any 

matrix, whereas HF (T) decreases as A. decreases (A.+ -1) in 

Matrices II-IV. HF (T) dis plays no trend in Matrix I. For the 

Permanent Herfindahl Index for times 0 and t [HT (0), HT (T) in 

the tables], no trends are evident in any matrix. However, 

HT (T) >HT (0) for all values of A. in all four matrices. 

18 
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There are no trends for mean HP in Matrices I-III. In 

Matrix IV, though, mean HP tends to increase as A approaches 

zero. Mean HE tends to decrease as A decreases for all four 

matrices. Ncrtrends are evident for the standard deviation of HP, 

HE except for Matrix III, where the standard deviation of HE 

decreases as A decreases. The trends for mean standard error 

were quite erratic. The mean standard error for HP: (a) increases 

as A approaches zero in Matrices I and II, (b) displays no trends 

in Matrix III, and, (c) decreases as A decreases in Matrix IV. In 

Matrix IV, the trend is somewhat irregular. The mean standard 

error of HE displays similar behavior except for Matrix II, where 

there is no trend. Note the small magnitude of the standard errors 

in relationship to the standard deviations and mean values of HP, 

HE. The root mean square error (RMSE) of HP, HE display no 

trends in Matrices I and II; whereas, in Matrices III and IV the 

trend is for RMSE to decrease as A decreases, so long as A <; 0. 

For A > 0, there is no trend. The values for mean HP, HE are 

consistently greater than two standard errors (50 out of 50-1 OOo/o). 

To simplify the analysis, let N 
1 

equal the number of times 

IHP - HT I is greater than two standard errors. Let N 2 be the 

corresponding number for HE. Then it can be seen from the tables 

that N , N decrease as A approaches zero, in all matrices. Also 
1 2 

note that N , N are quite "large" even when A = 0 (the minimum 
1 2 

value of N
1

, N
2 

throughout all of the given charts is 33 = 66o/o). 

Tables 5, 6, 9, 10, 13, 14, 17, and18givethesummary 

statistical data for Matrices I-IV when A = r (x.t , x. 0 ). Exam-
1 p 1 s 

ination or" these tables reveals certain trends. The standard 

Herfindahl Index computed for time 0 [HF (0)] tends to decrease as 

X. decreases in Matrices I and III, but HF (0) exhibits no trends in 

Matrices II and IV. HF (T) displays no trends in any of the four 
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matrices. The permanent Herfindahl Index - HT (0), HT (T) have 

no trends in any of the matrices. Iiov/ever, HT (T) >HT (0) con­

sistently in all of the matrices. The mean values of HP, HE tend 

to decrease-as X. decreases in Matrices I-IV except for HE in 

Matrix I, where no trend is evident. No trends are evident for the 

standard deviation of HP, HE in Matrices I and II. However, in 

Matrices III and IV, the standard deviations of HP, HE tend to 

decrease as X. decreases. The mean standard errors of HP and HE 

tend to increase as X. approaches zero in Matrices III and IV. No 

trends are evident for mean standard error in Matrices I and II. 

The standard errors are nsmall" in comparison with the standard 

deviations, as was observed when X. = r(x.t , x:
0 

). The root mean 
1 s 1 p 

square errors for HP and HE tend to decrease as X. approaches 

zero in Matrices I-IV except for HE in Matrix IV, where the trend 

is irregular. 

For every value of X. in all four matrices, the values for mean 

HP and mean HE are consistently greater than two standard errors. 

N
1 

and N
2 

(where N
1 

and N
2 

are defined as before) tend to decrease 

as X. approaches zero in all matrices, as before. Similarly, N 
1 

and N 
2 

are both quite "large 11 when X. = 0 (minimum value of N 1, 

N
2 

is 72o/o). 

Examination of Tables 3-18 for the multiplication method 

reveals highly unusual results. What trends are evident are con­

sistent in all four matrices, regardless of whether X.= r(x.t ,x. 0 ) 
1 s 1 p 

or X. = r (x. , x. 
0 

) • 
ttp 1 s 

In every table, mean HP = mean HE = O. OS = 1/20. In other 

words, mean HP and mean HE are constant throughout the tables. 

This is even more noteworthy when one remembers that there are 

20 firms in each sample. 

The behavior of the root mean square error statistics is 
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somewhat similar. No trends are evident for the root mean 

square error of.HP and HE, but RMSE HP = RMSE HE in every 

case. 
---

Standard deviations and mean standard errors display no 

trends. However, it should be noted that both the standard devia­

tions and mean standard errors are of extremely small magnitude 
-6 -8 

(1 0 and 10 ). Mean HP and HE are always greater than two 

standard errors. When N
1 

and N
2 

are as defined before, it can 

be seen th.at N
1 

and N
2 

are constantly equal to 50 (lOOo/0 ). In 

other words, IHP - HT I and I HE - HT I are greater than 

two standard errors in every case. 

Tables 19-26 contain mean values of cert'ain commonly used 

concentration indices computed for Matrices I-IV with various 

values of A. [A. = r (x.t , x. 
0 

) or A. = r (x.t , x.
0 

)]. The values of 
1 ·S 1 p 1 p 1 S 

the indices given are. expected values computed from a set of 50 

for each time point (0 and t) and each value of A.. The indices are 

fairly consistent and no major fluctuations are to be seen. Note 

the apparent correspondence between the entropy measure and the 

numbers-equivalent index. 



-- -

TABLE I.--VARIANCES USED IN GENERATING INITIAL X MATRICES 

-~-~-~-~~-~-----------------~-----------------~-------~--~------ ·-~---~-~~-~ ---------------------------------------------------------------------------
XIOP XIOS I 

I 
XITP 

1 

I 
I 

XITS 

-~-----~-----~-------~---~~-------~~---------~--~--~----------------------~-
11 I o.21A776C::-o2 
I I 

I o.lal584E-o2 0.216776£-03 0.2~'3084£-0l 

----~----~----~--~-~-------------~----~---------~------~-----·------~---------~ 
II 0.218776E-02 o.243084E-03 0.256500E-02 I 

I 
o.?.At;OOOE·Ol 

;;;·--------w~:~~;~~~~=~~-----~:;:;;;~~=~;--i--~:;:;;;;~:~;--j--~~:;~;~;~:~;--
• I I I I 

----------;---------------------------------;----------------;----------------
IV I 0.747327E-02 0.498217E-02 I O.S60493E-02 I O.J73663E-~2 

I I I I 
-----------~---------~---~---~---~---~--~--------------~--~-------~~~-------

Tl\RLE 2.--HEAN RESULTANT VARIANCES (CO~PUTF.D FROM NOR~ALIZEO X ~ATRICESl 

-----~~~-----~--~---------------------~------------~----------·-----~--~~~- -~~ 
---~---~---~---------------------~-~-----------------------------------~-----1 

I 
I 

XIOP xros XITP 
I 
I 
I 

XtTS 

------------------------------------------------------------------------------
I ! O.l571~6E•03 0.204794E-04 O.l~~422E-03 ! 0,21,044F.-04 

---------------------~--------------------------~--~-------------------------~ 
li 

I 
I 
I 

O.l63Al7E-03 o,l94922E-o4 O.l90378E-03 o.??12ooE-o 

-~~N-----~-~------------------------~--------------------~-----·---------
It I o.l57363E-03 0.1 0~229E-O.J O.l05109E•03 1.75 0$\39E 04 

------~--------~-~--~----~-----~----------------------------------~-- ·~------ -~ 
IV o.IS8lOlE-03 o.l07637E-03 O.l1A60e;E-03 0.8 - 018 ,'~ -04 

---------------------------------------~--------~------------~---~------- ---

22 
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-- - V. CONCLUSIONS 

Of the two methods of calculation {addition/multiplication), 

it appears that the addition method gives the best and most real­

istic results for HP and HE. The multiplication method seems to 

give results which are questionable at best. 

Since the mean values for HP and HE are always greater 

than two standard errors, HP and HE are significantly different 

from zero. The fact that {for the addition method), the number 

of times I HP - HT I , I HE - HT I is greater than two standard 

errors increases as A diverges from zero, indicates that violating 

the model's assumptions regarding A has a serious effect on 

indices HP and I-IE. Based on the data presented in Tables 3-18, 

it appears that when assumptions {2-6) and (2-7) are violated, 

the indices HP and HE are not good estimators (that is, 

I HP - HE I , I HE - HT I exceed two standard errors a large 

number of times). 

Furthermore, even when A = 0, it appears that HP and HE 

are not good e.stimators. This is due to the large number of 

times that the absolute values of the estimated parameters minus 

the true pararneters ( IHE - HT I , IHP - HT I) exceed two 

standard errors when A = 0. Since this number increases as A 

increases absolutely, it appears that HP and HE go from "bad" 

to "worse" as A diverges from zero. 

One of the reasons for this is the small size of the standard 

errors. Standard errors tend to be an underestimate of the true 
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deviation. This, coupled with the limitations due to the method-

ology, make the indices (HP and HE) look worse than they really 

are. The small magnitude of the resultant variances coupled with 

the small sample size result in a sample error which is large 

relative to the variances. Ho'\vever, the total sample errors are 

not large enough to be significant or to explain the poor results 

given by HP and HE. 

Despite the fact that, statistically speaking, HP and HE are 

not good estimators, the tables seem to indicate that they are 

good ''ballpark figures" when A = 0. This is especially true when 

there are a large number of samples and a mean value can be 

computed. This can be seen in Tables 3·-18 where the absolute 

value of mean HP or HE minus HT ( I HP - HT I or I HE - E"T I) 

decreases as A approaches zero. In fact, when A = 0, the mean 

value of HP ( and HE) is usually very close to the mean value of 

HT (0)" 

Since (a) r( x. , x. ) = 0 and r(x.t , x.
0 

) = 0 are unreal-
1tp 1ts 1 s 1 p 

istic assumptions and (b) HP and HE go from "bad" to "worse" 

when assumption (a) is violated, then it appears that (c) HP and 

HE (addition method), are not good estimators. 

It appears that the multiplication method is less desirable 

than the addition method. It should be stressed that the fact 

that the means of HP and HE are always constant and equal to 

0. 05 is not a result of an error in the computer program which 

produced Tables 3-18. When mean HP, HE are computed to 

eight digits it can be seen that they are not exactly equal. A 

similar statement can be made regarding root mean square error. 

The fact that the multiplication method gives nearly identical 

results for different inputs would imply that the multiplication 

method is not very sensitive to changes in input. Part of the 
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reason for this lack of sensitivity may be due to the methodology. 

If total market share (X. 
0

, X. ) is cons ide red to consist of 
1 1t 

permanent and transitory components (XiOp' XiOs' Xitp' Xits ), 

then it is fairly -obvious that 

xiO = x.o + x.o (5-1) 1 p 1 s 

xit = X.t + X. 
1 p 1ts 

must be true. Converting to deviations from means yields 

xio - xiO x.o + x.o - (X.o + x.o ) 1p 1S 1p 1S = (5-2) 

=(X.o -x.o )+ (X.o -x.o) 1p 1p 1S 1S 

or 

xiO = x.o + x.o 1 p 1 s (5-3) 

xit = x.t + X. 
1 p 1ts. 

Thus, the addition method is straightforward and consistent. 

Unfortunately, the multiplication method. is not so straightforward. 

If we assume that equation (5-1) is incorrect and that 

x.o x.o 
1 p 1 s 

X1.t = X. X. 1tp 1ts 

is true then, converting to deviations from means yields 

xio - xio = 

X - x 
it it = 

x.o x.o 
1 p 1 s x.o x.o 

1 p 1 s 

X. X. - X. X. 
1tp 1ts 1tp 1ts. 

Now if we assume 

X 
its 

(the multiplication method) then, converting to market shares 

gives 

(5-4) 

(5-5) 

(5-6) 



(X. 0 - X. 0 ) (X. 0 - X. 0 ) lp lp lS lS 

== x. 0 x. 0 · - X. 0 x. 0 - x.
0 

x.
0 

+ x x 
1 p 1 s 1 p 1 s 1 s 1 p iOp iOs 

(Xl.t - Xl.t) ::: X.t X.t X.t X.t - X. X. + X X - - , p 1 s 1 p 1 s 1ts 1tp itp its 

Subtracting (5-5) from (S-7) gives 

50 

(5-7) 

0 ::: X. 0 X. 0 + X. 0 X. 0 X X - X X (S-8) 
1 p 1 s 1 p 1 s iOp iOs iOs iOp 

0 :: X.t X.t + X.t X.t - X.t X.t - X. X 1 p 1 s 1 p 1 s 1 p 1 s 1ts itp 

which reduces to 

x.o x.o + X. X = x.o x.o 1 p 1 s 10p iOs 1 p 1 s 

X.t X.t + x. X: = X.t X. 1 p 1 s 1tp 1ts 1 p 1ts 

changing variables, (5-9) becomes 

ko1 = ko2xiOs + k03xiOp 

= kt2x. + k 3x.t ltp t 1 p • 

+ x.o x.o 1 s 1 p 

X.t X. 1 s ltp 

(5-9) 

(5-10) 

Equation (5 .. 10) requires that x.
0 

and x.
0 

define a straight line 
. 1 s 1 p . 

and that X.t and X. define another straight line. Equation 
1 s 1tp 

(5-4) does no~ give us (5-6) unless (5-10) is true. It is highly 

unlikely that (5-10) will be satisfied. This is in sharp contrast 

to the manner in which (5-3) is derived from (5-1). Another 

difficulty with the multiplication method is that (5-1) is essentially 

a precondition and cannot be changed. It is impossible to derive 

(5-6) from (5-l). 

Thus, part of the problem with the multiplication model seems 

to be theoretical: it lacks a consistent theoretical base. In 

general, the multiplication method is less desirable than the 

addition method and a een1.s to be of little value. 



-- - APPENDIX A 

THE DATA NORMALIZATION PROCEDURE 
AND ITS EFFECTS 

The marketplace imposes the following restrictions on the 

Grossack Model: 

0~ x.o ~ 1 (A-1) 
1 p 

0~ x.o ~ 1 
1 s 

0~ x.t ~ 1 
1 p 

0~ x.t ~ 1 
1 s 

n n 
~ xio = ~ (X.o + x.o ) = 1 (A-2) 

i = 1 i = 1 1 p 1 s 

n n 
~ xit = ~ (X.t + x.t ) = 1 • 

i = 1 i = 1 1 p 1 s 

These restrictions are a direct result of the structure of the 

marketplace and must not be violated. No firm can have a nega­

tive market share, nor can a firm have more than 100o/o of the 

market, hence (A-1 ). Similarly, the sum total market share for 

all firms in a particular market must equal 1 (the entire market), 

hence (A-2). 

Now initially 

X = PS (A-3) 

where X, P, and S are as in (3-10). Clearly, the X matrix, 

when generated as in (A-3 ), will not automatically conform to 

(A-1) and (A-2). Subsequently, the following transformations, 
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referred to as the normalization procedure, are required to 

make the X matrix satisfy (A-1) and (A-2). 

Given 

- . · · xiop· · · 

X = 
• •. X. 0 ••• 

1 s 

••• X. t • • • I 
1 s 

the data is transformed to meet the restrictions as follows: 

1 • Find z = MIN { X. 
0 

, X. 
0 

1 X. t , X. t ) i = 1 , 21 •• 1 n 
lp 1S 1p 18 

Now if z ~ 0, Set a = 0 

if z > 0, Set a = I z 

2. Add a to every element of the X matrix: 

••• (X. 0 + 
1 p 

a). • • 

f ••• (X. 0 + a) ••• 
X 

1 s = 
••• (X.t + a) •• • 

1 p 

••• (X.t + a). • • 
. 1 s 

This imposes the restriction on the market shares that they 

be positive or zero (eliminating negative market shares). 

3. Compute I?arket share totals: 

s = t 

n r 1 

~ (X. 0 + X. 0 ) 
i=1 1p 1S 

0 1 I 

~ cx.t + x.t > 
·-1 1p 18 
1 - · 

' . 
4. Scale the X matrix to 1: 
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(A-4) · 

(A-5) 

(A-6) 

(A-7) 

(A-8) 



* X = 

I 

••• (X iOp/SO). •. 
I 

• • • (X . 0 /SO) ••• 
. 1 s 

I 

- -. •• (X . t /S ) ••• 
1 p t 

I 

••• (X its /St) ••• 

(S0 arid St are referred to as scale factors). 

m .atrix meets restrictions (A-1) and (A-2). 

5. Compute row means: 

1 
n 

* p.l = ~ x.o n i = 1 1 p 

1 n 
* ~2 = ~ x ·o n i = 1 1 s 

1 
n 

* 1-13 = ~ X •t n i = 1 1 p 

1 
n 

* ~4 = ~ X •t n i = 1 1 s 

6. Compute deviations from row means: 

* ••• (XiOp-p.l) ••• 

* • • • (XiOs - P.z). • • 

= 
* ••• (X itp - f-13) •• • 
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(A-9) 

. * The data 1n the X 

(A-1 0) 

(A-ll) 

* The [x.] matrix of (A-ll) represents the matrix used by the 
1 

computer program to compute the Grossack Model Indices. 

Since the purpose of this paper is to test the behavior 

of the Grossack Model Indices when assumptions (2-6) and (2-1) 

are violated, it is important to note what effect, ii any, the 

normalization procedure will have on the correlations. 
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Rephrased, the question is, if we generate (unrestricted) values 

for x.
0 

, X.
0 

, X. , X. with specific correlations using (A-3), 
1 p 1 s 1tp 1ts 

'\Vill the corresponding correlations of the normalized x.
0 

, 
l p 

x.
0 

, x. , x.-t- - be the same? The answer is that the normalization 
1 s 1tp 1 s 

procedure preserves correlations, but does not preserve the 

variances and covariances of the X n'latrix of (A-4). 

Consider two sets of data, X and Y, where 

Now let· 

x = { x
1

, _x2, 

y = (Yl, Y2, 

r (X, Y) = e, 

X = (XI + c, 

y = (Yl + c, 

where c is a constant,· c ~ o. 
r 

r (X, Y ) = 

with 
1 

n 
0: I I = ~ 
XY n i ~ 1 

I 
n 

= ~ 
n i= 1 

Similarly, 

<Tx' = <Tx 

0:' = O:' y y 
which gives 

. . . , X ) O<n<OJ, 
n . 

nan tnteger 
(A-12) 

. . . ' Yn )
I 

e /; 0, e a constant • 

x2 + c, . . . ' X + c) n 

y2 + c, . . . ' y + c) n 

By definition, 

0: I I 

XY (A-13) 

a:•O:• X y 

(X. + c - X. + c) (Y. + c - Y. +c) 
1 1 1 1 (A-14) 

(X. - X. ) (Y. - Y.) = <TXY. 1 1 1 1 

(A-15) 

= r (X, Y). (A-16) 



Thus, step 2 will have no effect on the correlations. 

Now let 

then 

* X 

* y 

• o • I 

.!. ~.!. (X -X').!. (Y. - Y) * *> -- n c 2 i c3 1 r(X , Y 

[ 

(X. _X) 2 (y. _ y ) 2 J 1 I 2 
l . ~ 1 l~ _1_ 

n c2 n c3 

1 
~ (X. - X) (Y. - Y) 

c2c3 1 1 . 

= 
1 [ J 1/2 ~(Xi- x/ ~(Y i- Y)

2 

c2c3 

= o-XY = r (X, Y). 

Hence, 
I I * ~c 

r(X, Y) = r(X , Y ) = r(X , Y ) 

and step 4 will have no effect on the correlations. 

* * 
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(A-17) 

(A-18) 

(A-19) 

Now ·let x, y represent the X , Y deviations from means: 

Thus, 

( } * t.c 
x = x 1, x 21 ••• , x n , xi = Xi - X 

* -* y. = y. - y • 
1 1 

~(x. - x) (y. - y) 
1 1 

r(x,y)= [ 2 2]1/2. 
~(xi - x) ~ ( y i - y) 

But, x, y are deviations from means, hence, 

(A-20) 

(A-21) 



Then, 

r(x, y) = 

= 

n 
- - -

~X :0 
i 

LX =0 
i 

~x.y. 
1 1 

[ J 
1/2 

:!:xi 2 :!:y i 2 

~~ -)~ * :::~ 
L (X . - X ) (Y . - Y ) 

1 1 

~ ~ ......... .... .... 

~ y. = 0 
1 

1 
'Y =- ~ y. = 0. 

n 1 

= r(X 1 Y ) = r(X, Y). 
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(A-22) 

(A-23) 

Thus, step 6 has no effect on the correlations. Combining 

(A-24) and (A-19) gives. 

I I * * r (X, Y) = r (X , Y ) = r (X , Y ) = r (x, y). (A-24) 

Thus, the normalization procedure and the conversion of the 
~ 

"" X matrix to deviations from means has no effect on the 

correlations. 

Although the normalization procedure has no effect on the 

correlations, it does affect the variances and covariances. If 
I I * .J., 

X, Y, X , Y , X , Y ..... , x, y are defined as before, then: 

o-x = 0:1 
X 

cry = cry 
I 

a: = crXIY 
I 

XY 

crx* = crx I c2 

cry* = cry I c 3 

<Tx*y* = crXY/c2 c3 

(A-25) 

(A-26) 
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{f = (T* (A-27) 
X X 

CT · = (Ty* y 

(T = ~*y*. xy 

Because the variances and covariances are not preserved in the 

normalization procedure, the covariance matrix of the resultant 

[x] matrix is derived and a mean value is computed. The mean 

resultant x variances derived from each matrix computed with a 

given set of X variances is presented in Table 2. 



APPENDIX B 

COMPUTER PROGRAM DOCUMENTATION 

Objectives and Performance Requiren1.ents 

The objective of the FORTRAN Program provided in this 

Appendix is to generate the data and perform the mathematical 

analysis of Chapter III in an efficient manner. The program 

performs the following specific functions: 

1. Compute the covariance matrix M using given (input) 

variances and correlations. 

2. Compute the triangular factorization of the M matrix, 

M = PPT, by the square root method of Cholesky (SUB­

ROUTINE MFSD). 

3. Generate a matrix of random normal deviates (SUBROUTINE 

GAUSS), which is then pre -multiplied by the P rr1atrix to pro­

duce a matrix of X values with specific variances and co-

variances. 

4. Normalize and convert the X's to market shares. Compute 

gross tnarket shares (XiO' Xit). 

5. Compute expected values for the following concentration 

indices: CR
4

, CR
8

, Herfindahl, Hall- Tideman, C (Entropy), 

CCI (Comprehensive Concentration Index), and N (Numbers­

Equivalent). Save the computed values of the indices for print. 

6. Convert the X's to deviations from (row) means: x. 0 , 
1 p 

X X x Compute and print mean covariance matrix 
iOs' itp' its· 

of normalized [x] matrix. 
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7. Compute xiO' xit by the addition and multiplication methods. 

Regress xit on xi
0

• Compute b, r and standard errors. 

B. For each sample, compute HT, HP, HE and associated 

standard errors. 

9. Repeat steps 3-8 to generate 50 sets of values for HT, HP, 

HE, and the standard errors. 
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10. For the set of indices computed in step 9, compute means, 

root mean square error, mean standard error, and standard 

deviations. Test the model indices against their standard errors. 

11. Save the values computed in step 10 for print. 

12. Repeat steps 1-11 for a specified number of matrices. 

13. Print the values computed in steps 5 and 10 in an attractive 

tabular format (Tables 3-26 ). 

_!n_Eut/Output Requirements 

All input to the program is v:ia cards. The following inputs 

are required: 

Initial input: 

Card No. 1 Initial random number for SUBROUTINE 

GAUSS 

2 - Number of samples (of 20) to compute per 

matrix 

3 - Variances to be used in computing M matrix 

Input for each matrix (22 sets): 

Card No. 1 - J = number of correlations of Grossack 

Model which are to be changed. 

(0 ~J ~6.) If J = 0, no additional cards 

are needed for that particular matrix 

2 - Identification number of correlation to be 

changed and new value of correlation. 
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The correlation identification number is determined as follows: 

ID No. -- Correlation Grossack Model Value 

1 

2 

3 

4 

5 

6 

r (x. 
0 

, x. 
0 

) 
1 s 1 p 

r (x.t , x. 
0 

) 
1 p 1 p 

r (x. , x. 
0 

) 
1ts 1 p 

r (x.t , x.
0 

) 
1 p 1 s 

r (x.t , x. 
0 

) 
1 s 1 s 

r (x.t , x.t ) 
1 s 1 p 

0 

1 

0 

0 

0 

0 

The program uses the Grossack Model correlation values unless 

the user specifies otherwise. Caution is advised when changing 

the correlations, since correlations are transitive. That is, if 

r(x, y) = 1 and r (y, z) = c ( c a constant, 0 ~lei <;I), then 

r (x, z) = c also. 

All output from the program is sent to the line printer. 

Subroutines Required 

The following subroutines are required: 

(1) MFSD 

(2) RANDU 

(3) GAUSS 

(4) SAVIDX 

(5) MATCOV 

- Triangular factorization of a symmetric 

positive definite matrix 

- Random nutnber generator 

- Generates random normal deviates 

- Computes means of alternate concentra-

tion indices 

- Computes and prints mean covariance 

matrix of the normalized [x] matrix. 

Source listings of SUBROUTINE SAVIDX and SUBROUTINE 

MA TCOV are provided in this appendix. MFSD, RANDU, 



61 

and GAUSS are part of the IBM System/360 Scientific Subroutine 

Package. For detailed .information on these routines, including 

matrix storage requirements for MFSD, please refer to 

reference [9].- . -

Variable Identification 

The following information is provided in order to provide a 

link between the mathematics section and the program code: 

Variable Name 

IX 

NPTS 

SCORR(K) 

CORR(K) 

M(I,. J) 

P(I, J) 

PD(K) 

RDM(I, J) 

RD(K) 

A(K) 

XIO(K) 

XIT(K) 

XR(I, J) 

RIDX{I, J) 

NNN(K) 

sxo 
SXT 

Description 

Odd random integer used to initialize sub­

routine Gauss 

Number of samples to compute for each matrix 

Grossack Model correlations 

Input correlations 

Initial co't.rariance matrix 

Triangular factorization of M matrix 

Dummy array used to clear P matrix 

Random deviate matrix 

Dummy array used to compute RDM 

Vector, used to input/output matrices M and P 

with subroutine MFSD 

First XiO then xiO 

First X. then x.t 
lt 1 

Dummy array used to represent XIO, XIT 

Concentration indices (CR4 , CR8, H, 

Hall-Tideman, C~ CCI) 

N = Numbers -Equivalent Index 



Variable Name 

SGXIO 

SGXIT 

SGXIOP 

SGXITP 

XIOXIT 

B 

R 

STERB 

STER(I, J, K) 

HT(I, J) 

HP(I, J) 

HE(!, J) 

H(I, J, K) 

MU(I, J) 

lv1HT(J) 

RMSE(I, J) 

STDV(I, J) 

ICTR(I, J, K) 

IPRINT(N, K) 

PRINT(N, K) 

... ~LPHA(K) 

TITLE(!, J) 

LABEL(!, J) 

]JxiO 

~xit 
- ~x.o 

1 p 

~x.t 
1 p 

~X. 
0

x. 
1 1t 

Description 

b, least-squares coefficient of x. on x 
1t iO 

r(xit' xi0) correlation 

Standard error of b (s~) 

Standard error HP, HE 

'True' permanent Herfindahl Index 

Proportionality model Herfindahl Index 

Equality model Herfindahl Index 

Dummy array used to compute HP, HE 

Mean HP, HE 

Mean HT 

~oat mean square error 

Standard deviation of HP, HE 

Counter - HP, HE versus I~T, STER 

Used for printing tables 

Program Source Listing 
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A source listing of the FORTRAN Program used to generate 

Tables 3-26 begins on the next page. 



ISN 0002 
tSN 0003 JSN 0004 

SN 0005 
ISN 0006 
ISN ooo·r 
ISN 0008 
ISN 0009 
ISN 0010 
tsr-~ oo11 
JSN 00}2 SN 00 3 
ISN 00 14 

ISN 0015 
ISN 0016 

JSN SN 
0017 
001~ 

ISN 0019 

ISN 0020 

-. -

COMPILER OPTIONS - NAME= MA!NvOPT=OOtLINECNT=66tSIZE=OOOOK 
SOURCE,EBCDIC,NOLIST,NODECK,LOADtNOMAPtNOEDIT,NOIDtNOXREr c 

C~OO~~~G~G~GG~~O~~OOO~OO~OOO·U~OOOO~~GGGOO~OOG~00~000000000 ' 000000000000 
c c 
c 
E 
c 
c 
~ 
c 
c 
E c 
c 
8 
c c 
c 
c 
c c c c 
c c 
c 

MONTE CARLO ANALYSIS OF A PERMANENT INDUSTRIAL CONCENTRATION INDEX 
OG*GGOOOOO~GGO fLORIDA TECHNOLOGICAL UNIVERSITY ~0000000000000 

PROGR AMMER- T,E.BILLINGS DATE - MARCH 1976 
THIS PROGRAM GENERATES SYNTHETIC MEASURES OF' PERMAN~NT AND 
TRANSITORY MARKET SHARES WITH SPECifiED CORRELATIO~S~ THE DATA IS 
THEf~ AD JUS TED TO CONFORt.f TO SPEC IF I CA TI Ot~S AND CONVE~TED TO 
DEVIATIONS FRO~ MEAN PERM NENT/TRANSJTORY MARKET SHA ~ ~.THE DATA I~ 
THEN USED TO COr-tPUTE A •TPUEt HERFINO '. HL INDEX OF PERMANENT 
I NDUSTRIAL CO~~ENTRATION AND TWO SEPARATE APPROXIMATIO~S OF' 
THE 'TRUE• INDEX, THE THRfE INDICES ARE THEN COMPARED AND 
ANALYZED. OTHE~ CONCENTRATION INDICES ARE COMPUTED A'~D PRINTED F'OQ 
COMPARISON PURPOSES . 

SUBROUTINES REQUIRED 
MfSD- TRIANGULAR fACTORIZATION OF' A POSITIVE DEFINITE MATRIXCSSP) 
GAUSS(RANOU)- RANOnH NUMAER GENERATOR(SSPJ 
SAVIDX- COt-1PllTES ME/\t.JS Of ALTERNATE CONCENTRATION INDICES 
MATCOV- COMPUTES AND F,RINTS MEAN RESULTANT COV MATRIX OF' X'S 
REFERENCES 
SYSTEM/360 SCIENTIFIC SUBROUTINE PACKAGE VERSION III PROGpAMMER•~ 
MANUALCIBM MA~UAL NO. H20-0205•3), PGS . 77t1S8. 

cooo~o~oooooooooooo*~ooooo~••~~oo~ooooo~ooooooooooooo~ooooooooooooo~ oooo 

c 
c 

1000 F'ORMAT(J9) 
1010 FORMAT(4(3XtEl4.8) l 
1020 FORMAT(' !NIT AL RANDOM INTEGER FOR SUB 1 GAUSS= 1 tl 9) 
1030 FORMAT<• NUMBER OF PTS TO PROCESS PER LuOP=•tiS > 
1040 FORMAT(' K=',J4) 
1050 FORMATClX·Tl,SXtE14,A) 
1060 FORMAT(' L=' IltSX,•CORR(L)= 1 tE14,8) 
1070 FORM~T(t \-IAR · H~4G: SEVEPE ERROR IN SUBROUTINE MFSD. '• 

ot CALCULATIONS WIT~ THTS MATRIX DISCO~TINUED.•> 
1080 FORMAT(• WARNING& TOLERANCE EXCEEDED IN COMPUTATION OF P MATRIX•'• 

•• IER=' tl3) 
1090 FORMATC~A4c212, 
: l 00 FORMAT C t J t) 
tllO ~ORMATC//////1/////////) 
11?0 fORMj.~T(~4X,•TABLE •,tz,•.--COMPARING THE MEAN VALUES OF' VJ'RI IJS '• 

o•cONCENTRATIO~ INDICES COMPUTED WJ1H') 
1130 FORMAl (J~x,•OIF'FERENT CORRELATIONS<LAMBOA> 8ETWEEN 't A4t' AND '• 

OA4''' MATRIX t,A4,//) 
11 40 FO~MAT(//,loX,•**-lNDICATES SUBROUTINE MFSO UNARLE TO COMPUTE A '• 

Ot SQLUTJON•,/1//) 
1150 FORMAT(7XtllC•--·--------•J) 
116 0 FORMAT C T 16, t I • , T 2 3, ' I • , T 38' t I ' , TS4' ' I t t T69' ' I ' 'T 84 • ' I ' • T99 • ' I ' ' 

"Tll4,11t) 
1170 FORMATC7X,•LA~BOA I TIME I CR4 I CR8 I'• 

~• HERFINO#l~iL I HALL TlDEMAN I C<ENTROPY) I CCI p, 
t~ot Nd,. i .. E.QI;l" t ) 

11 8 0 r OFH·1 A T ( T l , ~ l• • 1 , T 1 6 • • I t · T 2 0 , A 1 , T 2 3 , ' I ' , T 2 8 f F' 6 • 4 ' T 3 8 t ' I ' ' T 49 3 • F
1 
6 4 • 

•TS4,•l•,T~6 · EI1.4 9 T61ttlt,T7ltE11.4,T84tt 1 tT86tE11,4tT9 •' '' 
*TlOltEllo4,T114t'l '•Tl2ltl2) 
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ISN 0021 
ISN 0022 
ISN 0023 

ISN 0024 
ISN 0025 
ISN 0026 
·sN 0027 
fsN 0028 
ISN 0029 
ISN 0030 
ISN 0031 
JSN 0032 

SN 0033 
ISN 0034 
JSN 0035 

SN 0036 
ISN 0037 
JSN SN 

0038 
0039 

ISN 0040 
ISN 004~ ISN 004 
lSN 0043 

SN 0044 
ISN 0045 
ISN 0046 
ISN 0047 
JSN 0048 

SN 0049 
ISN 0050 
ISN 0051 

SN 0052 

ISN 0053 
ISN 0054 
ISN 0055 
ISN 0056 
ISN 0057 

ISN OOSS 
ISN 0059 

ISN 0060 
SN 0061 

ISN 0062 

ISN 0063 

c 

c 

c 

c c 
c 

c c 
c c 
c c 
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1190 FORMATC////1////) 
1200 FORMATCT8tf4.ltTl6t'l'tT20tA1tT23t'l oo '• o• 1 oo ., 5 ,, 1 oo ,,, 
1210 FORMATC18X,•TABLE '•12,•.--COMPARING THE VALUES OF HP AND HE '• 

*'WITH DifFERENT NON 1 t2A4t• CORR~LATIONS BETWEEN '•A4) 
1220 fORMATC29X,•A~D '•A4••,AODITION AND MULTIPLICATION METHOOSCMULT,•t 

*'SHOWN IN PARENTHESES), MATRIX •,A4t/) 
1230 fORMATClOX,120C'•')) 
1240 FORMATC10Xt'LA~BDA='•13Xt6C'I't5X,F4.1t6X)) 
1250 fORMAT(30X,6('1'•15X)) 
1260 FORMATC10Xt4A4,4X,6C•I '•Elle4t2X)) 
1270 FORMATC30Xt6PI PeEll.4,t) ')) 
1280 FORMAT(l0Xt4A4,4X,6(' '•7Xtl2t6X)) 
1290 fOR~1AT C30Xt6 (' t 't6Xt' ( t, 12• •) 't5X)) 
1300 FORMAT('+' 9 117Xt•oot) 
1310 FORMATClOXt4A4,4Xt'l't7X,toot,6X,SC•t '•Efle4t2X)) 
1320 fORMATC30X,'I '•5Xt'**'t4Xt' '•5<'1 Ptf. 1.4,1) f)) 
1330 FORMAT c tox,4A4,4X, • t • .1x, euo• ,6x,s c' •, 7X, I2.oX> > 
1340 FORMAT (30Xt' I' t6Xt' 00 I t5XtSC .,. ,6Xt' ('. 12• ') 'tSX)) 

COMMON IERINDC22),TINDC2t7t22>tNINDC2t22> 
DJMENSI8N PC4f4)tXC4t20>,ROMC4,20>tAClO>tXIOC20)tXITC20b o MENSI N HT< ooo.z> ,HP<looo.2J ,HEnooo,2> ,RMSEC~·2> ,sT vc4,2J 
OIMENS ON ICTRC2t2t2)tXEC80),XRC28•2>,RI0X(2t7>tROX(l4)tNNNC2) 
DIMENSION RDC80)tSTERClOOOt2t2>•C RRC6>tSCORR(6),P0Cl6>tSROVC4) 
DIMENSION SAVCORC22ltPRINT(22tl8),1PRINT(22t8)tiCTREOC8J 
DIMENSION H(l000t2•2>tTIMEC2>tALPHA(5),TITLEC2t2)tLABELC4,16) 
REAL M(4t4)tMUC?.t2)tMSTER(2t2J,MEAN(4),MHTC2) 
EQlJ I VALENCE ( HP ( 1 , 1 ) , H ( 1, 1 , 1 ) ) t C HE ( 1, 1> , H Cl, 1 t 2) ) 
EQUIVALENCE CRO (}).ROM CltU), CPO ( 1> ,P Cl, 1)) 
EQUIVALENCE CXECU tXCl tl>) • CXIOCU tXRCltl>) t CXIT<l> ,XRClt2)) 
EOUI VALENCE CROX ( 1) tRIDX C ltl)) t CSRDV ( 1> tSTOV Cltl>) 
EQUIVALENCE ( ICTREO ( 1) t ICTR C 1t1 t 1)) 
DATA SCQRqiO.OE0•1•0E0~4~0.0EO/,T1ME/ 1 0 1 t 1 T 1 / 
DATA TITLE/•NEGA•,•TIVF.'••POSI'•'TIVE 1 / 
DATA LABEL/ 1 MEAN 1 , •- Hf' t t(Q) 't' ', •MEAt~•, 1 - HF•' 

~•CT> '•' •,•MEAN•,•- HT•,•(O) '•' •,•MEAN•,•- HT•,•CTJ '• o• •,•MEAN•,•- HP•,2o• •,•MEAN•,•- HE•,zo• •,•s.o.•, 
*'· HP•,z~• •,•s.o.•,•- HE••2*' '•'MEAN•,• OF '•'S.E.•~ 
*'· HP•,•MEAN'•' OF •,•S.£.'•'- HE•,•RMSE•,•- HP•,2ot 1 t 1 HMSE•• 
1S-t. HE•t2°' '•'HP >'•' 205'•' E. 'J' •,•HE >'•' 2°S'•'•E• '• 
*' '•'IHP-•,•HTt '•'> 2o•,•S•E•'•' HE-•,•HTI '•'> 2~•,•s.E. 1 / 

READC5t1000) IX 
REAOCSelOOO) NPTS 
REAO(S, 1010) MCltl> ,MC2t2) ,M(3t3) ,M(4,4) 

WRITEC6tl020) IX 
WRITEC6t1030) NPTS 
SET UP CONSTANTS FOR LOOP 

CONS=1,0E0/20.0EO 
RNP=1.0EO/fLOATlNPTS) 
RNP1=1.0EO/rLOATCNPTS-l) 
DO 10 J=lt22 

10 IERINOCJ>=-1 
000~00~0.000000 

00 220 N=lt22 
oo~o~ooo~uoooo 

COMPUTE M MATRIX USING SPECIFIED CORRELATIONS AND VARIANCES 



ISN 
ISN 
ISN 

ISN 
SN 

ISN 
ISN 

f
SN 
SN 
SN 

ISN 
ISN 
ISN 
ISN 
ISN 

ISN 
SN 

ISN 
ISN 

ISN 
SN 
SN 

ISN 
ISN 
ISN 
ISN 

~ ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 
ISN 

ISN 

0064 
0065 
0066 
0067 
0068 
0069 
0070 
0071 
0073 
0075 
0076 
0077 
0078 
0079 
0080 
0081 
0082 
0083 
0084 
0085 
0086 
0087 

0088 
0089 
0090 
0091 
0092 
0093 
0094 
0095 
0096 
0097 
0098 
0099 
0100 

0101 

ISN 0102 
ISN 0104 
ISN 0106 
ISN 0108 
JSN 0109 
JSN 0110 
.SN 0111 
ISN 0112 
I SN 0 1! 3 

I~~ 0gll ~ 
ISN 116 
ISN 0117 

ISN 0118 
ISN 0119 

ISN 0120 

c 

- - -

DO 12 1<=1•4 
SROV(K)=SORTlMlKtK)) 

12 CORR(K):SCORR(K) 
CORR<S>=SCORR(5 ) 
CORR(6)=5CORR(6) 
READ(5,1000) K 
WRIT£(6,1040) K 
IF<K.EQ.O) SAVCOR<N>=O.OEO 
IF(K,EQ,O) GO TO 14 
DO 14 J=1•K 
READ<Stl050) LtCORR<L> 
WRITEC6tl068) LtCORR(L) 
SAVCOR<N>=C RR{L) 

14 CONTINUE 
K=O 
DO 18 I= 1, 3 
NN=4•I 
DO 16 J=1tNN 
K=K+1 
M(ltJ+I)=CORR(K)OSRDVll) 0 5RDV(J+I) 

16 M(J+Iti>=MlltJ+I) 
18 CONTINUE 

C ~OMPUTE TRIANGULAR P MATRIX c 

c 
c 

c 

c c c 

c c 
c 

DO 25 K=ltl6 
25 PD<K>=O,OEO 

A ( 1 ) -=t-1 ( 1 ' 1 ) 
AC2>=M<lt2) 
A(J)::M(2t2) 
DO 40 K=lt4 
A ( K + 6) =M (I(, 4) 
IF<K-4) 3~>.40,40 

3 0 A ( K + 3 ) = t-1( K , 3) 
40 CO NTINUE 

IER=O 
EPS=l,OE•5 
NN:z4 

CALL MFSDCA,NNtEP~,IER) 
IF<IEP.EO.-U WRITE<6tl070) 
lf<IER,EQ,-1) GO TO 220 
IF<IER,GT.o> WRITEC6t1080) IER 

PC1tl>=AC1) 
P(l',l):::A(2) 
P(3,l):::A(4) 
P<4tU=A<7> 
P<2•2>=A(J) 
P(3,2>=A< S> 
PC4t2>=A(8) 
P(J,J>=A( (> ) 
PC4t3>=AC9> 
P(4,4):A(l0) 

"GENERATE RANDO~ NUMBER MATRIX ROM 

AM=O,OEO 
S=laOEO 

DO 130 NP=ltNPTS 
---~~~-----~~--~-
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ISN 0121 
ISN 0122 
lSN 0123 

ISN 0124 
ISN 0125 
ISN 0126 
ISN 0127 
ISN 0128 
ISN 0129 

I§~ 8lj~ 

ISN 0132 SN 0 34 
SN 0 35 

ISN 0 37 
ISN 0138 
ISN 0~39 
ISN 0 40 
ISN 0141 
ISN 0142 

4 ISN 0143 
SN 0144 
SN 0145 

ISN 0146 

~~~ 8i~~ 

ISN 0149 
ISN 0150 
ISN 0151 

SN 0~52 
ISN 0 53 
ISN 0154 
ISN 0}55 
lSN 0 57 
ISN 0158 
lSN Ol59 
ISN 0 60 

SN 0162 
ISN 0.163 
ISN 0164 
ISN 0165 

lr:N 0166 SN 0167 
SN 0168 

ISN 0169 

~~~ 8lt~ 
ISN 0172 
ISN 0173 
ISN 0174 

c 
DO 80 K=1t80 
CALL GAUSS<IXtStAM,V> 

80 ROCK>=-V 
c c 
c 

90 
100 c c 

c 

c 
c 
c c 

c 
c 
c 

101 

102 

103 

104 

106 

107 

108 

109 

COMPUTE MATRIX X:POROM 

DO 100 1=1,4 
DO 100 J=lt20 
XCltJ>=O.OEO 
DO 90 K=1t4 
XCltJl=XCI,Jl•PCt,KlORQM(K,J) 
CONTINUE 
NORMALIZE X MATRIX 

Z=XECl> 
00 10 J=2t80 
IFCXECJ>.LT,Z> Z=XECJ> 
CONTINUE 
IFCZ,GT,O,OEO> Z=O,OEO 
Z=ABSCZ> 
00 102 J=1.80 
XECJl=XECJl+Z 
SXO=O,OEO 
SXT=O,OEO 
00 103 J=1t20 
SXO=SXO•XC1tJ)+X(2,J) 
SXT:SXT+X(J,J)+XC4tJ) 
00 104 K=1t2 
DO 104 J=1t20 
XCKtJl=XCK,J)/SXO 
X(K•2tJ>=XCK+2,J)/SXT 
DATA IN X MATRIX NOW REPRESENTS MARKET SHARES, COMPUTE 
GROSS MARKET SHARES AND SORT, 

DO 106 J=1t20 
XIOCJl=XC1,J>•X<2,J> 
XITCJ>=XC3,Jl+XC4,Jl 
00 108 J=1tl9 
J2=J•1 
DO 108 K=J2t20 
IFCXIOCJ>,GE,XIOCK>> GO TO 107 
Z=XIOCJ> 
XtOCJ>=XIOCK> 
XIOCK>=Z 
IFCXITCJ) .GE.XITCK>> GO TO 108 
Z=XITCJ) 
XIT<J>=XITCK) 
XITCK>=Z 
CONTINUE 
COMPUTE INDICES: CR4,CRS,HrtHLTtCCI,C,N 

DO 109 J=l.t14 
RDXCJJ=O.Ot:O 
RIDXCltl>=XIOCll•XIOC2l•XtOC3)+Xl0(4) 
RIOXC2tll=XlTC1l+XITC2l+XITC3l•XITC4l 
RIDXC1t2J=RIOXClt1l•XIOC5)+XtOC6)•XIOC7)•XI0(8) 
RIDXC2t2l=RIOXC2t1J•XITCS>•XITC6)+XlT(7l•XITC8) 
RIDXClt5l=1,0EO 
RIOXC2,5)::;1,0EO 
DO 110 K=1t2 

66 



67 

ISN 0175 DO 110 J=1,20 
JSN 0176 Z=F"LOATCJ> 

SN 0177 RIDXCKt3)=RIDXCKt3)+XR(J,K)~~2 
ISN 0178 RIOXCK,4)=RIDXCKt4)+2.0EO~zoxRCJ,K) 
JSN 0179 RIDX(K,Sl=RIDXCKtS)~((leOEO/XR(J,K))OOXR(J,K)) 

SN o1ao IFCJ.E0.1) GO TO tfO 
JSN 0 82 RIDXCKt6)=RIDXCKt +(2.0EO-XR(J 9 K))O(XRCJ,K)Oo2) 
ISN 0183 110 CONTINUE 
ISN 0184 DO 111 K=1t2 
ISN 0}85 Q}OXCK,4l=Cl.OF'O/(RtnX(Kt4)-l.OF.Ol) 
fSN 0 86 RI0X(Kt6J=RIDXCK•6J+XR(~tK) 

SN 0187 RIDXCKt7>=1.0EO/RIOXlKt >•O.SEO 
ISN 0188 111 NNNCK)=RIDX(K,7) 

c 
ISN 0189 c CALL SAVIDXCN,~PtNPTS,RIDXtNNNtiER> 

c CONVERT X MATRIX TO DEVIATIONS FROM (ROW> MEANS. c 
· ISN 0190 DO 114 J=1t4 
ISN Ol91 MEANCJ>=O.OEO 
ISN 0 92 DO 114 K=1t20 
fSN 0}93 MEANCJ):MEAN(J)+X(J,K) 

SN 0 94 114 COf'.JT INUE 
ISN 0195 DO 115 J=1t4 
ISN 0196 MEANCJ)=MEAN(J)/20,0EO 
JSN 0197 DO 115 K=1,20 

SN 0198 X(J,K):X(J,K)•MEANCJ) 
ISN 0199 115 CONTINUE 

c 
ISN 0200 CALL MATCOVCN,NPtNPTStXtM) c c c COMPUTE XIOt XIT. REGRESS XIT ON xro. 

c 
ISN 0201 00 130 t<=1t2 
ISN 0202 DO 119 J=1t20 
ISN 0203 IF"<K.E0.2> GO TO 118 
fSN 0205 XJOCJ>=XC1,J)+XC2tJ> 

SN 0206 X TCJ)=XCJ,J)+XC4,J) 
ISN 0207 GO TO 119 
ISN 0208 118 XIO(J):X(1,J)OXC2tJ) 
JSN 0209 XIT(J):X(3,J)OX(4,J) 

SN 0210 119 CONTINUE 
ISN 021~ SGXIO=O.OEO 
ISN 021 SGXIOP=O.OEO 
ISN 02{3 SGXIT=O.OEO 
ISN 02 4 SGXITP=O.OEO 
ISN 0215 XIOXIT=O.OEO 
ISN 0216 DO 120 J=lt20 
ISN 0217 A~=XIO(J) 
JSN 02l8 /A =XITCJJ 

5N 02 9 SGXIO=SGXIO+A1°Al 
JSN 0220 SGXIOP=5GXIOP+XC ,J)002 

SN g~~~ SGXIT=SGXIT•A20A~ 
ISN SGXITP=SGXITP+X( ,J)ooz 
I5N 0223 XIOXIT=XIOX1T+Al 0 A2 
ISN o;.~24 120 CONTINUE 
JSN a22s B=XIOXtT/SGXJO 

SN 02?6 R=R~SQRTCSGX 0/SGXIT> 
ISN 0227 STERB~ccl.OE0-(R~R))OSGXIT)/Cl8.0EO~SGX10) 
ISN 0228 Ifct<.EQ.2) GO TO 1~5 
JSN 023~ HT(NP,~>=SGXJOP+CONS 

SN 023 HT(NP, >=SGX TP•CONS 
ISN 0232 125 HP<NP,K):(ROSGXiO)+CONS 
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ISN 0233 HECNP,Kl=CB*SGXIO>•CONS 
ISN 0234 SGSPf.C=SGXI0°SORTCSGXI0) 
ISN 0235 STERCNP,1,K>=lSTERAoSGSPEC>ISQRTCSGXIT> 
ISN 0236 STERCNPt2tK>=STER8°SGX10 c c --~~---~-~--·----ISN 0237 130 CONTINUE c ----~---~~-~-~---c 
ISN 0238 DO 140 K=l 2 
JSN 02J9 MHTCK>=o.yEo 

SN 0240 DO 140 L= t2 
ISN 0241 MSTERCLtK>=O.OEO 
ISN 0~42 MUCLtK>=O.OEO 
ISN 0 43 RMSECL,K>=O.OEO 
ISN 0244 140 STDVCL,K>=O.OEO 
ISN 0245 DO 150 K=1 ,2 
ISN 0246 DO 150 L=1,NPTS 
'lSN 0247 MHTCK>=MHT(K)+HTCL,K) 
lSN 0248 MUCltK>=MUC1,K)+HPCL,K) 
ISN 0249 MUC2tK):MU(2tK)•HECL,K) 
JSN 0250 MSTERC1,K>=MSTFRC1tK)+ST~RCLt~tK) 

SN 0251 MSTERC2t~):MSTERC2tK)+ST RCL, ,~) 
ISN 0252 RMSE(l,Kl:RHSEC1,K)+(HP(L,K)·HTCL,1))oo2 
ISN 0253 150 R~SEC2,K>=RHSEC2tKJ•CHECL,K>•HTCLtl))**2 
JSN 0254 DO 1~0 K=f'2 

SN 0?55 MHT(K):MH CK)*RNP 
ISN 0256 DO 160 L=lt2 
ISN 0257 MUCLtK)=MUCLtK)*RNP 
ISN 0258 MSTERCLtK):MSTERCLEK)*RNP 
ISN 0259 160 RMSECL,Kl=SQRTCRMS·CL,K)*RNP) 

c c COMPUTE STANDARD DEVIATION Of DERIVED INDEXES CHP,HE> 
c 

JSN 0260 DO 180 K=lt2 
SN 0261 DO 170 L=ltNPTS 

JSN 0262 STDVC1tK>=STDVCltK)+CHPCL,K>•MUCltK>>**2 
ISN 0263 170 STDVC2tK>=STDVC2tK)+CHE(L,K>~MUC2,K))ooz 
ISN 0264 DO 180 L=1t2 
ISN 0265 180 STDVCL,K):SQRTCSTOVCL,K) 0 RNP1> 

c 
lSN 0266 DO 190 K=1t8 
ISN 0267 190 ICiREQCK>=O 
ISN 0268 DO 210 1=1·2 
ISN 0269 00 210 J=lt2 
ISN 0?.70 DO 200 y=~,NPTS 
ISN 0?7~ STERJ=S E CLtJtl>*2eOEO 
JSN 027 HLJ::H CL, I, J} 

SN 0273 IrCHLJ.GT.STERJ> ICTRCltJ,I>=ICTRCl,Jtl>•l 
fSN 0275 200 IFCABSCHLJ•HTCLtl>>.GT.STERJ) ICTRC2tJti>=ICTRC2tJel>•l 

SN 0277 210 CONTINUE 
c 

SAVE DATA fOR PRINT c c 
DO 211 J=1•2 ISN 0278 

JSN 0279 PRINT(N,J):MHTCJ) 
ISN 0280 PRJNTCN,J+2)=MU(l,J) 
ISN 0281 PRJNTCN,J+4)=~U(2,J) 
ISN 0282 PRINTCN.J+6)=STOVC~tJ> 
!SN 0283 PRINTCN,J+8)=5TDV( ,J) 
ISN 0284 PRINTCN,J•lO>=~STERCltJ> 
tSN 1)285 PRINT(N,J 12>=~STERC2,J> 
ISN 0286 Pnt :H (N,J+14) :RMSE C 1 ,J) 
ISN 0287 PRINTCN,J+l6):RMSEC2,J) 



69 
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ISN 0288 IPRINTCNtJ)=ICTRCltltJ) 
ISN 0289 IPRINTCNtJ+2)=JCTRClt2tJ) 
ISN 0290 IPRINTCN,J+4)=1CTRC2tl,J) 
ISN 0291 211 IPRINTCN,J+6):JCTRC2t2tJ) c 

c OOiHHHUHH~OOOOO 

ISN 0292 220 CONTINUE c 000 .. 0000000000 

c c PRINT OUTPUTS IN TARLE FORM 
c 

ISN 0293 READC5tl090) ALPHA,ITltiT2 
ISN 0294 WRITEC6tll00) 
ISN 0295 DO 240 J=lt2 
ISN 0296 N=O 
ISN 0297 WRiiEC6tlll0) 
JSN 0298 ITl=IT1• 

SN 0299 WRITEC6tll20) tTl 
ISN 0300 J2=(J ... l) 0 2+1 
ISN 030~ WRITEC6tll30) ALPHACJ2)tALPHACJ2•l)tALPHAC5) 
ISN 030 DO 225 K= ,z 
ISN 0303 225 ~RITEC6tl150) 
ISN 0304 WRITEC6ell60) 
fSN 0305 WRITEC6tfl70) 

SN 0306 WRITE(6, 60) 
ISN 0307 WR TE(6tll50) 
ISN 0308 DO 228 1=1•2 
JSN 0309 228 WRITEC6t1l60) 

SN 0310 J2:(J•l) 0 1+1 
ISN 0311 J3=J*l1 
ISN 0312 DO 235 K=J2tJ3 
ISN 03l3 DO j32 1=1,2 
ISN 03 4 IFC E !NDCK).~E.~l) GO TO 229 
ISN 0316 N=-1 
ISN 0317 WRITEC6t1200) SAVCORCK),TIMECI) 
JSN 0313 GO TO 230 

SN 0319 259 WRITE(6tl180) SAVCORCKl tTIMECI) t CTINOCltJJ,K) ,JJ=l,6) ,NINOCI,K) 
ISN 0320 2 0 CONTINUE 
ISN 0321 235 WRITEC6,1160) 
ISN 0322 WRITE(6tll60) 
ISN 0323 WRITEC6tll50) 
ISN 0324 lFCN.NE.O) WRITEC6t1140) 
ISN 0326 WRITEC6tl100) 
ISN 0327 240 CONTINUE c 
ISN 0328 00 300 MN=l•2 
ISN 0329 Mt-t=CMN•1)~2+1 
ISN 0330 DO 300 IPG=1t2 
ISN 033~ J2= C ~1N•l ) 0 11• 1 
ISN 033 J2=J2+CIPG•1)*5 
ISN 0333 J3=J2•5 
JSN 0334 JT=J3 

SN 0335 JS=J2 
ISN 0336 IT2=IT2+1 
ISN 0337 WRITEC6tl~90) 

IT~tCTITLE<IAIPG)t~=lt2>tALPHA(MM) ISN 0338 WRIT~C6tl ~0) 
SN 0339 WR T . C 6, 12 0) AL HACMM•l), LPHAC ) 

ISN 0340 00 250 J=lt2 
ISN 0341 250 WRITEC6tl230) 
ISN 034~ WRJTEC6tl250) (SAVCORCJ),J:J2tJ3) ISN 034 W r~ T E ( 6 , 1 c 4 0 ) 
tSN 0344 WRITEC6t1250) 
ISN 0345 WR1TEC6tl 230) 
ISN I) 46 WRITEC6•l250) 
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ISN 0347 IFCIERJNOCJT) ,EO.-U J3=J3·1 
ISN 0349 IF' ( IERINO CJS) ,E0.-1) J2=J2+1 
ISN 0351 00 262 J=\t2 
ISN 0352 IF'CIERINOCJSJ> 25St260t260 
ISN 0353 255 WRITEC6t~310) CLABELCieJ>,I=le4),(TINOCJt3tKJ,K=J2,JJ) 

SN 0354 GO TO 26 
SN f)355 260 WRITEC6tl260) CLABELCIRJJ,I=1t4),(TINO(J,3,KJ,K=J2,JJ) 

ISN 0356 IFCIERINO(Jl),EQ,-1) W ITEC6tl300) 
ISN 0358 262 CONTINUE 
ISN 0359 WRITEC6tl25~) 

SN 0360 DO 266 J=l t . 
ISN 0361 IFCIERINOCJS)) 263t264t264 
ISN 0362 263 WRITEC6tl310) (LABELCitJ+2Jei=1t4),(PRINT(N,J)eN=J2 1 JJ) 
JSN 0363 GO TO 266 

SN 0364 264 Wr;-ITE C6t 1260) (LABEL C I tJ+2), I=1 ,4), (PRINT (N,J) ,N:.::J2tJ3) 
ISN 0365 IFC 1 ERINDCJT>.EQ,~1> WRIT£(6,1300) 
ISN 0367 266 CONTINUE 
JSN 0368 WRITEC6t1250) 

SN 0369 WRITEC6t1230) 
ISN 0370 JJ=4 
ISN 0371 DO 280 K=2tl6t4 
ISN 037~ 270 WRITF.C6tl250) 

SN 037 IFtiERINDCJS)) 272t274t274 
SN 0374 272 WRITEC6tl310) (LABEL(J,JJ+lJti=1t4),(PRINTCN,K+1JtN=J2tJ3) 

ISN 0375 wRITEC6el320) CPRINT(N,K+2)tN=J2tJ3) 
ISN 0376 WRJTEC6tf250) 

SN 0377 WRITEC6t 310) CLABEL(J,JJ+2Jtl=~t4),(PRINTCNtK+J),N=J2tJ3) 
SN 0378 WRITEC6t1320) CPRINT(N,K+4)tN=J ,JJ) 

ISN 0379 GO TO 276 
ISN 0380 274 WRITEC6td269) (LABELCJ,JJ+l)el=lt4J,(PRINT(N,K+lJeN=J2,J3) .. ISN OJ81 IF'CIERIN (J ),EQ,•l> WRITEC6el300) 
ISN OJA3 WRITEC6e1270) CPRINTCN,K~2JtN=J2tJ3) 
ISN 0384 I f ( IE R I NO ( J T> , E 0 • - 1 ) WRIT£(6,1300) 
JSN 0386 WRITF.:<t;tl2SO> 

SN 0387 WRIT£(6,1260) CLABEL(J,JJ+2Jti=lt4J,(PRINT(NeK+3JtN=J2eJ3) 
ISN 0388 IF CIERINDCJTJ ,EQ, .. l) WRITEC6tl300) 
ISN 0390 WRtT:C~tb270) CPRINT(N,K+4)eN=J2tJ3) 
JSN 039~ IF' ( JERIN (~T) ,EQ. •U WRITE (6el300) 

SN 039 276 WRITEC6t12 0) 
ISN 0394 WRITEC6tl230) 
ISN 0395 JJ:JJ+2 
JSN 0396 280 CONTINUE 

SN 0397 DO 290 J=~'Sf4 ISN 0398 WRYTE(6,1 SO 
ISN 0399 IF'CTERINOCJSJ) 282t284t284 
fSN 0400 282 WRI-rEC6tl330) CLM3EL(£,JJ+l) ei=lt4) t CIPRlNT(N,J) eN=J2eJJ) 

SN 0401 WRITEC6tl340) CIPrHNT(N ; J+U eN=J2,JJ) 
ISN 0402 ~JR I TE ( 6 t 1250) 

CLARELCI,JJ+2Jtl=le4J,(IPRlNT(N,J+2JtN=J2,JJ) ISN 0403 WRITE(6t1330) 
ISN 0404 WRITfC6tl340) CIPRINT(N,J+JJ,N=J2,JJ) 
JSN 0405 GO TO 286 

SN Olt06 284 ~RtTEC6el2AO) CLABELCI,JJ+lJ,I=1t4J,CIPRINT(N,J),N=J2,J3) 
ISN Ot...G7 IF<IERINO(JT) ,EQ.-1) WRITEC6tl300) 
JSN 04y9 WRITEC6tb290) CIPRINTCNtJ+}),N=J2tJ3) 

SN 04 0 lF'tiERIN (JT) ,EQ,-1) WRITEC6tl300) 
ISN 0412 WRITEC6tl250) 
ISN 0413 WPITEC6tl280) CLAeELCitJJ•2J,I=1t4J,CIPRINT(N,J+2J,N ~ J2,JJ) 
ISN 0414 IF(JERI NDlJT) ,EQ.-1) WRlTE(6,130~) 
tSN 04 6 WRITEC6t1290) CIPRINTC~•J•JJ,N=J rJJ) 
!SN 04 7 IFCIERINOCJTJ.EQ.-1> WRITE(6,1300 
1 S~l 0419 286 JJ:J,J+2 
JSN 0420 ~'/R IT f. ( h' f25 0) 

SN 0421 290 ~IR TE C6t 2~0) 
WRITEC6tll40) lSN 0422 IF ( CIERINOCJTJ .EC,-1) .oR. ( IERINDCJSJ ,EQ,-1)) 



ISN 0424 
IS~ 0425 
ISN 0426 

c 
300 WRITE(6tll00) 

STOP 
END 

*OPTIONS IN EftECT* NAME= MAINtOPT=OOtLINECNT=66tSIZE~OOOOKt 

*OPTIONS IN EFFECT* SOURCE,EBCOICtNOLIST . NOOECKtLOADtNOMAP,NOEOITtNOIO,NOXREF 
*STATISTICS* SOURCE STATEMENTS = 425 ,PROGRAM SIZE = 60230 
*STATISTICS* NO DIAGNOSTICS GENERATED 
oooooo END Of COMPILATION oooooo 

*STATISTICS* NO DIAGNOSTlCS THIS STEP 
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LEVEL 21.8 ( JUN 74 ) OS/360 fORTRAN H 

ISN 0002 
ISN 0003 
ISN 0004 
lSN 0005 
ISN 0006 
ISN 0007 
ISN 0008 
ISN 0009 

~~~ 88l~ 
ISN 0013 
ISN 0014 
ISN 0015 
ISN 0016 
ISN 00 7 
ISN 0018 
ISN 0019 
ISN 0020 
ISN 0021 
ISN 0022 
ISN 0023 
ISN 0024 
ISN 0026 
ISN 0027 
ISN 0028 
ISN 0029 
ISN 0030 
ISN 
ISN 
ISN 
ISN 
ISN 

~~~ 
ISN 

003 \ 
0032 
noJJ 
0035 
0036 
0037 
0038 
0039 

COMPILER OPTIONS 

c 
- NAME= MAINtOPT=OOtLINECNT=66tSIZE-OOOOKe 

SOURCE,EBCDIC,NOLIST,NODECK,LOADtNOMAPtNOEOIT,NOIOtNOXREF 
c 
c 
c 
c 
c 
c 
c 

1000 
1010 
1020 

c 

c 

c 

100 

110 

)40 

150 

160 

170 

180 

190 

200 

SUBROUTINE MATCOV COMPUTES ANO PRINTS THE MEAN COVARlA~CE MATRICES Or THE NORMALIZED X MATRJCfS fOR fACH CORRELATIO'~• MATCOV ALSO 
COMPUTES THE ~EAN VARIANCE~ Of THE NORMALIZED X MATRICES OVER 
THE ENtiRE RUN, 

SUBROUTINE MATCOV(N,NP,NPTStXtM) 

fORMAT(' M MATRIX AND (AVG) DERIVATIVE USED THIS LOOPCNO,t,[4 9 t)t) 
fORMAT ( 4 ( 1 X, E 14 • 8) t SX, 4 <1 X, E 14 • 8) ) 
FORMAT(' MEAN DERIVATIVE VARIANCES THIS RUN= 't4CEl4,8,5X)) 
REAL MC4t4) tX(4t20) tM1 (16) tM2(4,4) ,M3(16) ,M4(4,4) tMEANC4) 
DATA HEAN/400,0EO/ 
EQUIVALENCE C '-'1 ( 1) , M2 ( 1, 1) ) , ( M3 ( 1) t M4 ( 1e 1) ) 

If<NP,GT,l) GO TO 100 
DO 100 J=ltl6 
M1<J>=O.OEO 
CONTINUE 
00 110 J=le16 
M3CJ>=O.OEO 
DO 150 J=f t 4 
DO 150 K= ,J 
DO 140 L=lt20 
M4(J,K)=M4(JtK)+X(Jtl)OX(K,L)/20eOEO 
M4 ( K t J) =M4 C J, 10 
CONTINUE 
DO 160 J=1el6 
Ml (J) =Ml (J) •M3 (J) 
IFCNP,NE.NPTS> RETURN 
DO 170 J=1tl6 
Ml(J)=M1(J)/fLOATCNPTS) 
WRITEC6tl000) N 
oo 1so K=lr4 
WRIT£(6,10 0) (M(K,J) tl=lt4), (M2CKtl) tl=lt4) 

00 190 1=1·4 
MEANCI>=MEAN(J)+M2Citl) 
If(N,NE.22l RETURN 
DO 200 I=l ,4 
MEAN<I>=MEANCI>/22.0EO 
WRITEC6el020) (MEAN(I)el=1t4) 
RETURN 
END 

*OPTIONS IN EffECT* NAME= MAINeOPT=OOtLINECNT=66tSIZE=OOOOKt 
~OPTIONS IN EfFECT~ SOURCEtEBCDICtNOLISTeNODECKtLOAO,NOMAP,NOEDIT,NOIO,~O~REF 

~STATISTICS* SOURCE STATEMENTS = 38 ,PROGRAM SIZE = 1892 

~STATtSTtCS~ NO DIAGNOSTICS GENERATED 

~ooo~~ END OF COMPILATION °~~*00 
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LEVEL 21,8 ( JUN 74 ) OS/360 FORTRAN H 
COMPILER OPTIONS • NAME= MAIN,OPT=OOtLINECNT=66,SIZE=OOOOKt 

SOURCE,EBCOICtNOLIST,NODECK,LOAOtNOMAP,NOEDIT,~OIOtNOXREF c c 
c c c c 

ISN 0002 c 
ISN 0003 JSN 0004 

SN 0005 
ISN 0006 

c 
JSN 0007 
ISN 0009 
ISN 0010 
JSN 0011 
S~J 0012 

100 

ISN 0013 
ISN 0014 ISN 00 5 

110 

ISN 0016 
ISN 0017 120 
ISN 00~8 SN 00 0 

SN 0021 
ISN 0022 
ISN 0023 
ISN 0024 
ISN 0025 
ISN 0026 
ISN 0027 130 

c 
ISN 0028 
ISN 0029 

VOPTIONS IN EFFECT~ 

SURROUTINE SAVIDX COMPUTES MEAN VALUES OF SEVERAL DIFFERENT 
CONCENTRATION INDICES COMPUTED FOR EACH CORRELATION AND STORES 
THE RESULTS I~ COMMON FOR PRINTI~G. 
SUBROUTINE SAVIDX(N,NP,NPTStRIDXtNNNtiER) 

DIMENSION AVEQCl4),AVlC2t7>tRIOXC2t7),NNN<2>tNAV(2) 
COMMON IERIND<22) ,TINDC2t7t~2>tNINDC2t22) 
EQUIVALENCE (AVEQC1)tAVlC1tl)) 

IERINDCN>=IER 
F ( NP, NE. l) GO TO 11 0 

DO 100 J=lt14 
AVEQ(J):O,OEO 
NAVCU=O 
NAV(2)=0 
DO 120 K=lt2 
NAV(K):NAV(K)+NNN(K) 
DO 120 J=lt7 
AV1(K,J)=AVl(~,J)+RIDXCKtJ) 
CONTINUE 
IFCNP,NEfNPTS) RETURN 
RNP=FLOA CNPTS) 
DO 130 K=lt2 
Z=FLOATCNAVCK)) 
Z=Z/RNP+O.SEO 
NINO(K,N)=Z 
00 130 J=lt7 
TINDCK,J,N>=AV1CK,J)/RNP 
CONTINUE 
RETURN 
END 

NAME= MAINtOPT=OOtLINECNT=66tSI7.E=OOOOKt 
~OPTIONS IN EFFECTo SOURCEtEBCOICtNOLISTtNODECKtLOAD,NOMAP,NOEOITtNOIO,NOXREF 
osTATISTICSo SOURCE STATEMENTS = 28 ,PROGRAM SIZE z 1192 

osTATISTICS~ NO DIAGNOSTICS GENERATED 
ooo~oo END OF COMPILATION ~*~oo~ 
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