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ABSTRACT
This work presents the research of myself, my advising professor, and our collaborators in
first-principles studies of several catalytic materials for improving the efficiency and economics
of hydrogen fuel cells, focusing on the oxygen reduction reaction (ORR) at the cathode, CO
removal and the hydrogen oxidation reaction (HOR) at the anode, and the redox reactions used for
water splitting through photocatalysis. We use a computational design approach to analyze the
reaction thermodynamics, applying density functional theory (DFT) for most calculations. We find
that, through a subversion of the linear scaling approximation for surface reactivity, an Au
monolayer deposited on the early transition metals Nb and Ta is both stable under fuel cell
operating conditions and reaches a higher onset potential for the ORR than the current expensive
Pt-based cathodes. In a similar light, we find that Pd/Mo(110) and Pd/W(110) are both active
toward the CO removal reaction and the HOR at the fuel cell anode through their interesting
binding energy relations, in comparison to the Pt catalyst anode which suffers the problem of CO
poisoning of active sites. We study the reaction thermodynamics of the two-dimensional structures
C2N and C2N doped with P, whose band gaps are favorable with regards to solar light
photocatalysis, but find that the redox reactions through several routes do not seem energetically
favorable. We also study another candidate for photocatalytic water splitting, the wide-band gap
semiconductor β-phase Ga2O3, assessing the effects of H- and Si-doping on the material’s band
structure through the GW method. We find, using DFT, that Si prefers to replace the Ga (I) atom
and H prefers to bind to the O (2) atom. We find through GW analysis of the band gap that Si and
H act as n-type dopants of β-phase Ga2O3.
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SUMMARY
Hydrogen fuel cells offer a solution for clean, transportable energy. Though
implementations of them currently exist, their use is limited by inefficiencies in hydrogen
production and expensive materials in fuel cell implementations. Two main aspects of hydrogen
fuel cell use require catalysts – the production of hydrogen and the requisite reactions within the
fuel cell at the anode and cathode. A computational approach based on the density functional
theory (DFT), implemented through the VASP code using projector augmented wave potentials,
is used in this work to understand the energetics of various materials to determine their electronic
characteristics.
In the first chapter of novel results, Chapter 3, we propose structures composed of one gold
monolayer on early transition metal surfaces as a promising alternative to the prohibitively
expensive platinum-based electro-catalysts for the oxygen reduction reaction (ORR), which occurs
on hydrogen fuel cell cathodes. Based on existing knowledge and educated guesses, we preselect
Au/Nb, Au/Ta, Au/Mo, and Au/W as potential catalysts. Our DFT-based calculations show that
these materials are thermodynamically and electrochemically stable: their dissolution potentials
are much higher than that of Pt. In the cases of Au/Nb and Au/Ta, we reveal a deviation from the
well-known linear-scaling relation for the binding energy of ORR intermediates, which is very
promising for the design of new catalysts. It happens because of an increase in binding of the
OOH-radical to the Au monolayer due to the hybridization of a sharp peak of Au-pz electronic
states at the Fermi-level with O-p-states. To evaluate the ORR thermodynamics and obtain the
ORR onset potential, we calculate the ORR free energy diagrams for the materials under
consideration. These diagrams show that the calculated onset potentials for Au/Nb and Au/Ta are
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significantly higher than that for Pt. We thus predict two inexpensive, thermodynamically and
electrochemically stable, and highly active ORR catalysts.
The next chapter concerns the hydrogen fuel cell anode operation. CO poisoning hinders
the hydrogen oxidation reaction (HOR) on Pt-based hydrogen-fuel-cell anodes. To be more active
than Pt toward CO removal, a catalyst must satisfy two seemingly contradictory conditions: OH
radicals bind more strongly and CO more weakly than on Pt. Nevertheless, we show that this is
possible for a surface if: a) its local densities of d-electronic states is located at sufficiently lower
energy than that of Pt – this is to weaken the covalent CO-surface bonds; b) its work function is
sufficiently lower than that of Pt – this is to strengthen the ionic OH-surface bonds. We test these
requirements on catalysts composed of a monolayer of Pd or Pt bound to a substrate composed of
the early transition metals Mo, Nb, Ta, and W. We show that Pd and Pt monolayers meet these
requirements when modified by Mo(110) and W(110) substrates, thus optimizing the binding
energies of OH and CO. Indeed, our reaction free energy diagrams indicate that Pd/Mo(110) and
Pd/W(110) are much more active toward CO removal than Pt, and Pt/Mo(110) and Pt/W(110)
provide complicated cases which may be more active toward CO removal . Also, our calculation
of the free energy of the HOR Tafel step at zero electrode potential shows that, amongst our
considered systems, HOR thermodynamics is more favorable for Pd/Mo(110) and Pd/W(110) than
for Pt. We thus propose Pd/Mo(110) and Pd/W(110) as highly active and CO tolerant HOR
catalysts.
The final two chapters of this work describe our research into possible candidates for
photocatalysis. In the search for new efficient photo-catalysts for hydrogen production through
water splitting, the main attention has been paid to tuning the band gap width and its position with
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respect to vacuum level. However, actual electro-catalytic activity for the water oxidation reaction
on a catalyst surface is no less important than those quantities. In this work we evaluate from first
principles the thermodynamics of the reaction on relatively new candidates for water splitting:
two-dimensional C2N and that doped with phosphorus. We find that the 4-step reaction usually
expected for water splitting will not proceed on these systems, resulting in oxygen atoms left
strongly adsorbed to the surface. Another option, a 3-step reaction, is also found to be unfavorable.
We also test an effect of higher oxygen coverage on the reaction thermodynamics, as suggested
elsewhere. We find that indeed, the doubled O-coverage makes the 4-step reaction feasible for Pdoped C2N. However, an unacceptably high anode potential is required to make this reaction
proceed. We thus conclude that the materials under consideration may not be efficient electrocatalysts for water splitting.
Finally, I present our work regarding the doping of 𝛽-phase Ga2O3. Amongst other uses,
the wide band gap semiconductor 𝛽-Ga2O3 shows promise as a potential photocatalyst of the water
splitting reaction. However, due to its wide band gap it is only active in the ultraviolet spectrum,
which drastically reduces its efficiency as a solar light photocatalyst. This deficiency may possibly
be tuned through doping, and thus there is extensive study into the effect of dopants on the band
gap. However, among the computational results within the literature, there exists only studies of
the effects of H- and Si-doping on the band structure using DFT which, as a ground state-based
methodology, is well-known to underestimate the band gap. H and Si are found to dope 𝛽-Ga2O3
naturally during synthesis, so their study may reveal important qualities of the material. In order
to address this gap in the literature, we apply the advanced GW approach to study the band gap of
H- and Si-doped 𝛽-Ga2O3, and present an analysis of the doping effects on the density of states.
v
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CHAPTER I: INTRODUCTION

Global climate change is one of the most dangerous and pressing matters facing humanity.
Replacing fossil fuels with clean, renewable energy sources is therefore both vital and urgent.
Hydrogen as an energy source has an incredibly high energy density, is greatly abundant, and
produces only clean water in the process. However, its use presents some difficult challenges.
There are three major obstacles to overcome: production of hydrogen gas, safe and efficient
storage, and improvements on energy generation using hydrogen-involved reactions. Our current
methods of producing hydrogen primarily involve steam reforming of natural gas. This process is
non-ideal, since it produces a large amount of CO2 and requires a non-renewable resource. One
alternative is through the electrocatalytic splitting of water molecules. Because the goal of
hydrogen production is to provide a clean energy source, finding a clean and renewable source of
energy to drive the reaction is paramount. One option is the possibility of photocatalytic water
splitting, in which a potential difference is generated by photonic excitation of electrons within a
material using solar irradiance. Once the hydrogen is produced, it must be stored in a safe and
transferable way. Hydrogen has very high energy density by weight, but its energy density by
volume is worse than most hydrocarbon fuels. Thus, physical storage methods like compression
and liquefaction cost energy to achieve and can require large and/or heavy tanks. Chemical
methods are being developed, but those are not the focus of this work. Within the hydrogen fuel
cell, important chemical reactions occur at both the cathode and the anode. Improving the
performance of these reactions and reducing their material cost can elevate hydrogen reactions to
a competitive level with the much more environmentally destructive fossil fuels.
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The catalytic reactions within hydrogen fuel cells and those that govern hydrogen
production are difficult to study directly. The interactions of a surface or nanoparticles with
reactants requires computation of many interacting electronic systems. Fortunately, the field of
catalytic research has seen great boons in recent years as computational processing power,
parallelization, and code efficiency have drastically improved. First-principles methods are
capable of assessing electronic properties, band structures, and system energetics which are key to
understanding catalytic properties of materials. In this thesis, I present highly promising results
based on first-principles methods towards increasing the efficiency of the catalytic reactions within
hydrogen fuel cells. I also study material properties with regards to the photocatalytic reaction of
water into hydrogen gas.

1.1 First Principles Studies of Catalysis
The methods of first-principles studies have been developed over the past few decades to
encompass large systems including surfaces composed of numerous atoms and nanoparticles.
These developments allow us to study and predict with great accuracy numerous electronic
properties of such systems. The theory of these tools, specifically density functional theory (DFT),
is discussed in Chapter 2. Catalysts change the thermodynamics and kinetics of a reaction, and
thus depend on the energetics of the involved systems. Thermodynamics can be studied in terms
of the free energy (G) of the system, specifically comparing changes in free energy between
different catalysts. The change in free energy, ΔG, can be calculated as

Δ𝐺 = Δ𝐸 + Δ𝑍𝑃𝐸 − 𝑇Δ𝑆.

(1.1)
2

Δ𝐸 is the change in total energy from one reaction state to another, Δ𝑍𝑃𝐸 refers to the zero-point
energy, and 𝑇Δ𝑆 is the entropic term. The solvent effects on the reaction thermodynamics are
taken into account by adding to the free energy the acidity term: 𝐺(pH) = −𝑘𝐵 𝑇 ln[𝐻 + ] =
𝑘𝐵 𝑇 ln 10 × pH, which is naturally taken to be zero in an environment where pH is close to 0 [1].
Each of these quantities can be found through DFT methods, which can then be compared to
experimental results for reference.
The process of calculating Δ𝐺 can be illustrated like so: for a reaction of an adsorbate
binding to a surface 𝑅 +∗→∗ 𝑅, the change in free energy would be

Δ𝐺 = 𝐸(∗ 𝑅) − [𝐸(𝑅) + 𝐸(∗)]
+ Z𝑃𝐸(∗ 𝑅) − [𝑍𝑃𝐸(𝑅) + 𝑍𝑃𝐸(∗)]
− T ∗ {S(∗ 𝑅) − [𝑆(𝑅) + 𝑆(∗)]},

(1.2)

with * representing a binding site on the surface.
Here, some important features of the energetics of reactions must be noted. First, the
binding energy 𝐸𝐵 of a species R to a given surface is defined as

𝐸𝐵 (∗ 𝑅) = 𝐸(∗ 𝑅) − [𝐸(𝑅) + 𝐸(∗)].

(1.3)

In the example given by Equation 1.3, the binding energy corresponds exactly with the change in
total energy. If adsorbates or released species associate or dissociate as part of the reaction,
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however, the change in total energy will include the difference in the energies of those species.
For instance, the change in total energy Δ𝐸 of the reaction 𝐴𝐵 + ∗ → ∗ 𝐴 + 𝐵 would be

Δ𝐸𝐴𝐵+ ∗ → ∗𝐴+𝐵 = 𝐸𝐵 (∗ 𝐴) + 𝐸(𝐴) + 𝐸(𝐵) − 𝐸(𝐴𝐵).

(1.4)

Furthermore, the ZPE and entropic terms require additional consideration. The ZPE and entropy
of surface adsorption sites are approximated to be zero (frozen substrate), and the rotational and
translational contributions to the entropy are ignored for bound species. Also, it has been shown
that the ZPE and entropic contributions, while potentially significant, vary in an insignificant
manner from one catalytic surface to another. Thus, the quantity which determines the principal
characteristics of the reaction is the binding energy of any adsorbates. Throughout this work I
apply these calculation methods and ideas to various catalytic systems, the computational details
of which are given in their corresponding chapters.
It may be noted that throughout this work, kinetic barriers of reactions are neglected.
Kinetic factors determine several important aspects of catalyst design, including reaction rates (and
thereby the rate-limiting step) and critical intermediate reactions. Tools such as Sabatier analysis,
mean-field models, and kinetic Monte Carlo provide insight into such critical factors when
assessing the efficiency or viability of a catalyst for a particular set of reactions [2]. There are
several reasons for the omission of kinetic factors in our studies – first, the thermodynamics of
reactions provide a wealth of important information about the operation of systems in question as
catalysts for the studied reactions. For example, the reaction thermodynamics is what determines
one of the key characteristics of fuel cells – onset potential of the oxygen reduction reaction, which
4

is the maximal possible potential to which the fuel cell can be charged. Analyzing thermodynamics
is a necessary first step in understanding the role of a particular catalyst in any given reaction.
Subsequent analysis of kinetic factors must take into account those properties determined
thermodynamically. This work focuses on the viability of the thermodynamics of reactions on the
surfaces in question, exploring further the effects of multiple factors (as discussed in their
respective chapters) on those thermodynamic properties. In doing so, we further our understanding
of design principles regarding thermodynamic material design as well as laying a groundwork for
future studies (including kinetic considerations) for the materials which have shown promising
thermodynamic results in terms of useful catalytic applications.
Furthermore, there exists rationale behind focusing on thermodynamic factors. A
correlation has been found [3 – 6] between the binding energies and the reaction kinetics for a
variety of catalysts towards the oxygen reduction reaction (discussed in the next section). If a
positive change in the free energy upon a reaction step is too large, the reaction will not be
facilitated regardless of the kinetic barrier. The microkinetic models of these systems aligns more
closely to experimental reaction rates than the thermodynamic analyses, as expected, but the trends
among the considered systems are in fact captured by the thermodynamics. Thus, while kinetic
models are invaluable for understanding important factors of the reactions such as their reaction
rates and limiting steps, the thermodynamic analyses can be used to compare different catalytic
surfaces and predict whether one will be more or less active towards a particular reaction than
some reference material. As mentioned in the following section, platinum is the current paradigm
for hydrogen fuel cell design; therefore, thermodynamic improvements of key factors in catalytic
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materials over platinum can inform material design before more macroscopic factors are
considered.

1.2 Operation of Hydrogen Fuel Cells
The purpose of fuel cells is to convert the chemical energy released during exothermic
reactions into usable electrical power. Hydrogen fuel cells, such as proton exchange membrane
fuel cells (PEMFCs), derive energy from the oxygen reduction reaction (ORR) which occurs at
the cathode. Unlike fossil fuel engines, which disperse greenhouse gasses and other pollutants, the
only byproduct of such a reaction is clean water. With hydrogen’s relatively high energy density,
it stands as a promising replacement for fossil fuels in terms of both portability and storage.
Currently, however, one of the major disadvantages of hydrogen fuel cells is in their construction.
The catalysts at both electrodes in such cells are composed of platinum, which is comparatively
rare and expensive. The anode catalyzes the hydrogen oxidation reaction (HOR), separating the
diatomic hydrogen gas into hydrogen ions. The cathode catalyzes the ORR, wherein oxygen
combines with the hydrogen ions on the surface to form H2O. Finding materials which can catalyze
these reactions while reducing the precious metal load and matching, if not improving, the Ptbased catalysts’ efficiency would drastically increase the viability of hydrogen fuel cells.

1.3 Photocatalytic Water Splitting
In order for hydrogen to be a truly clean and renewable energy source, the generation of
hydrogen gas itself must be clean and renewable. One way to achieve this is through the separation
of water into hydrogen and oxygen, the opposite chemical reaction to the ORR. A well-known
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method is through electrolysis, which, when achieved through a sustainable energy source such as
solar cells, can produce the requisite hydrogen. However, the process of photocatalysis may
provide a much more efficient method of water splitting.
Photocatalysis involves the generation of a potential difference across the semiconducting
photo-anode using solar-light-induced electron excitations. The water-splitting reaction is
endothermic, requiring 1.23 eV to proceed. Therefore, the band gap of a material acting as a photoanode must be at least that wide. Moreover, the band gap must be situated such that the hydrogen
evolution reaction (HER) and the oxygen evolution reaction (OER) are both facilitated on the
material. Since we wish to power photocatalysts with solar light, a band gap that falls within the
range of visible light (380 – 780 nm or 1.59 – 3.26 eV) is desired, since that encompasses the
greatest intensity of the solar spectrum. Even with these conditions met, the material must also
reach a level of stability that can withstand the acidic environment and electronic activity present
during the water splitting reaction. Though materials have been found which meet several of these
criteria, efforts continue to be made to find a highly efficient photocatalyst for water splitting.

1.4 Thesis Objectives
In the following chapter, I present the theoretical background of the computational methods
of density functional theory. The chapters thereafter contain the results obtained using these
methods and principles of rational design to study electrocatalytic and photocatalytic properties of
various materials and assess their viability towards improving the hydrogen fuel cell economy.
Studies related to electrocatalytic systems used in the operation of hydrogen fuel cells are given in
chapters 3 and 4, in which the linear scaling approximation (explained further in those chapters)
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is subverted and binding energetics are tuned to produce promising results. Chapters 5 and 6 detail
studies related to prospective photocatalytic structures for use in the production of hydrogen gas
through water splitting.
Chapter 3 contains our study of four catalysts of the structure Au/M(110), where M = Nb,
Ta, Mo, and W. We test these materials’ activity towards the ORR which converts hydrogen ions
and oxygen into water and generates electrical power. These materials are preselected on the basis
of their predicted electrochemical stability under the fuel cell operating conditions using a design
principle of an active element (AE) shell around a metal substrate (MS) core. The AE/MS design
allows for highly stable and catalytically active nanoparticles which can replace the highly
expensive Pt cathodes within hydrogen fuel cells. In both this chapter and the next, we seek
explanations for the surprising (yet useful) subversion of the linear scaling approximation that
these materials exhibit.
In chapter 4, we assess two classes of structures with similar designs: Pd/M(110) and
Pt/M(110), where M = Nb, Ta, Mo, and W. In this study, we seek a replacement for the Pt anode
of hydrogen fuel cells which can facilitate the removal of CO from active sites. Currently, the
primary source of hydrogen gas is through natural gas, which also contains CO. The Pt anode
catalyzes the HOR, separating the hydrogen molecule into its constituent atoms. CO binds to the
active catalyst sites, effectively poisoning the surface and drastically lowering the HOR rate. We
analyze the activity of these surfaces towards a reaction which serves to remove the CO from the
surface, dispersing it as CO2. We also test their activity towards the HOR, assessing their viability
as hydrogen fuel cell anode replacements.
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In chapter 5, we study the photocatalytic properties of two two-dimensional materials: C2N,
and C2N doped with phosphorus, referred to as C2N-P. The band gap for these materials was found
to be promising with regards to the photocatalytic splitting of water into hydrogen and oxygen.
We calculate the reaction thermodynamics of these materials following the reaction pathway for
the redox reactions on previously-discovered water splitting photocatalysts. We also test
alternative reaction pathways and the effects of increased oxygen coverage as possible means for
C2N or C2N-P to facilitate the photocatalysis of water.
Chapter 6 provides an exploration of details regarding doped 𝛽-Ga2O3, a well-known widebandgap semiconductor of great theoretical interest. It has been proposed, among many other
useful applications, that doped 𝛽-Ga2O3 is a candidate for photocatalytic activity towards water
splitting. We apply density functional theory to understand two dopants which arise naturally in
the formation of 𝛽-Ga2O3 – H (interstitially) and Si (replacing Ga). We apply the GW approach,
detailed in Chapter 2, to understand the effect these dopants have on the density of states and, thus,
the bandgap of 𝛽-Ga2O3.
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CHAPTER II: COMPUTATIONAL THEORY OF CONDENSED MATTER PHYSICS

Detailed analysis of catalytic systems requires an understanding of several important
material properties such as binding energy of adsorbates, charge distribution of atomic species,
and density of electronic states. We characterize these qualities through the Schrödinger equation
for a many body electronic system. Since these systems involve large numbers of nuclei and
electrons, the number of coupled differential equations which must be solved grows intractably
large. Thus, we discuss various approximations as practical methods of describing the electronic
characteristic of multi-atom catalyst systems. We first decouple the electron wavefunctions from
the nuclei using the Born-Oppenheimer approximation. Then, we pare down the many-electron
wavefunction into its classical Coulombic interactions of the electrons with the nuclei and
themselves using the Hartree approach. We incorporate the exchange term brought about by the
Pauli exclusion principle using the Hartree-Fock approximations. Finally, we apply Density
Functional Theory (DFT) in order to replace inefficient Hartree-Foch approximation with the
tractable functional, which also incorporates the correlation energy. Since these approaches apply
only to the ground state, we turn to the GW approach to account for excited states associated with
the semiconductor band gap.

2.1 The Quantum Many-Body Problem

Catalysis involves electronic interaction of many atomic species in complex structures. We
understand these interactions as quantum systems and thus approach them using quantum
mechanics. The electrons involved in considered systems can be categorized as core or valence.
11

For simplicity we shall categorize atoms with a separation of the nuclei and core electrons, whose
contribution can be considered singularly, from the valence electrons, which are considered
independent, though practically the distinction is for qualification purposes only and does not refer
to any distinguishing character of the electrons. We consider many important properties of
materials to be determined by the activity of the valence electrons, and thus must solve stationary
Schrödinger’s equation for the valence electronic states:

̂ 𝚿 = 𝐸𝚿,
𝐻

(2.1)

where E are the eigenvalues and Ψ the eigenstates. Generalizing the Hamiltonian and expanding
these terms to describe multiple atoms forming a crystal, nanoparticle, or otherwise gives

2

2

2

2

𝑍𝑍
𝑒
𝑒
1
2
̂ = ℎ ∑𝑃𝐼=1 1 ∇2𝐼 − ℎ ∑𝑁
∑𝑃𝐼=1 ∑𝑃𝐽≠ 𝐼 𝐼 𝐽 + ∑𝑁
∑𝑁
𝐻
∇
+
−
𝑖=1
𝑖
𝑖=1
𝑗≠
𝑖
2
𝑀
2𝑚
2
|𝑅 −𝑅 |
2
|𝑟 −𝑟 |
𝐼

𝐼

𝑍

𝐼
𝑒 2 ∑𝑃𝐼=1 ∑𝑁
𝑖=1 |𝑅 −𝑟 | ,
𝐼

𝐽

𝑖

𝑗

(2.2)

𝑖

for a system with N electrons located at coordinates ri; and P nuclei located at coordinates RI of
mass MI and nuclear charge ZI. This Hamiltonian gives rise to a partial differential equation with
3(N + P) coupled degrees of freedom. Conceptually, this equation contains all necessary factors to
derive any electronic properties of matter. Practically though, even systems of only a few
interacting atoms quickly become intractable, as the Coulomb interaction makes particles difficult
to decouple. Thus, finding appropriate solutions to these systems requires several useful
approximations.
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2.2 The Born-Oppenheimer approximation

In 1927, Born and Oppenheimer proposed an approximation to decouple the nucleic from
the electronic wave functions [1]. The approximation was developed by introducing a perturbation
to the nuclei position vectors of the form

𝑹 = 𝑹𝟎 + 𝜅𝒖

(2.3)

1

with 𝜅 = (𝑚/𝑀)4 representing a ratio of the electron mass to the nucleus mass and u representing
the displacement of the nucleus with respect to its equilibrium position R0. The large disparity in
the mass of the electron and the proton motivates this perturbation – it can be reasonably assumed
that the velocity of the electron would be much greater than that of the nucleus. The expansion of
the Hamiltonian due to this perturbation shows that, under adiabatic conditions, electrons do not
transition between stationary states. Within adiabatic approximation, the electron positions
respond instantaneously to nucleic motion, thereby decoupling the interaction between the
electrons and the nuclei.
We thus use these conditions to propose a solution to the Schrödinger equation of the form

Ψ(𝐑, 𝐫, 𝑡) = ∑𝑛 Θ𝑛 (𝐑, 𝑡)Φ𝑛 (𝐑, 𝐫).

(2.4)
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The atomic wave functions have been decoupled into nuclear wave functions, Θ𝑛 (𝐑, 𝑡), and
adiabatic electronic eigenstates, Φn (𝐑, 𝐫), which satisfy the time-independent Schrödinger
equation

ℎ̂𝑒 Φn (𝐑, 𝐫) = 𝐸_𝑛(𝑅)Φn (𝐑, 𝐫)

(2.5)

with the electronic Hamiltonian:

̂𝑒𝑒 + 𝑉̂𝑛𝑒
ℎ̂𝑒 = 𝑇̂ + 𝑈
ℎ2

2
= − 2𝑚 ∑𝑁
𝑖=1 ∇𝑖 +

𝑒2
2

𝑁
∑𝑁
𝑖=1 ∑𝑗≠ 𝑖

1
|𝑟𝑖 −𝑟𝑗 |

𝑍

𝐼
− 𝑒 2 ∑𝑃𝐼=1 ∑𝑁
𝑖=1 |𝑅 −𝑟 |.
𝐼

𝑖

(2.6)

̂𝑒𝑒 the electron-electron interaction, and 𝑉̂𝑛𝑒 the
𝑇̂ denotes the electronic kinetic operator, 𝑈
electron-nuclear reaction (with such terms expanded in the second line of Equation 2.6). However,
the adiabatic electronic Hamiltonian still represents a coupled partial differential equation with 3N
degrees of freedom and thus requires further consideration to become manageable.

2.3 The Hartree Approximation

One method of simplifying this highly complex problem, proposed by Douglas Hartree in
1928, is to represent the many-electron wave function as a product of one-electron orbitals, which
he called the self-consistent field (HSCF) approach [2, 3]. John Slater formalized this approach by
introducing a wave function of the form
14

Φ(𝐫) = ∏𝑁
𝑖=1 𝜙𝑖 (𝐫𝑖 )

(2.7)

in order to obtain the HSCF equations through the variational principle. To this end, we can
construct a Hamiltonian of the form

1 𝑁
𝑁
̂
̂ (𝑹, 𝒓) = ∑𝑁
𝐻
̂2 (𝑖, 𝑗) .
𝑖=1 ℎ1 (𝑖) + 2 ∑𝑖=1 ∑𝑗≠𝑖 𝑣

(2.8)

Here we have the one-electron operator, ĥ1, and the Coulomb electron-electron interaction, v̂2. The
one-electron operator describes the electron interacting with the nuclei and external fields of the
system, and thus is given by

ℏ
ℎ̂1 (𝑖) = − 2𝑚 ∇2𝒓𝒊 + 𝑣𝑒𝑥𝑡 (𝑹, 𝒓𝑖 ).

(2.9)

The Coulomb interaction, naturally, is

1

𝑣̂2 (𝑖, 𝑗) = |𝐫 −𝐫 |.
𝑖

(2.10)

𝑗

Since this formulation does not include spin-orbit coupling terms, the energies are degenerate in
the spin.
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We can describe the variational energy in terms of these two contributions: the one-electron
operator and the two-electron contribution. For the one-electron operator, ĥ1, the energy
contribution is given by

̂
𝐸 (1) = ⟨Φ(𝐫)| ∑𝑁
𝑖=1 ℎ1 (𝑖) |Φ(𝐫)⟩,

(2.11)

which can be expended using the HSCF wavefunction (Eq. 7) and noting that one-electron orbitals
are normalized to 1. This gives us

∗
̂
𝐸 (1) = ∑𝑁
𝑖=1 ∫ 𝜙𝑖 (𝐫𝑖 )ℎ1 (𝑖)𝜙𝑖 (𝐫𝑖 ) d𝐫𝑖 .

(2.12)

We can express this as a sum of energies, i.e., 𝐸 (1) = ∑𝑁
𝑖=1 𝐸𝑖𝑖 . In a similar manner, we have the
energy contribution of the Coulomb terms

1

𝑁
𝐸 (2) = 2 ∑𝑁
𝑖=1 ∑𝑗≠𝑖 ∬

𝜌𝑖 (𝑖)𝜌𝑗 (𝑗)
|𝐫𝑖 −𝐫𝑗 |

d𝐫𝑖 d𝐫𝑗

(2.13)

using the partial densities of the individual electrons, 𝜌𝑖 (𝑖) = |𝜙𝑖 (𝐫𝑖 )|2. We once again express
1

𝑁
this in the simplified manner of 𝐸 (2) = 2 ∑𝑁
𝑖=1 ∑𝑗≠𝑖 𝐽𝑖𝑗 , including a 1/2 to account for double

counting. Thus, the total energy of the HSCF electronic system is given by:

𝐸𝐻𝑆𝐶𝐹 = ∑𝑁
𝑖=1 𝐸𝑖𝑖 +

1
2

𝑁
∑𝑁
𝑖=1 ∑𝑗≠𝑖 𝐽𝑖𝑗 .

(2.14)
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We now have an energy with which we can apply the variational principle. In order to do
so, we apply two restrictions: the real components of the eigenstates [𝜙𝑖 (𝐫𝑖 )] are independent of
the imaginary components [𝜙𝑖∗ (𝐫𝑖 )], and the eigenstates are normalized [∫|𝜙𝑖 (𝐫𝑖 )|2 𝑑𝑟𝑖 = 1]. Then,
the variational equation can be written as

2
𝛿[𝐸𝐻𝑆𝐶𝐹 − ∑𝑁
𝑖=1 𝜀𝑖 ( ∫|𝜙𝑖 (𝐫𝑖 )| 𝑑𝑟𝑖 − 1)] = 0,

(2.15)

where 𝜀𝑖 are the Lagrange multipliers. Applying this variation to 𝐸𝐻𝑆𝐶𝐹 gives three terms,
corresponding to the kinetic energy, the external potential, and the Coulomb interactions between
(𝑖)

electrons, the last two of which can be combined into a single effective potential 𝑣𝑒𝑓𝑓 :

(𝑖)
𝑣𝑒𝑓𝑓 (𝐑, 𝐫)

2

= 𝑣𝑒𝑥𝑡 (𝐑, 𝐫) + ∫ ∑𝑁
𝑗≠𝑖

|𝜙𝑗 (𝒓′ )|
|𝒓−𝒓′ |

d𝐫′.

(2.16)

This gives a set of Schrödinger equations of the form

ℏ2

(𝑖)

(− 2𝑚 ∇2𝑟𝑖 + 𝑣𝑒𝑓𝑓 (𝐑, 𝐫)) 𝜙𝑖 (𝐫) = 𝜀𝑖 𝜙𝑖 (𝐫),

(2.17)

representing a single particle in an effective, state-dependent potential. As such, the Hartree
approximation presents electrons as distinguishable particles without self-interaction.
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The sum of the eigenvalues 𝜀𝑖 does not represent the total HSCF energy. Calculating the
matrix elements of Eq. 17 gives the eigenvalue equality

𝜀𝑖 = 𝐸𝑖𝑖 + ∑𝑁
𝑗≠𝑖 𝐽𝑖𝑗 ,

(2.18)

which produces a form for the full HSCF energy:

1

𝑁
𝑁
𝐸𝐻𝑆𝐶𝐹 = ∑𝑁
𝑖=1 𝜀𝑖 − 2 ∑𝑖=1 ∑𝑗≠𝑖 𝐽𝑖𝑗 .

(2.19)

The coupled partial differential equations given by the Hamiltonian (Eq. 17) can be solved
iteratively. A trial wavefunction is inserted, then 𝑣𝑒𝑓𝑓 is recalculated until desired convergence
(self-consistency) has been reached. Since these calculations fail to take into consideration either
exchange or correlation effects, further considerations are required.

2.4 The Hartree-Fock approximation

The Pauli exclusion principle states that two fermions of the same spin cannot occupy the
same position. This principle creates a kind of repulsion that the electrons feel, altering the
energetics of the system in a way that the Hartree approximation fails to account for. The total
wavefunction must be antisymmetric under electron exchange due to the indistinguishable nature
of electrons. Vladimir Fock presented a method of addressing the Pauli principle by constructing
a linear combination of one-electron orbitals to include the exchange effects, a methodology
18

Hartree then incorporated into his original work to formulate the Hartree-Fock approximation [4
– 6].
The Hartree-Fock approximation proposes a many-electron wavefunction in the form of a
Slater determinant:

𝜙1 (1)
𝜙 (2)
Φ𝐻𝐹 (𝐱1 , 𝐱 2 , … , 𝐱 𝑁 ) =
| 1
√𝑁!
⋮
𝜙1 (𝑁)
1

𝜙2 (1) … 𝜙𝑁 (1)
𝜙2 (2) … 𝜙𝑁 (1)
|,
⋮
⋱
⋮
𝜙2 (𝑁) … 𝜙𝑁 (𝑁)

(2.20)

where 𝜙𝑖 (𝑗) refers to the ith one-electron spin-orbital and j indicates the electron with coordinates
and spin 𝐱𝑗 = (𝐫𝑗 , 𝜎𝑗 ).
For simplicity, we can analyze a demonstrative two-electron wavefunction of this form,
then trivially generalize the results. We thus have, from the Slater determinant of a two-electron
system,

𝚽(𝐱1 , 𝐱 2 ) =

1
√2

[𝜙1 (1)𝜙2 (2) − 𝜙1 (2)𝜙2 (1).

(2.21)

As with the HSCF energy, we can assess the energy considering the one-electron contribution as

𝐸 (1) = ∫ ∫ 𝚽 ∗ (𝐱1 , 𝐱 2 )[ℎ̂1 (1) + ℎ̂1 (2)]𝚽(𝐱1 , 𝐱 2 )d𝐱1 d𝐱 2 .

Inserting the two-electron wavefunction, we find eight terms:
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(2.22)

(1)
𝐸𝑖𝑗𝑘𝑙𝑚 = ∫ ∫ 𝜙1∗ (𝑖)𝜙2∗ (𝑗)ℎ̂1 (𝑘)𝜙1 (𝑙)𝜙2 (𝑚)d𝐱1 d𝐱 2 ,

(2.23)

with 𝑖 ≠ 𝑗 and 𝑙 ≠ 𝑚 and i, j, k, l, and m assume the values 1 and 2. In the case 𝑘 = 1, we have
(1)

(1)

(1)

(1)

four terms: 𝐸12112 , 𝐸21121 , 𝐸21112 , and 𝐸12121 . Due to the normalization of the wavefunction, the
second two terms vanish, while the first two simplify to 𝐸11 and 𝐸22 as described in the HSCF
method. Generalizing, we find then that the one-electron contribution is exactly that of the HSCF
approximation:
𝐸 (1) = ∑𝑁
𝑖=1 𝐸𝑖𝑖 .

(2.24)

We then turn to the two-electron contributions, which can be analyzed in the same way:

(2)

𝐸𝑖𝑗𝑘𝑙𝑚𝑛 = ∫ ∫ 𝜙1∗ (𝑖)𝜙2∗ (𝑗)𝑣̂2 (𝑘, 𝑙)𝜙1 (𝑚)𝜙2 (𝑛)d𝐱1 d𝐱 2.

(2.25)

Likewise, we have 𝑖 ≠ 𝑗, 𝑘 ≠ 𝑙, and 𝑚 ≠ 𝑛, and can classify two cases: 𝑖 = 𝑘 = 𝑚 and 𝑗 = 𝑙 = 𝑛;
and 𝑖 = 𝑘 = 𝑛 and 𝑗 = 𝑙 = 𝑚. The first case simplifies to Hartree approximation Coulomb
(2)

integrals, that is 𝐸𝑖𝑗𝑖𝑗𝑖𝑗 = 𝐽𝑖𝑗 . For the second case, we have

(2)

𝐾𝑖𝑗 = 𝐸𝑖𝑗𝑖𝑗𝑗𝑖 = ∫ ∫ 𝜙1∗ (𝑖)𝜙2∗ (𝑗)𝑣̂2 (𝑖, 𝑗)𝜙1 (𝑗)𝜙2 (𝑖)d𝐱1 d𝐱 2 ,
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(2.26)

which are called the exchange integrals. Naturally, ignoring these integrals gives the Hartree
approximation, as expected.
With these two cases, we can once again produce a form for the two-electron interaction
energy for a general N-electron system:

1

𝑁
𝐸 (2) = 2 ∑𝑁
𝑖=1 ∑𝑗=1(𝐽𝑖𝑗 − 𝐾𝑖𝑗 ),

(2.27)

where, as usual, the 1/2 accounts for double counting. We can then accumulate the energy
contributions for the total Hartree-Fock energy:
1

𝑁
𝑁
𝐸𝐻𝐹 = ∑𝑁
𝑖=1 𝐸𝑖𝑖 + 2 ∑𝑖=1 ∑𝑗=1(𝐽𝑖𝑗 − 𝐾𝑖𝑗 ) + 𝑉𝑛𝑛 ,

(2.28)

including the inter-nuclear interaction term Vnn.
Variational methods allow us to establish the Hartree-Fock equations. Defining the Fock
operator 𝐹̂ as

̂
̂
𝐹̂ = ℎ̂1 + ∑𝑁
𝑗=1(𝐽𝑗 − 𝐾𝑗 )

(2.29)

with the corresponding Coulomb and exchange operators defined by

𝐽̂𝑗 𝜙𝑖 (𝐱 2 ) = (∫ 𝜙𝑗∗ (1)𝑣̂𝟐 (1,2)𝜙𝑗 (1)d𝐱1 )𝜙𝑖 (𝐱 2 )

(2.30)

̂𝑗 𝜙𝑖 (𝐱 2 ) = (∫ 𝜙𝑗∗ (1)𝑣̂𝟐 (1,2)𝜙𝑖 (1)d𝐱1 )𝜙𝑗 (𝐱 2 ),
𝐾

(2.31)
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we can apply the Fock operator to the electronic wavefunctions and incorporate normalization
constraints to derive the equations

𝐹̂ 𝜙𝑖 (𝐱) = ∑𝑁
𝑗=1 𝜆𝑖𝑗 𝜙𝑗 (𝐱).

(2.32)

The eigenvalues of the Fock operator can then, in a similar fashion to the Hartree approximation,
be used to express the Hartree-Fock energy as:
1

𝑁
𝑁
𝐸𝐻𝐹 = ∑𝑁
𝑖=1 𝜀𝑖 − 2 ∑𝑖=1 ∑𝑗=1(𝐽𝑖𝑗 − 𝐾𝑖𝑗 ) + 𝑉𝑛𝑛 .

(2.33)

2.5 Density Functional Theory

The formulation of the electronic energy of a system including kinetic, Coulomb,
exchange, and correlation interactions is non-trivial. While Hartree focused on derivations treating
the system as a combination of one-electron orbitals, L. H. Thomas and E. Fermi approached the
problem from a perspective of the full electronic density. Though their approximations lack
sufficient precision to detail bound states, they provided the groundwork for what would
eventually become Density Functional Theory (DFT). As its name suggests, DFT is based on the
electron density function, from which different properties can be derived using particular
functionals. Thomas and Fermi [7] proposed the local density approximation (LDA) wherein the
homogeneous electron gas is used to derive, for inhomogeneous systems,

𝐸𝛼 [𝜌] = ∫ 𝜌(𝐫)𝜀𝛼 [𝜌(𝐫)]d𝐫,

(2.34)
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calculating locally at every point the contribution 𝛼 given its energy density 𝜀𝛼 . Hohenberg and
Kohn formalized these ideas into the basis of modern Density Functional Theory.

2.5.1 Hohenberg-Kohn Theorem
The Hohenberg-Kohn theorem is divided into two parts. Formally, they are:
Theorem 1: The external potential is univocally determined by the electronic density,
besides a trivial additive constant.
Corollary: Since 𝜌(𝐫) univocally determines 𝑣𝑒𝑥𝑡 (𝐫), it also determines the ground state
wavefunction Φ, which should be obtained by solving the full many-body Schrödinger equation.
Theorem 2: For a non-negative density 𝜌̃(𝐫) normalized to N, with variational energy 𝐸𝑣
defined as

𝐸𝑣 [𝜌̃] = 𝐹[𝜌̃] + ∫ 𝜌̃(𝐫)𝑣𝑒𝑥𝑡 (𝐫)𝑑𝐫

(2.35)

with

̂𝑒𝑒 |Φ[𝜌̃]⟩,
𝐹[𝜌̃] = ⟨Φ[𝜌̃]|𝑇̂ + 𝑈

(2.36)

we have 𝐸0 = 𝐸𝑣 [𝜌] satisfies

𝐸0 < 𝐸𝑣 [𝜌̃]

(2.37)
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for any 𝜌 ≠ 𝜌̃, and is thus the ground state energy. That is, the density which minimizes the total
energy functional is the ground state density.
The proof of these theorems can be found in the reference 21. They provide the
mathematical structure on which DFT is formed. The functional 𝐹[𝜌], given for the HohenbergKohn formulation by Equation 2.36, can be used to determine the ground state density and energy
exactly. Conceptually, DFT can be used to solve the full many-body Schrödinger equation for both
ground and excited states, though the practical difficult of such a task remains. Kohn and Sham
devised a methodology for determining the ground state.

2.5.2 The Kohn-Sham Equations
The major hurdle in determining electronic properties using the electron density is
addressing the kinetic energy, as the kinetic energy operator of a system of interacting electrons is
non-local. Kohn and Sham approached this difficulty by attempting to determine a system of noninteracting electrons with the same electronic density as an interacting system, as the kinetic energy
of a non-interacting system can be determined exactly as in the Hartree-Fock theory [9]. Within
Hartree-Fock theory, the ground-state density matrix is given by

∗ ′
𝜌1 (𝐫, 𝐫 ′ ) = ∑∞
𝒊=𝟏 𝑓𝑖 𝜙𝑖 (𝐫)𝜙𝑖 (𝐫 ),

(2.38)

where 𝑓𝑖 are the occupation numbers of the one-electron orbitals 𝜙𝑖 . The Hamiltonian of a noninteracting reference system of 𝑁 electrons can be produced with reference potential 𝑣𝑅 (𝐫) such
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̂ equals 𝜌(𝐫). The Kohn-Sham equations are then given by the
that the ground state density of 𝐻
one-electron orbital Hamiltonian:

2

̂𝐾𝑆 = − ℏ ∇2 + 𝑣𝑅 (𝐫)
𝐻
2𝑚

(2.39)

with corresponding eigenvalue equation

̂𝐾𝑆 𝜙𝑖 (𝐫) = 𝜀𝑖 𝜙𝑖 (𝐫).
𝐻

(2.40)

With these equations, we now must establish the reference potential. Since we are assuming
two electrons per shell, the electron density is

2
𝜌(𝐫) = 2 ∑𝑁
𝑖=1|𝜙𝑖 (𝐫)|

(2.41)

giving a kinetic term of

ℏ2

2
𝑇𝑅 [𝜌] = − 𝑚 ∑𝑁
𝑖=1⟨𝜙𝑖 |∇ |𝜙𝑖 ⟩

(2.42)

and, thus, a universal density functional of

1

𝐹[𝜌] = 𝑇𝑅 [𝜌] + 2 ∫ ∫

𝜌(𝐫)𝜌(𝐫 ′ )
|𝐫−𝐫 ′ |

d𝐫d𝐫 ′ + 𝐸̃𝑋𝐶 [𝜌].
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(2.43)

In this universal density functional, 𝐸̃𝑋𝐶 accounts for exchange and correlation energy, including
that which is ignored by the kinetic term. Plugging 𝐹[𝜌] into the total energy functional, we have
the Kohn-Sham functional:

1

𝐸𝐾𝑆 [𝜌] = 𝑇𝑅 [𝜌] + ∫ 𝜌(𝐫)𝑣𝑒𝑥𝑡 (𝐫)d𝐫 + 2 ∫ ∫

𝜌(𝐫)𝜌(𝐫 ′ )
|𝐫−𝐫 ′ |

d𝐫d𝐫 ′ + 𝐸̃𝑋𝐶 [𝜌].

(2.44)

We have thus expressed the energy functional in terms of 𝑁𝑠 Kohn-Sham orbitals, which we can
understand as mathematical constructs rather than corresponding to actual electrons. Using the
variational principle, we should be able to minimize this system in order to find the reference
potential 𝑣𝑅 that produces the ground state of the interacting system. With the constraint of a
normalized density, we have

𝛿
𝛿𝜌(𝐫)

(𝐸𝐾𝑆 [𝜌] − 𝜇∫ 𝜌(𝐫)d𝐫) = 0,

(2.45)

which gives, using functional derivation rules, the equation which minimizes the ground state
density:

𝛿𝑇𝑅 [𝜌]
𝛿𝜌(𝐫)

+ 𝑣𝑒𝑥𝑡 (𝐫) + ∫

𝜌(𝐫 ′ )
|𝐫−𝐫 ′ |

d𝐫 ′ +

𝛿𝐸̃𝑋𝐶 [𝜌]
𝛿𝜌(𝐫)

= 𝜇.

(2.46)
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Since the reference potential contains only non-interacting terms, we can evaluate the first term in
this equation by presenting an energy functional whose ground state energy is equivalent to that
of the interacting system, therefore vanishing for the ground state density. Applying the variational
principle once again gives

𝛿𝑇𝑅 [𝜌]
𝛿𝜌(𝐫)

+ 𝑣𝑅 (𝐫) = 𝜇𝑅 .

(2.47)

Here, 𝜇𝑅 , the non-interacting chemical potential, must equal to 𝜇 in order to conserve charge. The
reference potential is thereby given by the equation

𝑣𝑅 (𝐫) = 𝑣𝑒𝑥𝑡 (𝐫) + ∫

𝜌(𝐫 ′ )
|𝐫−𝐫 ′ |

d𝐫 ′ + 𝜇𝑋𝐶 [𝜌](𝐫),

with, naturally, 𝜇𝑋𝐶 [𝜌](𝐫) =

(2.48)

𝛿𝐸̃𝑋𝐶 [𝜌]
𝛿𝜌(𝐫)

. As previously, this equation must be solved self-

consistently.

2.5.3 Exchange and Correlation
So far, we have divided the total energy into five contributions: the non-interacting kinetic
energy (𝑇𝑅 ), the classical electron-electron interaction (the Hartree term, 𝐸𝐻 ), the interaction with
external fields (𝑉𝑒𝑥𝑡 ), the exchange energy (𝐸𝑋 ), and the coupling constant average correlation
term (𝐸̃𝐶 ). The first five we can calculate exactly, though the exact formulation of the exchange
energy requires computationally expensive integrals. Thus, the intrigue lies in the final term: the
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correlation energy. However, the sum of the exchange and correlation terms is the matter of true
significance, so finding a methodology that treats them to the same approximation is favored.
One particularly appealing method is to treat the electron density as that of a homogenous
electron gas. The exchange energy for such a system, given by Dirac’s expression, is:

1

𝜖𝑋𝐷 [𝜌]

=

3 3 3 1
− 4 (𝜋) 𝜌3

= −

0.458
𝑟𝑠

𝑎. 𝑢.,

(2.49)

where 𝑟𝑠 is the mean interelectronic distance given in atomic units. The correlation term has been
approximated in several ways [10 - 12], most accurately by Ceperly and Alder using quantum
Monte Carlo simulations. Perdew and Zunger parameterized this functional as

𝜖𝐶𝑃𝑍 [𝜌] = {

𝐴 ln 𝑟𝑠 + 𝐵 + 𝐶𝑟𝑠 ln 𝑟𝑠 + 𝐷𝑟𝑠 ,
𝛾 / (1 + 𝛽1 √𝑟𝑠 + 𝛽2 𝑟𝑠 ),

𝑟𝑠 ≤1,
𝑟𝑠 >1.

(2.50)

Values for the spin-polarized (P) and spin-unpolarized (U) cases were found as follows: 𝐴𝑈 =
0.0311, 𝐵 𝑈 = −0.048 [13], 𝐴𝑃 = 0.01555, 𝐵 𝑃 = −0.0269 [14], 𝐶 𝑈 = 0.002, 𝐷𝑈 =
−0.0116, 𝐶 𝑃 = 0.0007, 𝐷𝑃 = −0.0048 [15]; 𝛾 𝑈 = −0.1423, 𝛽1𝑈 = 1.0529, 𝛽2𝑈 =
0.3334, 𝛾 𝑃 = −0.0843, 𝛽1𝑃 = 1.3981, and 𝛽2𝑃 = 0.2611 [12]. While the homogenous gas
models well, for instance, alkali metals, it fails to describe systems which are much less uniform,
such as molecular systems. For those systems, we will consider the two most widely-used
approaches, the local density approximation (LDA) and the generalized gradient approximation
(GGA).
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2.5.4 Local Density Approximation
The tactic of the local density approximation (LDA) is to treat a generally inhomogeneous
electron density as locally homogeneous, then use the techniques of the homogeneous electron gas
(described previously in this chapter). The exchange and correlation energy of such a system is
given by
1

𝐿𝐷𝐴 [𝜌(𝐫)]
𝜖̃𝑋𝐶
= 2∫

𝐿𝐷𝐴
̃𝑋𝐶
(𝐫,𝐫 ′ )
𝜌

|𝒓−𝒓′ |

d𝐫′,

(2.51)

𝐿𝐷𝐴
with the exchange-correlation hole 𝜌̃𝑋𝐶
given by

𝐿𝐷𝐴
𝜌̃𝑋𝐶
= 𝜌(𝐫)[𝑔̃ℎ (|𝐫 − 𝐫 ′ |, 𝜌(𝐫)) − 1].

(2.52)

Here, 𝑔̃ℎ (|𝐫 − 𝐫 ′ |, 𝜌(𝐫)) is the pair correlation function for the homogeneous electron gas, which
depends only on the distance between 𝐫 and 𝐫′ and the evaluation of 𝜌(𝐫), and is therefore local
for the homogeneous electron gas. Then the exchange correlation energy is the averaged energy
density weighted by the electronic density:

𝐿𝐷𝐴 [𝜌]
𝐿𝐷𝐴 [𝜌(𝐫)]
𝐸̃𝑋𝐶
= ∫ 𝜌(𝐫)𝜖̃𝑋𝐶
d𝐫.

(2.53)

The exchange correlation energy is, in practice, calculated using the sum of the exchange energy
density and the correlation energy density. Under the assumption of homogeneity, these densities
are found just as with the homogeneous electron gas (given by Equations 2.49 and 2.50).
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To incorporate inhomogeneity, the charge density can be expanded in terms of the gradient,
in which case the energy functional becomes:

𝐿𝐷𝐴 [𝜌]
𝐸̃𝑋𝐶
= ∫ 𝜌(𝐫)𝜖𝑋𝐶 [𝜌(𝐫)]𝐹𝑋𝐶 [𝜌(𝐫), ∇𝜌(𝐫), ∇2 𝜌(𝐫) … ] d𝐫

(2.54)

Following the work of Gross and Dreizler [16], we can expand the exchange enhancement factor
𝐹𝑋 to fourth order, giving

10

146

73

𝐹𝑋 (𝑝, 𝑞) = 1 + 81 𝑝 + 2025 𝑞 2 − 405 𝑞𝑝 + 𝐷𝑝2 + 𝑂(∇𝜌6 ),

|∇𝜌(𝐫)|2

(2.55)

∇𝜌2 (𝐫)

with 𝑝 = 4(3𝜋2)2/3 𝜌8/3 and 𝑞 = 4(3𝜋2)2/3 𝜌5/3, the square of the reduced density gradient and the
reduced Laplacian density, respectively. It has been noted [8] that there are several consequential
issues with these gradient expansions. Perdew showed that imposing conditions such as
normalization, negativity of the exchange density, and the self-interaction cancelation on
functionals which do not initially verify them leads greatly improved quality of exchange energies.
Such impositions have been performed and thus named the generalized gradient approximations
(GGA).

2.5.5 Generalized Gradient Approximation
Several GGAs have been proposed in the decade between 1986 and 1996, including the
Langreth-Mehl functional (1981) and the BLYP functional (1988) [16]. One of the most widely
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used GGAs is the Perdew, Burke, and Ernzerhof (PBE) correlation and exchange functional,
proposed in 1996 [17]. The PBE functional attempts to satisfy as many formal properties and limits
as possible, producing an enhancement factor 𝐹𝑋 (𝜌, 𝜁, 𝑠) of the form

𝜅

𝐹𝑋 (𝑠) = 1 + 𝜅 − 1+𝜇𝑠2 /𝜅,

(2.56)

where 𝜇 = 0.21951, 𝜅 = 0.804, and 𝑠 =

|∇𝜌(𝐫)|
2𝑘𝐹 𝜌

. The correlation energy can then be written in the

form

𝐸𝐶𝐺𝐺𝐴 ∫ 𝜌(𝐫)[𝜖𝐶𝐿𝐷𝐴 (𝜌, 𝜁) + 𝐻[𝜌, 𝜁, 𝑡]]d𝐫,

(2.57)

with

𝑒2

1+𝐴𝑡 2

𝛽

𝐻[𝜌, 𝜁, 𝑡] = (𝑎 ) 𝛾𝜙 3 ln {1 + 𝛾 𝑡 2 [ 1+𝐴𝑡 2 +𝐴2𝑡 4 ]}.

(2.58)

0

The dimensionless density gradient 𝑡 is defined as 𝑡 =
2

|∇𝜌(𝐫)|
2𝜙𝑘𝑠 𝜌

, with 𝑘𝑠 the Thomas-Fermi screening

2

wave number, and 𝜙(𝜁) = [(1 + 𝜁)3 + (1 − 𝜁)3 ] /2 is a spin-scaling factor. The constants are
𝛽 = 0.066725 and 𝛾 = 0.031091. The PBE GGA retains the correct features of the LDA while
including the most energetically important features of inhomogeneity.
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2.6 The GW Approximation

As elucidated in the previous sections, many improvements have been made to DFT to
address each constituent component of the energy of a many-body electronic system: the noninteracting kinetic energy; the Hartree term; the interaction with external fields; and, to varying
levels of useful approximation, the exchange and correlation energies. However, an inherent
weakness of DFT is that it is based on the Hohenberg-Kohn theorem, which is valid only for the
ground state. Since DFT fails to describe excited states, it misses some important features of manybody electronic systems, such as underestimating the band gap, an important property to
understand for the study of semiconductors. A methodology to address this weakness, proposed in
1965 by Hedin [18] using the Green’s function and the dynamically screened Coulomb interaction,
is the GW approximation (GWA).
The Green’s function 𝐺(𝐫, 𝐫 ′ ; 𝑡) represents the probability of finding an electron at position
𝐫 at a time 𝑡 given an electron was located at 𝐫′ at time 0. If known, the Green’s function unlocks
many properties of interest of the many electron system, such as total energy, electronic density,
momentum distribution, density of state, and electronic excitation. It can be found using a
Schrödinger-like equation as so:

{−

ℏ2 2
∇ + 𝑣𝑒𝑥𝑡 (𝐫) − 𝐸} 𝐺(𝐫, 𝐫 ′ ; 𝐸)
2𝑚
′

+∫ Σ(𝐫, 𝐫 ′ ; 𝐸)𝐺(𝐫 ′′ , 𝐫 ′ ; 𝐸)d𝐫 ′′ = −𝛿(𝐫 − 𝐫 ′ ).
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(2.59)

Here Σ(𝐫, 𝐫 ′ ′: 𝐸) is the self-energy operator. Given the known Green’s function of a particular
reference system 𝐺 0 (𝐫, 𝐫 ′ ; 𝐸), the Green’s function of the system in question can be found using
perturbation theory through Dyson’s equation:

𝐺(𝐫, 𝐫 ′ ; 𝐸) = 𝐺 0 (𝐫, 𝐫 ′ ; 𝐸) + ∫ ∫ 𝐺0 (𝐫, 𝐫1 ; 𝐸)ΔΣ(𝐫1 , 𝐫2 ; 𝐸)𝐺(𝐫2 , 𝐫′; 𝐸)d𝐫1 d𝐫2 ,

(2.60)

using the perturbation ΔΣ(𝐫1 , 𝐫2 ; 𝐸) = Σ(𝐫1 , 𝐫2 ; 𝐸) − 𝑣2 (𝐫1 , 𝐫2 ) of the interaction potential of the
reference system.
Now the issue remains to find the self-energy, which includes the exchange and correlation
effects. The self-energy can be expanded in terms of the single-particle Green’s functions and the
screened Coulomb interaction, W:

Σ𝐺𝑊 (𝐫, 𝐫 ′ ; 𝑡) = 𝑖ℏ𝐺(𝐫, 𝐫 ′ ; 𝑡)𝑊(𝐫, 𝐫 ′ ; 𝑡 + 𝛿) −
ℏ2 ∫ ∫ 𝐺(𝐫, 𝐫3 ; 𝑡)𝐺(𝐫3 , 𝐫4 ; 𝑡)𝐺(𝐫4 , 𝐫 ′ ; 𝑡)𝑊(𝐫, 𝐫4 ; 𝑡)𝑊(𝐫3 , 𝐫 ′ ; 𝑡) d𝐫3 d𝐫4 + ⋯.

(2.61)

The screened interaction is related to the bare Coulomb interaction through

𝑊(𝐫, 𝐫 ′ ; 𝐸) = 𝑣2 (𝐫, 𝐫 ′ ) + ∫ ∫ 𝑊(𝐫, 𝐫𝟏 ; 𝐸)𝑃(𝐫𝟏 , 𝐫𝟐 ; 𝐸)𝑣2 (𝐫2 , 𝐫 ′ )d𝐫1 d𝐫2

(2.62)

with the polarization function 𝑃(𝐫, 𝐫 ′ ; 𝐸) = −𝑖ℏ𝐺(𝐫, 𝐫 ′ ; 𝐸)𝐺(𝐫 ′ , 𝐫; 𝐸). This is where the GW
approximation arrives. Retaining only the first term of the self-energy expansion, i.e.
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Σ𝐺𝑊 (𝐫, 𝐫 ′ ; 𝑡) = 𝑖ℏ𝐺(𝐫, 𝐫 ′ ; 𝑡)𝑊(𝐫, 𝐫 ′ ; 𝑡 + 𝛿),

(2.63)

we now have a schematic for finding Green’s function and the self-energy in a self-consistent way,
using Equations (2.60), (2.62), and (2.63). Thus, using a known Green’s function 𝐺0 , we find

𝐺(𝐫, 𝐫 ′ ; 𝐸) = 𝐺0 + 𝐺0 ΔΣ𝐺0 + 𝐺0 ΔΣ𝐺0 ΔΣ𝐺0 + 𝐺0 ΔΣ𝐺0 ΔΣ𝐺0 ΔΣ𝐺0 + ⋯,

(2.64)

which is known to converge rapidly. The Green’s function for the system of non-interacting
electrons is

𝐺0 = ∑𝑛

∗ (𝐫′)
𝜙𝑛 (𝐫)𝜙𝑛

𝐸−𝜀𝑛

,

(2.65)

where 𝜙𝑛 are the single-particle wavefunctions and 𝜀𝑛 are their eigenvalues.
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CHAPTER III: Au/Ta(110) AND Au/Nb(110) AS HIGHLY ACTIVE, STABLE, AND
INEXPENSIVE CATALYSTS FOR OXYGEN REDUCTION REACTION ON
HYDROGEN FUEL CELL CATHODES: PREDICTION FROM FIRST PRINCIPLES

Tyler Campbell, Marisol Alcántara Ortigoza, Sergey Stolbov, ChemCatChem 2020, 12, 1743

3.1 Introduction
The oxygen-reduction reaction (ORR) within a hydrogen fuel cell is facilitated through a
proton-exchange membrane structure, and thus such fuel cells are known as proton-exchange
membrane fuel cells (PEMFC). The structure of the PEMFC is therefore integral to the viability
of hydrogen as a clean, renewable energy source. Naturally, such structure must accommodate the
ORR, must be stable under ORR conditions, and, importantly for the widespread application of
hydrogen fuel cells, must be inexpensive. The lattermost of these conditions has driven a search
for PEMFC catalyst materials which eschew platinum and platinum-group elements, which are
extremely rare and costly amongst the metals. The former two conditions are explicitly necessary,
therefore the search for such materials can be narrowed based on known physical properties of
materials that may prove viable towards those ends.
Efforts towards improving PEMFC materials has led to the construction of shell-core
material designs, where the core is an inexpensive metal substrate (MS) and the shell is a layer
which is active toward the ORR, so called the active element (AE) [1 – 5]. In this AE-MS design,
the AE and MS must be stable together, so such structures require little lattice bond length
mismatch. Using platinum as an AE for its well-known activity towards ORR comes with a
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significant downside – the only fcc structures with high bond-length correspondence with Pt
incorporate platinum group elements (PGEs), which are similarly rare and expensive. Core MS
materials such as Pd-Fe alloys have been tested, but they have compositions of PGE3M (M = Fe,
Co, and Ni) which reduces the PGE load by only ~20% [2]. Thus, seeking similar shell-core
structures which minimize dependence on platinum or PGEs in order to drastically reduce
hydrogen fuel cell costs is the focus of this work.
With these goals in mind, we can apply rational selection of materials to devise a structure
that fulfills our conditions. A combination of early transition metals (ETMs) as the core MS and
noble metals as the shell AE makes use of several useful properties in aiding our designs. For the
core, ETMs are drastically more abundant than PGEs and significantly less expensive, making
them attractive targets in regards to PEMFC economics. Furthermore, the thermodynamic
properties of ETMs are ideal for the shell-core design – the AE-MS bond lengths must be similar
enough for thermodynamic stability, the cohesive energy of the core must be greater than AE-MS
binding energy to prevent alloying, and the AE – MS binding energy must be greater than the AE
cohesive energy to promote the formation of a shell-like monolayer of the AE. ETMs fulfill these
criteria well for typical AE candidates. Finding such AEs, however, requires electrochemical
stability under ORR conditions, which drastically limits viability of many materials. In terms of
pure elemental structures, only gold (with a dissolution potential Vdiss = 1.5 V vs Standard
Hydrogen Electrode) and some PGEs (Vdiss = 0.95 – 1.18 V/SHE) are electrochemically stable in
the PEMFC environment, while other elements have too low dissolution potential to remain stable
and only gold meets the stability requirement for highly durable and efficient fuel cells. However,
Au alone is not active towards the ORR; fortunately, though, the core-shell design provides a
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solution. The strong binding interaction from the ETM core can activate otherwise too-noble
metals such as Au towards the ORR. [6] Such binding can also increase the dissolution potential
of prospective ORR candidates, as shown in previous work. Depositing a monolayer of Ag on
Nb(110) increases the system’s dissolution potential Vdiss by 0.47 V/SHE (up from Vdiss = 0.8
V/SHE for pure Ag) [7]. Thus, we preselect Au as our AE shell and several ETMs (Ta, Mo, Nb,
W) as our MS core.
For our computational studies, the gold monolayer is applied to the (110) facet of the ETMs
as an infinite slab (structural details of computation are given in the next section). In reality, the
systems in question form nanoparticles. We use the (110) facet because for these bcc ETMs, the
(110) facet is the lowest-energy configuration [8, 9] and thus will dominate in terms of surface
area. The large size of these nanoparticles (3 – 5 nm) justifies our approximation as an infinite
slab, as the gold monolayer can be expected to form across the majority of the surface and thus be
considered as the active sites for catalysis. Furthermore, for each ETM, the (110) configuration
has the lowest bond-length mismatch, leading to stable formation of the monolayer (explained in
Section 3.3.1). The other nanoparticle facets, as well as corners and apexes, are much more reactive
than (110). We thus expect them to be passivated with H and OH species and do not participate
in the reactions in question.
Other design methodologies have shown promise, such as those using two-dimensional
graphene-based structures, but those materials have not yet been experimentally verified. [8 – 11]
Several of the structures we here propose – AuMo(110) and AuW(110) – have been fabricated
previously, for other purposes [12]. We thus test the stability of these structures using DFT
methods, then analyze their thermodynamic processes in the ORR following an established
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reaction pathway [13]. With these goals in mind, we aim to determine through first-principles
methods whether these comparatively inexpensive Au-ETM structures are stable and active for
use in hydrogen fuel cells.

3.2 Computational Methods

All DFT-based calculations have been performed in this work using the VASP 5.4 code
[14] with projector augmented wave potentials [15] and with the Perdew-Burke-Ernzerhof (PBE)
approximation for the exchange and correlation functionals [16]. The periodicity of the systems
was maintained by using a supercell that included a six-layer slab of Au/(ETM(110)) or Au(111)
with (2x1) and (2x2) in-plane periodicity for the former and the latter, respectively, and a ~14 Å
vacuum layer. The (6x8x1) and (8x8x1) k-point samplings in the Brillouin zone were used for
Au/ETM(110) and Au(111), respectively, which provided sufficient accuracy for the
characteristics obtained by integration in the reciprocal space. A cutoff energy of 500 eV was used
for the plane-wave expansion of wave functions. During structural relaxation, the atomic positions
were iteratively optimized until the forces acting on each atom in each direction did not exceed
0.01 eV/Å.

3.3 Results and Discussion

3.3.1 Rational preselection of candidates for ORR catalysts
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In order to avoid the computationally daunting and resource-inefficient process of highthroughput testing, we apply a process of rational preselection of materials to test for ORR
catalysis. We begin by selecting several materials using existing knowledge about their viability
towards the ORR reaction in a hydrogen fuel cell environment. The naturally high dissolution
potential of Au (Vdiss(Au) = 1.5 V/SHE) [17] makes it a compelling candidate to ensure the
electrochemical stability of the fuel cell under the desired operating potential of the cathode.
Though inherently inactive towards ORR, we expect the reactivity of the MS core will activate the
Au shell [6]. Our choice of MS determines the thermodynamic stability of the system. We require
materials with low bond-length mismatch between the AE and MS. Given the Au bond length of
2.884 Å, we select four such elements: Nb, Ta, Mo, and W, with bond lengths 2.858Å, 2.859Å,
2.725 and 2.741Å, respectively. Naturally, we require core-shell structure to form, and therefore a
gold monolayer should form around the MSs. These highly reactive ETM substrates form strong
covalent bonds, so Au is expected to bond more strongly to the ETM than with itself. The ETM
cohesive energy is also expected to be greater than the Au-ETM bonding energy. The latter
relationship prevents the AE/MS composition from alloying, while the former permits
pseudomorphic monolayer growth of Au as opposed to 3D clusters. With these materials selected
using the aforementioned key qualities, we finally determine the reaction thermodynamics using
ORR free energy diagrams. Importantly, this data provides the value of each AE/MS structure’s
reaction onset potential, U0, which provides the maximum potential to which a fuel cell can be
charged.

3.3.2 Stability of Au/ETM
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To evaluate the stability of these structures, we calculate the formation energy of Au ML
on the (110) surfaces of the selected ETM using the formation energy of an Au monolayer on
Au(111) as a reference. The (110) is the lowest energy surface for the substrates under
consideration, thus the (110) facets will dominate in ETM nanoparticles. Therefore, all our
calculations will be performed for Au/ETM(110) structures. The monolayer formation energy per
atom is defined as follows:

Eform (Au/ETM) =[ Etot (Au/ETM) – Etot (ETM) – Eform (Au/Au)]/NAu

(3.1)

Here Etot (Au/ETM), Etot (ETM), and Etot (Au/Au) are DFT total energies calculated for the
Au/ETM(110), clean ETM(110), and the formation energy of Au monolayer on Au(111),
respectively. NAu is the number of Au atoms forming the monolayer per supercell. The formation
energies for each ETM are shown in Table 1 with Au/Au(111) set to zero as reference.

Table 1: Formation energy (Eform) and dissolution potential Vdiss of Au/ETM structures with
Au(111) as a reference.
Au(111)

Au/Mo(110)

Au/W(110)

Au/Nb(110)

Au/Ta(110)

Eform (eV)

0

-0.78

-0.80

-1.03

-1.09

Vdiss (V/SHE)

1.5 Exp.[20] 1.76

1.77

1.84

1.87

The high negative Eform values found for each ETM indicates strong binding in comparison to bulk
Au. The noticeable difference between Eform for Mo and W compared to Nb and Ta may be
attributed to bond length mismatch – after all, Mo and W differ from Au by 5.2% whereas Nb and
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Ta differ only by 0.9%. Other important factors include Au – ETM hybridization, which may affect
the Au density of states (DOS) thereby altering Au activity and reactivity towards ORR depending
on the corresponding MS.
As noted in the Introduction section, a reactive MS is expected to increase the already
substantial dissolution potential of Au, an important factor for the production of stable and durable
cathodes. Vdiss can be determined based on the formation energy of the AE monolayer on the MS,
as given by the equation:

Vdiss(Au/ETM) = Vdiss(Au(111)) + [Eform (Au/ETM) – Eform (Au(111)]/N

(3.2)

Here Eform (Au/ETM) and Eform (Au(111)) are the formation energies of Au monolayers on ETM
and Au(111) surfaces, respectively; and N is the number of electrons transferred upon dissolution,
which is 3 for Au [18]. Shown in Table 1, the Vdiss of each Au/ETM is greater than bulk Au, as
expected. In fact, the highest value Vdiss(Au/Ta) = 1.86 V/SHE represents a 60% increase over that
of Pt (Vdiss(Pt) = 1.18 V/SHE).

3.3.3 ORR thermodynamics on Au/ETM systems
We evaluate the four-step four-electron ORR that is known to be followed on Pt [19] and
other active ORR catalysts [20]. It proceeds through the following steps:

O2 + * → O2*

(3.3)

O2* + (H+ + e−) → HOO*

(3.4)
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HOO* + (H+ + e−) → H2O + O*

(3.5)

O* + (H+ + e−) → HO*

(3.6)

HO* + (H+ + e−) → H2O + *

(3.7)

Here “*” denotes an adsorption site on the catalyst’s surface. We calculate free energy G for each
state shown in Eqs. (4) to (7). Following the widely used procedure proposed in Ref. 13, we set
the free energy of the final state (2H2O in gas phase + clean catalyst surface) to zero to use it as a
reference and take G for the initial state (2H2 + O2 + clean surface) from experiment (G = 4.92
eV). The latter is done to avoid the inaccurate DFT calculation of the binding energy of O 2. We
thus calculate the difference, ΔG, between free energy of a given and the final state:

∆G = ∆E + ∆ZPE – T∆S – neU

(3.8)

Here ΔE is the DFT total energy calculated for a given state; ΔZPE and TΔS are the vibrational
zero-point energy and entropic contributions. ΔZPE is determined from DFT-based calculations
of its vibrational frequencies and TΔS is obtained using data provided in the NIST database [21].
For adsorbed species, only the vibrational part of ΔS is taken into account. U is the electrode
potential and n is the number of protons to be transferred in the course of the reaction from a given
state to the final state, e is the electron charge. To include the energy of the transferred protons
and electrons, we set the chemical potential of (H+ + e−) equal the one-half of the chemical
potential of a hydrogen molecule as suggested in Ref. 13. Since we study the ORR in an acidic
medium, we set its pH to zero in Eq. 8. As the cathode is charged, U increases and the free energy
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separation between states decreases. At some U value, two neighboring ORR states align in energy.
This is the ORR onset potential (U0) – the maximum potential to which the fuel cell can be charged,
which is one of the most important characteristics of the fuel cell. Another advantage of calculating
the difference ∆G is that we can eliminate the total energy of the surface (slab) and express ∆E
through the binding energy (EB) of the ORR intermediates and the total energy of a number of free
molecules. The latter values are constant. The magnitude of ΔZPE and TΔS in Eq. (8) may be
significant; however, their changes from catalyst to catalyst are unimportant (~ 5 – 10 meV),
therefore the determining contribution to changes in ∆G (and thus U0) from catalyst to catalyst
comes from the EB of the ORR intermediates. We thus focus first on this quantity.
The binding energy of all three ORR intermediates has been calculated for symmetric
adsorption sites shown in Fig. 1. We find that Au top is the prefered adsorption site for OOH, while
the hollow site is preferred for O and OH. Tables 2 and 3 show our calculated EB for these sites as
well as the results for Pt(111), for comparison. As seen from the tables, EB(O) on Au have similar
values for all ETM substrates under consideration while OOH and OH bind stronger to Au, when
Au is on Nb and Ta than on Mo and W.
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Figure 1: Non-equivalent symmetric adsorption sites tested for ORR intermediates on Au/ETM
structures. Yellow and grey balls represent Au and ETM atoms, respectively. Binding energy was
calculated for Au top (1), bridge (2) and hollow (3) sites.

Table 2: Binding energy and free energy calculated for ORR intermediates adsorbed on Pt(111),
Au/Mo(110), and Au/W(110).
Species and its
preferred
Pt
adsorption site
EB (eV)

Au/Mo

Au/W

EB (eV)

G (eV)

EB (eV)

G (eV)

OOH, top

1.14

0.71

4.40

0.77

4.34

O, hollow

4.53

3.43

2.44

3.43

2.44

OH, hollow

2.44

2.16

1.43

2.24

1.35
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Table 3: Binding energy and free energy calculated for ORR intermediates adsorbed on Pt(111),
Au/Nb(110), and Au/Ta(110).
Species and its
preferred
Pt
adsorption site
EB (eV)

Au/Nb

Au/Ta

EB (eV)

G (eV)

EB (eV)

G (eV)

OOH, top

1.14

1.01

4.10

1.12

3.99

O, hollow

4.53

3.48

2.38

3.59

2.27

OH, hollow

2.44

2.48

1.11

2.55

1.04

For modelling adsorption properties of certain species on metal surfaces, a linear scaling
approximation has been proposed [22]. In such approximation, the binding energies of adsorbates
follow a linear scaling relation with one another. That is, an increase in the binding energy of one
particular species from one surface to another should correlate to an increase in the binding energy
of all other adsorbates. However, as shown in Tables 2 and 3, no such linear relationship exists in
our case. For instance, EB(OOH) for Pt and Au/Ta are very similar, but there is a stark difference
in EB(O) for these surfaces. The weaker binding of OOH on Au/Ta in fact plays a key role in the
ORR. This key subversion of the linear scaling approximation therefore deserves special attention
through analysis of the density of states (DOS) of the involved atoms.
It is known that the strength of the bonds between small molecules and a metal surface
depends on the local densities of electronic states (LDOS) of surface atoms around the Fermi-level
(EF): higher LDOS around EF tends to correspond with stronger bonds [23, 24]. For transition
metal surfaces, the strength of the covalent bonding between adsorbates and metal surfaces is
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usually associated with the d-states of the surface atoms [24]. Therefore, we first analyze the dLDOS of Au in Au/ETM.

Figure 2: Local densities of Au d-states calculated for Au/Ta and Au/W (left panel) and for Au/Nb
and Au/Mo (right panel).

Figure 2 displays the d-LDOS for Au/Ta and Au/W, selected in this analysis for their
differing reactivity – all three ORR intermediates bind stronger to Au/Ta than to Au/W. We expect,
therefore, higher LDOS around EF for Au/Ta than for Au/W. Hybridization of the d-band of Au
with the wide d-bands of the ETM cores produces the high-energy tails shown in Figure 2, in
which, for all cases, the Fermi level can be found. To evaluate the amount of Au d-states around
EF, we calculate integrals of LDOS in the ranges -1.0 eV < E – EF < +1.0 eV and -2.0 eV < E – EF
< +2.0 eV for Au/Ta and Au/W. We find that the integral for the -1.0 eV < E – EF < +1.0 eV range
is 23% higher for Au/W than for Au/Ta. For the -2.0 eV < E – EF < +2.0 eV range the integral is
31% higher for Au/W than for Au/Ta. Furthermore, the d-band center is closer to EF for Au/W
than for Au/Ta. These findings contradict the aforementioned theory [24], in which we would
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expect stronger binding for Au/W adsorbates, whereas our results show the opposite (see tables 2
and 3). Thus, we continue our analysis of the reactivity of these materials.
In previous results, for similar systems Ag/ETM [7], a correlation has been found between
peaks of p-states and EB. Since the d-state LDOS analysis fails to predict the binding of
intermediates, we also calculate the p-state LDOS of the Au/ETM systems. Figure 3 shows a much
higher p-state peak for Au/Ta and Au/Nb than, respectively, Au/W and Au/Mo, which correlates
with our calculated EB values for these structures. With this correlation in mind, we further assess
the impact of p-states on binding. In Figure 4 (left panel) we show projected p-states for Au/Ta,
with a sharp peak in each direction around EF. The magnitude of the pz peak, however, is much
greater than that of px and py. In our model, the pz-states are directed orthogonally to the lattice
while the px and py are directed parallel to the lattice. Accordingly, OOH binds to the Au top,
where Au pz-states would overlap with the O p-states of OOH; contrariwise, atomic O binds to the
hollow site, where its p-states would overlap with Au px- and py-states. The corresponding p-state
intensities thus correlate well with the respective binding energy patterns found in these Au/ETM
structures.
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Figure 3: Local densities of Au p-states calculated for Au/Ta and Au/W (left panel) and for Au/Nb
and Au/Mo (right panel).

Figure 4: Projected densities of Au p-states calculated for Au/Ta (left panel). Projected pzelectronic states of Au and O atoms bound to each other upon adsorption of OOH on AuTa (right
panel).

Using the binding energies EB given in Tables 2 and 3 along with other factors mentioned
in Eq. 8, we finally calculate ΔG for each ORR state (also given in Tables 2 and 3). We thereby
construct the free-energy diagrams for zero electrode potential, shown in Figure 5. From these
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diagrams we calculate the onset potential U0 for each Au/ETM system, determined by the lowest
free energy separation between neighboring states, and compare them to U0 of Pt in Table 4. For
each MS the onset potential was set by the first ORR step, corresponding to OOH adsorption.

Figure 5: Free energy ORR diagrams calculated for Au/Mo(110), Au/W(110) (left) and
Au/Ta(110), Au/Nb(110) (right) at zero electrode potential.

Table 4: ORR onset potential obtained from calculated free energy diagrams.
Material
Pt
Au/Mo
Au/W
Au/Nb
U0 (V/SHE)
0.70
0.52
0.58
0.82

Au/Ta
0.93

As Table 4 shows, the onset potentials of Au/Mo and Au/W are relatively low; but U0 of
Au/Nb and Au/Ta are both significantly greater than that of Pt. Since the onset potential represents
the maximum operating charge of the fuel cell, these U0 values indicate greater ORR activity for
Au/Nb and Au/Ta than that of Pt. Thus, the comparatively inexpensive AE-MS design of Au/Nb
and Au/Ta may represent more thermodynamically active and electrochemically stable ORR
catalysts than the much more costly platinum materials.
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CHAPTER IV: TUNNING THE PROPERTIES OF METAL SURFACES TO MAKE
THEM CO-TOLERANT AND HIGHLY ACTIVE CATALYSTS FOR HYDROGEN
OXIDATION: FIRST-PRINCIPLES APPROACH

Tyler Campbell, Nagendra Dhakal, Marisol Alcántara Ortigoza, Sergey Stolbov, ChemCatChem,
2021, 13, 1-8

4.1 Introduction
The efficient catalysis of the hydrogen oxidation reaction (HOR) on the anode of hydrogen
fuel cells is vital to their operation. One major hindering factor in the HOR catalysis is carbon
monoxide poisoning of the surface, wherein CO binds strongly to the active sites of platinum, the
best-known HOR electrocatalyst. Currently, the majority of H2 used in hydrogen fuel cells is
derived from natural gas, which includes a portion of CO. Use of this source thus leads to the
aforementioned poisoning: CO binds strongly to and deactivates formerly active HOR sites on the
Pt anode. Therefore, we seek materials that facilitate a reaction which removes CO from the anode
while also facilitating the HOR. This goal presents a challenge – tuning the surface such that CO
is oxidized while still facilitating the HOR just as well (if not better).
As previously discussed (see Ch. 3), the linear scaling approximation for catalysts in
principle hinders the search for CO tolerant HOR catalysts. CO can be removed from the anode
surface via the following reaction steps, in which CO oxidizes to CO2 which then spontaneously
desorbs from the surface:
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𝐻2 𝑂(𝑔) + ∗ + ∗ 𝐶𝑂 → ∗ 𝑂𝐻 +∗ 𝐶𝑂 + 𝐻 + + 𝑒 −

(4.1)

∗ 𝑂𝐻 +∗ 𝐶𝑂 + 𝐻 + + 𝑒 − → 𝐶𝑂2 (𝑔) + 2𝐻 + + 2𝑒 − + 2 ∗

(4.2)

Surface adsorption is denoted by “*”. The binding of the two radicals, CO and OH, thus play an
important role in the desorption of CO2 (and, thereby, removal of CO). Therein lies the trouble:
the surface must simultaneously bind strongly with OH radicals to facilitate the first step, and
weakly with CO radicals to facilitate the second. Simultaneously increasing surface reactivity in
comparison to Pt for one adsorbate while decreasing it for another thus requires circumventing
linear scaling for catalysts.
There exist several attempts at subverting the issue of linear scaling through surfaces
composed of two different elements. This formation allows the first reaction step of H2O
dissociation to occur on one element in order to remove CO from the second. Such bi-functional
reaction mechanisms have been studied for systems such as Pt-Ru alloy, Pt-Co alloy, Pt3Sn, and
Pt3Mo [1 - 4]. Importantly, the bi-functional structures can alter each element’s individual
characteristics as well. For instance, hybridization of the Pt and Ru d-electron states occurs in PtRu alloy, which may affect reaction dynamics for CO removal as well as the HOR. A similar
approach has been proposed involving Pt monolayers formed on a Ru surface [5], in which CO
may diffuse to the edges of the Pt islands where it reacts with OH formed by the Ru surface [6].
This kinetic action is supported by the potential energy topology of the Pt islands and can thus
facilitate the CO removal.
In our approach, we explore materials in which all surface adsorption sites belong to the
same element. In order to do so, we exploit features which may cause deviations from the linear
scaling approximation, including dependence of the binding energy (EB) on the coordination
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number of the adsorption sites [7], effects of lattice relaxation and electronic perturbation energy
on EB [8 – 10], and non-covalent character of the adsorbate-surface bond. The d-band center and
associated linear scaling models assume a totally covalent bond between adsorbate and surface
[11], though such bonds may have significantly ionic nature. We thus tune three factors in order
to circumvent linear scaling and find materials for which both reaction steps are favorable: the
local density of states (LDOS) of the adsorption site, the work function of the surface, and the
degree of ionicity of the bond. We propose eight such materials of the forms Pd/M(110) and
Pt/M(110), with a monolayer Pd or Pt deposited on the (110) surface of the early transition metals
M = Mo, Nb, Ta, W. The rationalization of our choice of surfaces follows our justifications for the
material configurations of the work presented in the previous chapter. We perform first-principles
calculations to determine whether these surfaces can facilitate the CO removal reactions of
Equations 4.1 and 4.2, as well as analyze the thermodynamics of the HOR on these surfaces in
order to fulfill their purpose in acting as a hydrogen fuel cell anode.

4.2 Computational Methods

All DFT-based first-principles calculations have been performed in this work using the
VASP5.4 code [12] with projector-augmented-wave potentials [13] and the Perdew-BurkeErnzerhof (PBE) parameterization for the exchange and correlation functional [14]. In order to
build the supercells, we have used 6-layer Pd/M(110) slabs and Pt/M(110) slabs with (2x1) inplane periodicity and 5-layer Pd(111) and Pt(111) slabs with (2x2) periodicity. Thus, in all cases,
the supercells included four atoms per layer. The slabs were separated with ~14 Å vacuum layer.
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The (6x8x1) k-point samplings in the Brillouin zone for Pd/M(110) and Pt/M(110), and the (8x8x1)
k-point samplings in the Brillouin zone for Pd(111) and Pt(111), provided sufficient accuracy for
the characteristics obtained by integration in the reciprocal space. A cutoff energy of 500 eV was
used for the plane-wave expansion of wave functions. During structural relaxation, the atomic
positions were iteratively optimized until the forces acting on each atom in each direction did not
exceed 0.01 eV/Å. The Xcrysden software [15] has been used to visualize the geometric structures
of the systems under consideration.

4.3 Results and Discussion

4.3.1 Stability of the P/M(110) structures
The first requirement for these proposed structures is, naturally, their thermodynamic
stability. We select monolayers of fcc metals placed on the (110) surface of bcc transition metals
based on experimental precedent as well as low bond length mismatch. We calculate ourselves
only ~2% mismatch between each transition metal for both Pd and Pt, which confers well with
experimental values. We also expect hybridization in the d-states of the LDOS to explain the
stability of the systems (explored in a later section). To verify our systems under consideration are
stable, we compare their formation energy to that of a monolayer on bulk Pd or Pt,
correspondingly. Strong binding (negative sign and high absolute value of formation energy) of
the monolayer to the transition metals indicates a stable structure, and is calculated as follows:

ΔEform(Pd/M) = [ΔE(Pd-M) - ΔE(Pd-Pd)]
ΔE(Pd-M) = Etot(Pd/M(110)) – Etot(M(110))

(4.3)
(4.4)
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ΔE(Pd-Pd) = Etot(Pd/Pd(111)) – Etot(Pd(111))

(4.5)

Corresponding equations are used for Pt. The monolayer energies (Eq. 4 and 5) are the difference
between the total DFT energies of the monolayer deposited on each respective surface (the
transition metals vs the bulk of the same element). The formation energy, then, is found as the
difference between those monolayer energies. Table 5 gives these energies for Pd and Pt on Nb,
Ta, Mo, and W.

Table 5: Relative formation energy of Pd and Pt ML on M(110) surfaces with bulk Pd and Pt
(respectively) used as reference (zero) point.
M=
ΔEform(Pd/M), eV
ΔEform(Pt/M), eV

Nb
-0.937
-1.06

Ta
-0.754
-1.27

Mo
-0.595
-0.781

W
-0.758
-0.957

As expected, the highly reactive ETM substrates produce stable monolayers of Pd and Pt.
The cohesive energy of the substrates is greater than the binding energy of ETM to Pd or Pt, which
prevents alloying, and the binding energy of ETM to Pd or Pt is greater than the cohesive energy
of Pd or Pt, which prevents the formation of clusters of either on the ETM surface (Volmer-Weber
growth).

4.3.2 CO oxidation
To evaluate the thermodynamics of the CO-oxidation reaction represented in Eqs. 1 and 2,
we calculate the reaction free energy diagrams. The diagrams show changes in free energy, G, in
the course of the reaction with respect to the initial state: H2O(gas) + *CO. The changes are
calculated as follows:
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ΔG = ΔE + ΔZPE – TΔS

(4.6)

Here, ΔE is the DFT energy (internal energy) change, ΔZPE is the zero-point energy change,
obtained from the calculated adsorbate vibration frequencies, and TΔS is the change in the entropic
part, obtained from the NIST data for the room temperature species [16] (for the adsorbed species
the translational and rotational parts have been subtracted). Though ZPE and entropy can
contribute significantly to G, they vary little between catalyst surfaces [17, 18]. The ΔE can be
expressed through the binding energy of the adsorbates and total energy of free molecules involved
in the process [18]. Thus, for a given reaction from one surface to another, the EB’s are the
determining factor for the free energy G. Therefore, EB has been calculated using DFT for CO and
OH adsorption on the systems of interest, as well as on Pt(111) and Pd(111) as the reference
systems.

Figure 6: Preferred adsorption geometry of OH (left) and CO (right) on Pd/Nb(110). Grey, blue,
red, yellow, and light blue balls represent Nb, Pd, O, C, and H atoms, respectively.
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To find these binding energies, we must first determine the most favorable binding location
of each adsorbate on each surface in question. Calculating the binding energy of CO and OH for
each Pd/M(110) and Pt/M(110) surface on all symmetric sites, we find that for each surface the
preferred adsorption site of OH is the bridge site and the preferred adsorption site of CO is the
hollow site. Preferred adsorption geometry on Pd/Nb(110) is shown in Figure 6. The binding
energy of each adsorbed molecule X has been calculated as follows:

EB(X) = Etot(Xgas) – Etot(Pd/M) – Etot(X/Pd/M),

(4.7)

where X=CO, OH; Etot(Xgas), Etot(Pd/M), and Etot(X/Pd/M) are the total energies of the molecule
X in gas phase, the clean surface of the catalyst, and the X molecule adsorbed on the surface of
the catalyst (an equivalent formula was used for Pt). EB results are given in Tables 6 and 7, in
which EB is positive for a favorable adsorption to avoid confusion when comparing larger and
smaller binding energies.

Table 6: Binding energies of CO and OH on the preferred adsorption sites of the Pd/M(110)
surfaces, with Pt(111) and Pd(111) for reference.
Pt(111)
Pd(111)
Pd/Nb(110)
Pd/Ta(110)
Pd/Mo(110)
Pd/W(110)
EB(CO)
[eV]
EB(OH)
[eV]

1.75
(top)
2.4
(top)

1.97
(top)
2.6
(hollow)

1.03
(hollow)
2.72
(bridge)
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0.911
(hollow)
2.70
(bridge)

1.37
(hollow)
3.06
(bridge)

1.32
(hollow)
3.20
(bridge)

Table 7: Binding energies of CO and OH on the preferred adsorption sites of the Pt/M(110)
surfaces, with Pt(111) and Pd(111) for reference.
Pt(111)
Pd(111)
Pt/Nb(110)
Pt/Ta(110)
Pt/Mo(110)
Pt/W(110)
EB(CO)
[eV]
EB(OH)
[eV]

1.75
(top)
2.4
(top)

1.97
(top)
2.6
(hollow)

1.17
(hollow)
2.58
(bridge)

0.950
(hollow)
2.62
(bridge)

1.61
(hollow)
3.16
(bridge)

1.77
(hollow)
3.24
(bridge)

Here we present some notable results: compared to the corresponding elemental
counterparts (Pt, Pd), CO binding energy decreases for each Pt/M(110) and Pd/M(110), while OH
binding energy increases. To explain this contradiction with the linear scaling approximation, we
analyze factors that may affect the reactivity of surfaces and cause it to seemingly increase for OH
and simultaneously decrease for CO. Since there are no bifunctional effects due to the homogenous
nature of these surfaces, we calculate their LDOS, their work functions, and the degree to which
the bond is ionic; and compare them to that of bulk Pt(111) and Pd(111). As we will show, these
factors may determine the non-linearity of the reactivity of these surfaces, which importantly helps
facilitate CO removal through CO oxidation.
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Figure 7: The local densities of d-electron states of the Pd surface atoms in Pd(111) and
Pd/M(110), for M=Mo (A), Nb (B), Ta (C), and W (D).
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Figure 8: The local densities of d-electron states of the Pt surface atoms in Pt(111) and Pt/M(110),
for M=Mo (A), Nb (B), Ta (C), and W (D).

Since the d-states majorly contribute to the reactivity of surfaces [11], we calculate the
LDOS of the Pd/M(110) and Pt/M(110) surfaces and compare them to those of Pd(111) and
Pt(111). In the d-band center model, the LDOS in the vicinity of the Fermi energy (EF) correlates
strongly with reactivity, so we expect more highly reactive surfaces to have greater LDOS and
integrated LDOS near EF. The LDOS calculations with comparison to their corresponding bulk
platinum-group element (PGE) are shown in Figures 7 and 8. In each, we see that hybridization of
the d-states of the PGEs with the transition metal shifts them toward lower energy and drastically
reduces the LDOS at EF. These results imply that the Pd/M(110) and Pt/M(110) surfaces are less
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reactive than Pd(111) and Pt(111), which is consistent with the lowered binding energies of CO
on those surfaces yet contradictory to the greater EB(OH) on those surfaces. Notably, the surfaces
with relatively greater CO binding than the other PGE/M(110) surfaces in question in fact have a
slight peak near EF, though remain lower in total DOS than the PGE(111) counterpart in that
region.
To resolve the apparent contradiction of OH binding energy increasing, we note that the dband model’s applicability is predicated on the bonds in question being covalent. In contrast, if a
bond is ionic, its strength depends on the charge transferred to (or, in general, from) the adsorbate
as well as the work function of the surface. In reality, bonds are often neither completely covalent
nor completely ionic, so to determine the ionicity of the bonds we calculate the Bader charges for
the bound atom before and after binding of each adsorbate species: C for CO and O for OH [30].
The difference between these Bader charge values is denoted ΔQBader(C) and ΔQBader(O) in Table
4, and that difference expresses the extent to which the species binds ionically or covalently (with
a greater difference corresponding to a more ionic bond). Since there is transfer of charge in ionic
bonds, the surface’s propensity to accept or release electrons (measured through the work function)
also plays an important role. Thus, we present the work functions for each relevant surface and the
Bader charge differences for each adsorbate on those surfaces in Table 8.
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Table 8: The work functions of the listed surfaces and changes in the Bader charges of the CO
and OH upon their adsorption to the corresponding surfaces
OH
CO

ΔQBader(O) [e]
ΔQBader(C) [e]
[eV]
Pt(111)
5.69
0.38
0.17
Pd(111)
5.20
0.47
0.10
Pd/Nb(110)
4.46
0.50
0.15
Pd/Ta(110)
4.60
0.55
0.22
Pd/Mo(110)
4.41
0.53
0.18
Pd/W(110)
4.56
0.53
0.18
Pt/Nb(110)
4.51
0.47
0.17
Pt/Ta(110)
4.68
0.50
0.16
Pt/Mo(110)
4.51
0.48
0.12
Pt/W(110)
4.68
0.49
0.13

For all surfaces, the charge difference is much greater for OH than for CO, indicating a
much more ionic bond for OH. The predominantly ionic character of the bond explains the d-band
center model’s failure to predict the binding energy of OH. However, the charge differences do
not fully explain the significant increase in the binding energy of OH on several of the surfaces.
For instance, ΔQBader(O) is quite similar for Pd(111) and the Pd/M(110) surfaces, deviating by
only, at most, 0.08 e; yet EB(OH) on Pd/W(110) is greater than that on Pd(111) by 0.6 eV, a
significant increase. Furthermore, there exists no direct correlation between the magnitude of the
charge transfers and the binding energy differences for the considered surfaces. Hence, we look to
the work functions. Our calculated work functions for Pt(111) and Pd(111) –  = 5.69 eV and 5.20
eV, respectively – are in good agreement with other experimental and previously calculated
results: for Pd(111), 5.25 eV [19] and 5.22 eV [20]; and for Pt(111), 5.69 eV [19, 20] and 5.77 eV
[21]. A lower work function corresponds to greater propensity to donate electrons, thereby
increasing the EB of primarily ionic bonds. As shown in Table 4, each PGE/M(110) surface has a
lower work function than their corresponding PGE(111) counterpart by a significant margin. The
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work functions also do not show a direct correlation with binding energy, therefore we propose a
combination of the increase in ΔQBader(O) and the decrease in  determines the increase in EB(OH)
when moving from PGE(111) to the PGE/M(110) surfaces.

4.3.3 CO removal thermodynamics
As discussed in the Introduction, the particular binding energy mechanisms of these
PGE/M(110) surfaces serve to facilitate the CO removal through oxidation. We construct the free
energy diagrams of the two steps of the CO oxidation reaction (Equations 4.1 and 4.2) to assess
their viability in such role compared to the Pd(111) and Pt(111) surfaces. From Equation 4.6, we
gather the obtained EB, ZPE, and ΔS at room temperature to calculate the changes in free energy
ΔG. We build the free energy diagrams for the CO oxidation reaction on all Pd/M(110) and
Pt/M(110) systems, as well as on Pd(111) and Pt(111), for reference. These diagrams are shown
in Figure 9. Table 9 gives the numerical value of ΔG for each reaction step, for reference.
For the first reaction step, it is evident that for several PGE/M(110) surfaces, the free
energy increase is drastically smaller than that of Pt(111) and Pd(111). During this first reaction
step, the free energy increases by 1.1 eV for Pt and by a similarly large amount for other surfaces:
Pd(111), Pd/Nb(110), Pd/Ta(110), Pt/Nb(110), and Pt/Ta(110). On the other hand, this energy step
is much smaller for Pd/Mo(110), Pd/W(110), Pt/Mo(110), and Pt/W(110) - such a dramatic
decrease in change in free energy between surfaces represents an impressive increase in the
reaction rate: e.g. ignoring the kinetic barriers and at room temperature such rate on Pd/W(110)
would be 1.2x1014 times higher than that on Pt(111).
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Figure 9: The free energy phase diagrams calculated for the H2O+*CO → *OH+*CO → CO2+H2
for the Pd/M(110) (left) and Pt/M(110) (right) surfaces under consideration. Pd/Ta(110) and
Pt/Ta(110) have been excluded for clarity and due to their similarity to Pd/Nb(110) and
Pt/Nb(110), respectively.

For the second reaction step, each Pd/M(110) reaches a lower final free energy than Pt(111)
and Pd(111); and, indeed, their own initial states, arriving at a negative final free energy with
respect to initial conditions, indicating an overall exothermic reaction. These factors combined
strongly indicate that the Pd/M(110) structures are more active towards CO oxidation than their
Pt(111) and Pd(111) counterparts, with several showing drastic improvements: specifically, we
propose that Pd/Mo(110) and Pd/W(110) are highly active CO-oxidation catalysts, suitable for
efficient removal of CO and thus highly CO tolerant. Pt/Nb(110) and Pt/Ta(110), much like
Pd/Nb(110) and Pd/Ta(110), have very large free energies for the initial reaction step, indicating
at best minimal improvement over Pt(111). However, Pt/Mo(110) and Pt/W(110) provide more
interesting cases. Though it is not overall exothermic, Pt/Mo(110) remains more
thermodynamically favorable towards the CO oxidation reaction than Pt(111) and thus represents
a greatly improved rate of CO removal. Pt/W(110) increases in energy from the first reaction step
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to the final, but only marginally more than Pt(111)’s final energy step. These cases are less
straightforward than those of Pd/Mo(110) and Pd/W(110), so their viability towards the CO
oxidation reaction in comparison to Pt is difficult to predict.
Table 9: Free energy for the reaction states expressed in Equations 4.1 and 4.2 occurring on all
considered surfaces. The first reaction state is set to 0 as reference.
G (eV)
H2O+*CO
*OH+*CO
CO2+H2
Pt(111)
0
1.1
0.30
Pd(111)
0
0.89
0.52
Pd/Nb(110)
0
0.77
-0.42
Pd/Ta(110)
0
0.79
-0.54
Pd/Mo(110)
0
0.43
-0.08
Pd/W(110)
0
0.29
-0.13
Pt/Nb(110)
0
0.91
-0.28
Pt/Ta(110)
0
0.87
-0.50
Pt/Mo(110)
0
0.33
0.16
Pt/W(110)
0
0.25
0.32
4.3.4 Hydrogen Oxidation
We have proposed several materials as effective catalysts for the CO oxidation reaction,
but their ultimate purpose is facilitating the hydrogen oxidation reaction as the anode of a hydrogen
fuel cell. To that end, we must assess their activity towards the HOR compared to other candidates,
a task made difficult by the complexity and lack of theoretical development around the mechanics
of the HOR [22 – 25]. There exist simple models to estimate a catalyst’s activity toward HOR, in
which change in free energy correlates strongly with the experimental reaction rate [22, 23]. We
consider two reaction pathways: a) Tafel – Volmer: H2 + *→ 2H* → 2(H+ +e-); b) Heyrovsky –
Volmer: H2 + *→ H* + H+ + e- → 2(H+ +e-). Application of the widely used approximation: µ(H+
+ e-) = 1/2µ(H2) [17], where µ is the chemical potential, leads to the following relation for the
changes of free energy with respect to the initial state (H2 + *) at zero potential: ∆G(Tafel) =
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∆G(Heyrovsky) = - ∆G(Volmer). Thus, we may use only ∆G(Tafel) to assess our proposed
materials’ activity towards the HOR. HOR electrocatalysts are better if the reaction is almost
thermo-neutral at the equilibrium potential (volcano plot with the apex at ∆G = 0) [23]. First, we
calculate the energy of dissociative hydrogen adsorption as follows:

Ead(H) = [ Etot(nH/surface) – Etot(surface)]/n – 1/2Etot (H2)

(4.8)

where n is the number of the adsorbed H atoms per supercell. The calculations have been
performed for n = 1, 2, 3, and 4 that corresponds to the hydrogen coverages 0.25, 0.5, 0.75, and
1.0. We perform these calculations for all proposed surfaces and provide the results in Table 10.

Table 10: The energy of dissociative adsorption of H (Ead(H)) calculated for Pt, PGE/M(110)
calculated for various H-coverage .
Ead(H)
[eV]
=0.25
=0.5
=0.75
=1.0
Pt(111)
-0.48
-0.46
-0.43
-0.41
Pd/Nb(110)
-0.52
-0.23
-0.13
-0.12
Pd/Ta(110)
-0.15
-0.07
-0.07
-0.06
Pd/Mo(110)
-0.48
-0.40
-0.30
-0.28
Pd/W(110)
-0.44
-0.34
-0.25
-0.22
Pt/Nb(110)
-0.18
-0.10
-0.09
-0.09
Pt/Ta(110)
-0.16
-0.07
-0.04
-0.09
Pt/Mo(110)
-0.78
-0.44
-0.31
-0.33
Pt/W(110)
-0.75
-0.43
-0.31
-0.33
We then use Equation 4.8 to calculate ∆G(Tafel) as a function of H-coverage for each
surface (as well as Au(111) and Nb(110) for comparison). We plot the Pd/M(110) materials in
Figure 10 and the Pt/M(110) materials in Figure 11, and compare them to that of Pt.
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Since Pt is known to facilitate the HOR effectively, we note the surfaces for which
∆G(Tafel) is lower in absolute value than for Pt for all hydrogen coverage. Pd/Mo(110),
Pd/W(110), Pd/Ta(110), Pt/Nb(110), and Pt/Ta(110) are all closer in absolute value to zero than
Pt, indicating HOR on those surfaces which is more thermo-neutral than for Pt. We can thus
assume with reasonable confidence that those materials would be more active towards the HOR
than Pt, an important benchmark for hydrogen fuel cell anode catalysts.

Figure 10: Changes in the free energy upon the Tafel reaction step with respect to the initial state
(H2 + *) versus H-coverage calculated for Au, Pt, the proposed Pd/M(110) structures, and Nb.
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Figure 11: Changes in the free energy upon the Tafel reaction step with respect to the initial state
(H2 + *) versus H-coverage calculated for Au, Pt, the proposed Pt/M(110) structures, and Nb.
Structures follow an analogous color and symbol denotation to Figure 10 for clarity. Pt/W(110)
and Pt/Mo(110) are dashed lines only to indicate their overlap.

We can now combine both factors to assess which, if any, of these proposed materials are
CO-tolerant catalysts which are active towards the HOR. From our analysis of the free energy
diagrams for the CO oxidation reaction, we select four prospective materials: Pd/Mo(110),
Pd/W(110), Pt/Mo(110), and Pt/W(110). From our H-coverage vs ∆G(Tafel) plots, we select
Pd/Mo(110), Pd/W(110), Pd/Ta(110), Pt/Nb(110), and Pt/Ta(110). Considering the overlap of
these two factors, we propose that Pd/Mo(110) and Pd/W(110) are both highly CO-tolerant and
active towards the hydrogen oxidation reaction for use in hydrogen fuel cells.
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CHAPTER V: PRODUCTION OF HYDROGEN THROUGH PHOTOCATALYTIC
WATER SPLITTING ON C2N AND C2N-P

Tyler Campbell, Sergey Stolbov, Journal of Energy and Power Technology 2020, 2, 1-11

5.1 Introduction
The separation of water into hydrogen and oxygen is endothermic – the reaction requires
an input of energy. This energy can be supplied through a potential difference generated by
ordinary power sources, but that would require either using non-renewable sources or losing
efficiency in overhead (or both). An alternative is to use solar light to drive photocatalytic water
splitting to produce hydrogen. This process requires careful selection of material properties to
drive the water splitting; the band gap of the material needs to be properly sized and the redox
levels positioned within, and the reaction itself must be viable on the material’s surface (see Figure
12). When solar photons interact with a surface with the right band gap, electrons are excited into
the conduction band, leaving holes in the valence band. As shown in Figure 12, water molecules
can be separated into oxygen and free protons at the anode which are rejoined into hydrogen gas
at the cathode. During the reaction, electrons are drawn from the reactants to the holes which
drives the splitting. The electrons which gather at the cathode are donated to the free protons,
which thus form into hydrogen gas.
Photocatalysis of water splitting was first reported by Fujishima and Honda[1], and is made
possible by various materials. However, there are several challenges to overcome, and most
known materials fall short in some way. Since photocatalysis is driven by solar light, the band gap
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must be narrow enough that the process can be entirely driven by radiant energy. The intensity of
solar light falls primarily within the visible light spectrum [2]. Materials whose band gaps fall
outside that range are suboptimal for photocatalysis. For instance, though TiO2 is both highly
active and stable, it has a band gap of ~3 eV, which corresponds to the ultraviolet range. The UV
portion of solar irradiation is only a fraction of that of visible light – roughly 4%.

Figure 12: Diagram of photocatalytic water splitting [1]. Electrons in the valence band of a
semiconductor are excited into the conduction band, where they facilitate the hydrogen evolution
reaction with a cocatalyst. The holes generated in the valence band are gathered at another
cocatalyst, which facilitates the oxygen evolution reaction.

The band gap must also be positioned with respect to the redox levels (hydrogen evolution
reaction and oxygen evolution reaction) such that they both fall within the band gap, as discussed
in Ref. 3. For electrons to flow to the cathode (often a metallic island situated on the surface of the
anode) the minimum energy of the conduction band must be greater than the Fermi level of the
cathode. Similarly, the oxidation process must happen at an energy level above the holes left in
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the valence band so that electrons can flow into the anode. Though, even with these conditions
met, a material may prove unviable – the excitation of electrons and the acidic environment
produced may destabilize certain materials, such as Cd1-xZnxS [4 – 6] – a process called photocorrosion.
Improvements to the properties of certain materials can be made through doping: for
instance, the wide band gap of semiconductors such as TiO2 can be narrowed [7,8]. Several
substances, such as the solid solution GaN:ZnO [9], AgMO3 (M: Ta and Nb) [10], Ba3NiM2O9
(M=Nb, Ta) [11], BiVO4 [12], Inx-1NixTaO4 [13], Na1-xLaxTa1-xCoxO3 [14], as well as ZnS-CuInS2AgInS2 [15] solid solutions, and the layered K4Nb6O17 structure intercalated with NiO [16], have
produced photocatalytic activity within the visible light range; yet each have suboptimal
characteristics. Improving the viability of these materials and studying their properties to finetune them remains an important field of exploration [17,18].
The emergence of two-dimensional and quasi-two-dimensional materials has opened new
possibilities to overcome the obstacles involved in efficient use of hydrogen as a fuel source. Twodimensional materials have found use in both the oxygen reduction reaction and oxygen evolution
reaction aspects of hydrogen fuel technology. These structures offer unique prospects but come
with their own challenges. One such structure, graphitic C3N4 (g- C3N4) [19 – 21], a layered
structure with van der Waals interactions between layers, has shown promise with a band gap of
2.7 eV. Doping with various elements (B [22], P [23], Zn [24], and S [25]) has shown significant
changes in the activity of g-C3N4, including a narrowed band gap. Doping materials with different
elements to extract certain behaviors can help fine-tune a material to be better attuned for a role as
a photocatalytic anode. One recently discovered two-dimensional structure, C2N, has shown
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promise as a photoanode with a band gap of ~2 eV [26], though its band gap may be as wide as
2.4 eV [27]. Doping has been shown to narrow this band gap [27,28] to levels which can facilitate
photocatalysis with the solar light spectrum. We will discuss here the results of our studies of the
two-dimensional C2N as well as a P-doped C2N surface.
The viability of a material as a photoanode for catalytic water splitting is dependent on the
size and position of the band gap, so that is the focus of most studies. While those characteristics
are necessary, they are not sufficient to determine the photocatalytic activity. The cathode must
be carefully selected to produce the potential difference. This takes the form of a metallic island
situated on the surface of the anode to facilitate charge separation. As positive charge holes are
formed in the anode, water molecules react with the surface, donating electrons and releasing
protons. These protons then accept charges from the cathode to reform into H2. This process
involves several chemical reactions, all of which must be facilitated and favorable on the anode
surface. While standard electrolysis can provide the necessary overpotential required to facilitate
the water splitting reaction, photocatalysis has a much stricter limitation on the energy available
for the reaction. Photocatalysts can employ co-catalysts to overcome the discrepancy – species
such as IrO2 and RuO2 [29, 30] deposited on the photo-anode can act to increase the rate of the
oxygen evolution reaction. On two-dimensional materials, co-catalysts can disrupt the electronic
structure, so their absence must be mitigated through the entire reaction happening on the photoanode alone or through other mitigating factors.
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5.2 Computational Methods

The Xcrysden software was used for visualization of the atomic structures [31]. All DFTbased calculations have been performed in this work using the VASP5.3 code [32] with projector
augmented wave potentials [33] and with the Perdew-Burke-Ernzerhof (PBE) parameterization for
the exchange and correlation functional [34]. We use a supercell with (2x2x1) in-plane periodicity
that includes a monolayer of C2N or C2N-P with a ~14 Å vacuum layer. The (4x4x1) k-point
sampling in Brillouin zone used in this work provided sufficient accuracy for the characteristics
obtained by integration in the reciprocal space of C2N and C2N-P. The cutoff energy of 400 eV
was used for the plane wave expansion of wave functions. To achieve structural relaxation, the
atomic positions were optimized to obtain equilibrium geometric structures in which the force
acting on each atom and each direction does not exceed 0.01 eV/Å.

To characterize the strength of the bonding between an intermediate X and the catalyst
surface, we used the binding energy defined as follows:
EB(X) = Etot(surface) + Etot(X) – Etot(X/surface),

(5.1)

where the three Etot terms denote the total energy per supercell calculated for the clean surface; the
isolated (and neutral) intermediate X = O, OH OOH; and X adsorbed on the surface, respectively.
Since the total energy of a stable system is negative, EB(OH) is defined positive provided that the
adsorption of a specie on the catalysts is energetically favorable.
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5.3 Results

5.3.1 Reaction Energy
Using photon energy to drive a photocatalytic reaction requires the catalytic material to fall
within a specific band gap. We analyze two materials which meet this initial condition for their
viability in hydrogen evolution reactions – C2N, and C2N doped with P (shown in Figure 4 with
various potential reaction sites labelled). To understand a material’s viability as a photocatalytic
agent in hydrogen evolution reactions, we must analyze the change in free energy, ∆G, for each
step in the reaction. The reaction steps are given below, labelled 1-4. [32]

1:

H2O + * → HO* + H+ + e-

2:

HO* → O* + H+ + e-

3:

O* + H2O → HOO* + H+ + e-

4:

HOO* → O2 + * + H+ + e-

The first step involves the binding of OH to the surface as a proton is released from the water
molecule. To determine the most probable binding site for this initial step, the binding energy was
found for the various reaction sites, with the strongest binding energy corresponding to the highest
probability of the initial bond site. Since the reaction progresses from that initial OH bond, the
most probable OH binding site was used to determine the subsequent steps in the reaction. The
binding energy at each symmetric site (see Fig. 13) was found using DFT methods, placing the
OH radical a height of 1.5 Å above the surface and allowing the system to relax. In both cases,
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the bond with the highest energy occurred at site 1 as labelled in Figure 13. The binding energies
for OH on each surface are given in Tables 11 and 12.

Figure 13: Lattice diagram of (a) C2N and (b) C2N-P, labelled with likely bonding sites 1 – 5.
Carbon is colored yellow, nitrogen is colored blue, and phosphorus is colored green.

Table 11: OH binding energy on non-equivalent sites of C2N
C2N-OH
OH Binding Site Binding Energy (eV)
1
1.774
2
1.190
3
1.190
4
1.051
5
0.968

Table 12: OH binding energy on non-equivalent sites for C2N-P
C2N-P-OH
OH Binding Site Binding Energy (eV)
1
3.186
2
1.419
3
1.258
4
1.382
5
0.866
6
1.279
7
2.139
8
3.051
9
1.427
10
1.331
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Step 2 of the reaction involves the separation of a proton from the bound OH. The H atom
was simply removed from the system shown in Figure 14(a,b), then the system was relaxed to the
state shown in Figure 16(c,d). The binding energies calculated for this state are also given in Table
13. For the third step, the OH radical that forms from the water molecule was found not to bind
to the bound oxygen. This means that the reaction will not proceed through the steps Eqs. (3) and
(4). This result and its implications are explored in a later section.

Figure 14: Release of a proton from the oxygenated surface as step 2 of the oxygen evolution
reaction.

Table 13: Binding energy and change in free energy of O and OH on C2N and C2N-P surfaces.
Surface
Adsorbate
Binding Energy Eb (eV)
Free Energy ΔG (eV)
C2 N
O
3.276
2.584
OH
1.774
1.813
C2N-P
O
5.296
0.564
OH
3.186
0.401
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5.3.2 Free Energy
The change in free energy (∆G) is a vital factor in determining catalysis efficiency. The
total change in free energy of each reaction step must be within the bounds of the band gap of the
material, so calculating ∆G is vital in determining the viability of the reaction. The energy involved
in the reaction steps (∆E) can be found using methods such as DFT as the difference between the
reactant state and the product state; the energy of the sum of the hydrogen ion and electron, E(H+
+ e-), can be estimated with the well-known approximation as ½ E(H2) [32]. The zero-point energy
(ZPE) contribution arises from vibrational frequencies in the adsorbate, as the vibrations of the
surface are negligible. The entropic (T∆S) contribution is estimated as the gas-phase entropy of
the intermediate steps (with subtracted translational and rotational contributions for the adsorbed
species), and the final term (neU) is the energy contribution corresponding to protons crossing the
electrode potential.

∆G = ∆E + ∆ZPE – T∆S – neU

(5.2)

The difference in the latter three terms is negligible between different catalyst surfaces. [35,36]
The only aspect of ∆E that depends on the binding surface is the bond energy itself between the
surface and the bonded substance. The key factors in determining the reaction viability in terms
of free energy are Eb(*O), Eb(*OH), and Eb(*OOH) – these energies for C2N and C2N-P are given
in Table 13, except for Eb(*OOH) as it did not bind to either surface. The accumulation of these
factors into the free energy is given by Equations 5.3 – 5.5 and are shown in Table 14. Substituting
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the relevant factors, the resulting change in free energy of each reaction step is given in Table 13
and displayed in the free energy diagram in Figure 15 (for C2N-P only).

ΔG(*O) = 5.86 eV – Eb(*O)

(5.3)

ΔG(*OH) = 3.587 eV – Eb(*OH)

(5.4)

ΔG(*OOH) = 5.113 eV - Eb(*OOH)

(5.5)

Table 14: Change in total energy of each reaction step.
Surface
Reaction Step
H2O + * → HO* + H+ + eC2 N
HO* → O* + H+ + eO* + H2O → HOO* + H+ + eHOO* → O2 + * + H+ + eH2O + * → HO* + H+ + eC2N-P
HO* → O* + H+ + eO* + H2O → HOO* + H+ + eHOO* → O2 + * + H+ + e-

Change in Energy ∆E (eV)
1.813
0.771
0.401
0.163
-

Figure 15: Free energy diagram for water splitting on C2N-P. The onset potential, which is the
potential corresponding to the greatest difference in reaction steps, is shown as U0 = 2.79 V.
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5.3.3 OOH Binding Issues
For both surfaces, the third step of the reaction could not occur, as the OH radical does not
bind to the bound oxygen to form OOH. An OH radical was placed 1.48 Å away from the bound
oxygen for both surfaces. This distance corresponds to the expected bond length between oxygens
in OOH. In both cases, during relaxation the OH radical simply drifted away while the original
oxygen remained bound. Without this reaction step, the surface quickly becomes cluttered with
oxygen atoms at the reactive sites. To help explain the dynamics of that reaction step, we can
examine the charges of each species involved. Using Bader analysis, a volume of each atom can
be determined by the surfaces defined by the minima of the charge density. Integrating these
volumes produces a value which can be interpreted as the total charge contained by each atom.
Bader analysis gives us, as shown in Table 15, the charge associated with the -anchor oxygen atom
before and after the water molecule becomes an OH radical by separating off a hydrogen ion and
an electron. A neutral oxygen atom has six valence electrons (including 2s-electrons); therefore, a
charge greater than six would be negative, and a charge less than six would be positive. Since the
oxygen within the OH radical is negatively charged, the negative charge of the oxygen adsorbed
to the surface dictates a repulsive force between them.

Table 15: Bader analysis of O adsorbed to C2N and C2N-P surfaces before and after the
introduction of the OH radical.
Surface + Adsorbate Charge (e)
C2 N - O
6.370
C2N - OOH
6.154
C2N-P - O
7.747
C2N-P - OOH
7.706
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5.3.4 Two-step reaction
Even though the third step of the reaction seems to be unviable, the surfaces may still be
candidates for oxygen evolution photocatalytic reactions. In bulk materials, co-catalysts may be
used to remove oxygen atoms from the surface without disrupting the overall structure. However,
two-dimensional materials may become too disrupted by the interaction with the co-catalyst and
the surface’s band gap may be disturbed. But if the oxygen is not too strongly bound to the surface,
the oxygens at various sites may join solely through kinematic motion. The binding between the
surface and the oxygen must at minimum be weaker than the binding between two oxygen atoms,
otherwise the adsorbed state is favored, and the oxygens will not join. The oxygens must also
cross the kinetic barriers due to the distance between them. If both conditions are met, the reaction
may be viable even if it only contains the first two steps, as the oxygens will eventually clean
themselves off the surface. The energy difference between neighboring sites can thus offer insight
into the possibility of thermal motion leading to two bound oxygens reacting. An oxygen was
placed at the bridge and nearest carbon on each surface (sites 2 and 3 in Figure 4) and allowed to
relax; the binding energies are recorded in Table 16 (along with the most favorable binding site
energy, for comparison). The rate of such a diffusion (neglecting the kinetic barrier) is
∆𝐸

𝑅 = 𝐷𝑒𝑥𝑝 (𝑘 𝑇), where E is the energy difference between the two states and D is the pre-factor
𝐵

associated with O vibrations (D ~ 1013 s-1). As seen from Table 16, the rates for both paths are very
low even for zero kinetic barriers. Thus, the possibility of a two-step reaction for either surface is
highly unlikely, and therefore cannot salvage the C2N and C2N-P surfaces as candidates for oxygen
evolution reactions.
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Table 16: Reaction rate that corresponds with the change in energy required for thermal motion
of oxygen atoms. The sites listed are those shown in Figure 15.
Surface Site
C2 N
1
2
C2N-P
1
2

Energy (eV)
3.276
1.877
5.296
4.152

R (s-1)
3.15*10-11
6.05*10-9

Table 17: Change in binding energy after addition of second oxygen atom to C2N and C2N-P
surfaces. The binding of a second O atom lowers the binding energy of each O atom.
Surface
C2 N
C2N-P

Oxygen
Binding Site
N
N
P

Binding Energy, eV
(1st O atom)
3.276
N/A
5.296

Binding Energy, eV
(2nd O atom)
3.144
2.892
4.938

5.3.5 Increased Oxygen Coverage
Previous results with bulk materials have shown that increased oxygen coverage weakens
the binding between the oxygen atoms and the photocatalyst. In doing so, the oxygen may bind
with an OH radical and form OOH, alleviating this issue of oxygen poisoning and allowing
catalytic activity to progress once the surface has reached a certain level of oxygen saturation [41].
With C2N and C2N-P, the surface is non-homogenous, thus oxygen more favorably binds in certain
locations.
Furthermore, being two-dimensional structures, the electronic structure can be drastically
affected by the presence of multiple oxygen atoms simultaneously bound, potentially destroying
the band structure. To test the effect of increased oxygen coverage, a second OH radical was
placed near the surface after the first one was allowed to relax. For both C2N and C2N-P, the
second OH was placed above the nitrogen opposite the already occupied site. After the second
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OH relaxed, both hydrogen atoms were removed, and the system was once again brought to
equilibrium. Table 17 shows that the binding energy of the original oxygen atom to the surface
had decreased due to the addition of the second oxygen for both surfaces. In C2N, the difference
was not great enough to change the reaction dynamics; however, in C2N-P, the oxygen bound to
the phosphorous atom formed OOH in the presence of an OH radical. These results agree with the
concept proposed by Rossmeisl, et al – that increased oxygen coverage of the surface can allow
the OH to bond. [41] However, as shown in the free energy diagram in Figure 15, this reaction is
energetically unviable with an onset potential of 2.79 eV.
Also, in bulk materials, the coverage of the surface does not drastically affect the material’s
properties, and in electrocatalysts, the band gap (if one exists) is not required to supply the
necessary energy. In two-dimensional photocatalysts such as C2N and C2N-P, the band gap is both
necessary to generate voltage and vulnerable to disruption by adsorbates. Figure 16 shows how
the band gap of C2N and C2N-P are affected by the addition of oxygen atoms. The addition of a
second atom in each case destroys the band gap. Therefore, increasing oxygen coverage does not
seem to make C2N and C2N-P surfaces viable candidates for photocatalytic water splitting.

Figure 16: Change in DOS through addition of O atoms to C2N (a) and C2N-P (b) surfaces. With
the addition of a second O atom, in each case the band gap is destroyed.
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CHAPTER VI: DOPING LOCATIONS AND BAND GAP EFFECTS OF H- AND SiDOPING ON 𝜷-phase 𝐆𝐚𝟐 𝐎𝟑 : FIRST PRINCPLES APPROACH

6.1 Introduction
As discussed in Chapter 5, materials which can act as photocatalysts towards the water
splitting reaction for the production of hydrogen require several important features. These
properties lie in the photo-anode, the section of material which absorbs light and generates a
current through electron excitation. Naturally, this material must be a semiconductor with a band
gap which satisfies the following requirements: the band gap width must be suitable for absorption
of visible light (the most intense proportion of the solar light spectrum) and must be positioned
favorably with respect to both the water splitting and hydrogen molecule formation reactions.
Furthermore, such material must also catalyze both reactions and be stable within the reaction
environment. Fulfilling all of these requirements is a rare feat, as exemplified by our own results
with C2N which has a favorable band gap but lacks the catalytic properties to facilitate the water
splitting reaction.
The material Ga2O3 has been the subject of interest for decades, with recent interest
focusing particularly on the 𝛽-phase. One area of interest is in its application towards
photocatalytic water splitting, as it meets two important requirements – it is stable, and it efficiently
catalyzes both reactions of interest [1,2]. The wide band gap of 𝛽-Ga2O3 (~4.7 – 4.9 eV) makes it
useful for applications in power electronic devices, solar-blind UV photodetectors, gas sensors,
and solar cells [7]. However, that band gap is disadvantageous for photocatalysis, as it absorbs
only ultraviolet radiation, which represents a much smaller fraction of solar radiation than visible
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light [3,4]. One method to address this is through doping – Si, Sn, Ge, and Nb have been studied
experimentally as dopants which can tune the band gap [5, 6, 9-11]. Several computational studies
on the effect of doping on the band gap [12-15], but those have used density functional theory
(DFT) for their calculations which inherently underestimates the band gap width. Some studies
have been performed using the hybrid pseudopotential [16], which describes the band gap more
accurately than DFT. Those studies explored Al, Sn, Cr, Fe, N, and Si as dopants of 𝛽-Ga2O3. In
this study, we employ the more advanced GW method, which to our knowledge has only been
used for pure 𝛽-Ga2O3 calculations [17,18].
Dopant properties of 𝛽-Ga2O3 are of interest not only as tools to tune the structure’s
properties, but also due to inherent doping that occurs during the formation of 𝛽-Ga2O3. Two such
incidental dopants are Si and H, which we will study in this work. These dopants, in fact, give 𝛽Ga2O3 an intrinsic n-type conductivity [7], and thus the doping effects are important to study to
understand their impact on the 𝛽-Ga2O3 electronic structure and density of states. The effects of
hydrogen doping are difficult to detect experimentally. Attempts to do so include assuming H
donates an electron to 𝛽-Ga2O3, as in the case for muonium [19], and to compare the interaction to
H doping of ZnO [20]; both attempts reached the conclusion that H acts as a shallow n-type donor.
For Si doping, DFT calculations have been performed which show that Si substitutes the Ga II
atoms (see Figure 17) [16]. DFT calculations predict that Si-doping produces a narrow Si band in
the middle of the band gap [16], though experimental observations of an increase in electrical
conductivity in Si-doped 𝛽-Ga2O3 contradicts this result [22].
The lack of reliable information in the literature about these important H and Si doping
effects on 𝛽-Ga2O3 motivates this work. We apply DFT methods to explore the energetically
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probable doping locations for interstitial H doping and Ga substitutional Si doping, since those can
be reliably determined by the ground state analysis. To study the effects of doping on the band
structure, an important avenue of research for understanding and tuning the semiconductor
properties of 𝛽-Ga2O3, we apply the advanced GW method to calculate the density of states of H
and Si doped 𝛽-Ga2O3 with a focus on the vicinity of the band gap.

6.2 Computational Details

All DFT-based calculations have been performed in this work using the VASP 5.4
code [23] with projector augmented wave potentials [24] and with the Perdew-Burke-Ernzerhof
(PBE) approximation for the exchange and correlation functionals [25]. The periodicity of the
systems was maintained by using a supercell that included a doubled 𝛽-Ga2O3 structure with
(1x2x1) in-plane periodicity (the structure of which is described in the next section). The (2x8x4)
k-point samplings in the Brillouin zone were used, which provided sufficient accuracy for the
characteristics obtained by integration in the reciprocal space. A cutoff energy of 500 eV was used
for the plane-wave expansion of wave functions. During structural relaxation, the atomic positions
were iteratively optimized until the forces acting on each atom in each direction did not exceed
0.01 eV/Å.
The calculations related to the effects of the doping on the band gap were performed using
the GW method. To increase of the linear response accuracy, we extended the number of bands
under consideration to 100. The number of points in the frequency range was 60. The cutoff energy
for the linear response function of 120 eV provided sufficient accuracy of the calculations.
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6.3 Formation energy for Si and H doping of 𝜷-Ga2O3

Figure 17 shows the geometric structure of 𝛽-Ga2O3. It is a monoclinic crystal structure
with lattice vectors a = 12.12–12.34 Å, b = 3.03–3.04 Å and c=5.80–5.87 Å [7]. Our calculations
are performed on a doubled unit cell to reduce dopant concentrations to 2.5% to minimize dopant
interactions. This concentration is much higher than in practice, but the distance should be great
enough (~6 Å) that dopant interactions do not impact electronic structure or formation energy.
The probable doping location of dopants can be determined by finding the energetics of
the system with various doping sites. H has been found to dope Ga2O3 interstitially, whereas Si
substitutes a Ga atom. As shown in Figure 17, there are two distinct Ga geometries (labelled I and
II) and three distinct O geometries (labelled 1 – 3). The doping positions are found through DFT
energy calculations of the doped Ga2O3 structure at possible non-symmetric locations. The Ga
atoms of each type (I and II) are functionally identical, so there are two possible doping positions
for Si, replacing a Ga of one type or the other. For H dopants, the binding locations are marked on
Figure 17 as a – f, with a – d representing oxygen binding and e – f representing Ga binding.
Further non-symmetric H binding locations were found to shift to one of the marked locations
during DFT relaxation.
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Figure 17: Diagram of 𝛽-Ga2O3 structure. Distinct gallium atoms are grey and denoted I – II,
distinct oxygen atoms are red and denoted 1 – 3, and possible hydrogen doping sites are denoted
a – f.

6.3.1 Si-doping
We first consider substitutional Si doping of Ga2O3, in which an Si atom structurally
replaces one of the Ga atoms. To find which Ga type (I or II) Si energetically prefers to replace,
we can use DFT to calculate the total energy of the system before doping and after doping. For the
two

non-equivalent

Ga

atom

sites,

we

can

calculate

Eform = Etot (Si: Ga2 O3 ) + μ(Ga) − (Etot (Ga2 O3 ) + μ(Si)),
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the

formation

energy

(6.1)

as:

using the chemical potential μ of Ga and Si. Thus, there remains the question of how to calculate
these chemical potentials. Chemical potential represents the change in energy given a change in
the number of atoms. Therefore, the chemical potential of Si is based on the removal of an Si atom
from solid Si, or μ(Si) = Ecohesive (Si) + Eatomic (Si).
The chemical potential of Ga presents a slightly more complicated picture. First, there
should be equilibrium chemical potential of Ga2O3, that is, 2μ(Ga) + 3μ(O) = μ(Ga2 O3 ), with
μ(Ga2 O3 ) = Etot (Ga2 O3 ) / 8 (total energy per formula unit) by the definition of chemical
potential. Then, we can consider two separate synthesis conditions: O-rich, in which there is
plentiful gaseous oxygen and the system is in equilibrium with O2; and O-poor, in which the system
is in equilibrium with solid Ga. For the O-rich condition, the chemical potential μ(O) = 1/2Etot(O2),
and so we have

μ(Ga) = [μ(Ga2 O3 ) − 3μ(O)] / 2

(6.2)

In the O-poor environment, where the system is in equilibrium with solid Ga, we have a similar
situation as with Si: the chemical potential of Ga is equal to the cohesive energy of Ga plus the
atomic energy of Ga. We can consider both edge cases, then interpret a more realistic scenario
which will be somewhere between the two. Our results for these formation energy calculations in
both conditions for either potential doping site are provided in Table 18.
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Table 18: Formation energy of substitutional Si doping on Ga2O3 of each unique doping site
given two synthesis conditions.
Si-doping formation energy (eV)
Substitution site
O-rich condition
O-poor condition
Ga I
-6.06
-2.63
Ga II
-5.51
-2.08

In both O-rich and O-poor synthesis environments, Si replacing the Ga atom is
energetically favorable, and in both cases the Ga (I) site is preferred over the Ga (II) site. Therefore,
we consider the doping effects on the band gap of -Ga2O3 for the Ga (I) substitution Si-doping.

6.3.2 H-doping
The H-doping in -Ga2O3 occurs interstitially, that is, within the lattice making a bond with
one of the Ga or O atoms (though by basic chemistry principles the H – O bond is stronger than
the H – Ga bond). As no atom is being replaced, we need only consider the chemical potential of
hydrogen in the formation energy, like so:

Eform = Etot (H: Ga2 O3 ) − (Etot (Ga2 O3 ) + μ(H))

(6.3)

Once again, the chemical potential depends on equilibrium conditions of the system. The H
concentration of the environment determines whether H atoms, upon being desorbed from O,
remain atomic or form hydrogen gas. In the case where H concentration is high, there is a high
probability of H2 formation, so the chemical potential of H would be μ(H) = 1/2Etot(H2) = 3.385
eV. In the case of low H concentration, there is a low probability of H2 formation, so μ(H) =
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Etot(Hatom) = 1.133 eV. The formation energy results for each possible doping site for the two
considered conditions are given in Table 19.
Table 19: Formation energy of interstitial H doping on Ga2O3 of each unique doping site given
two synthesis environments.
Eform(H) eV
Binding
site

For µ(Hatom)

For µ(1/2H2)

a

-0.11

2.14

b

-1.21

1.16

c

-1.08

1.17

d

-1.08

1.17

e

-0.44

1.82

f

0.36

2.62

From these results, we can see that most interstitial H-binding locations in the low H
concentration regime are favorable. On the contrary, for the high H concentration regime, none of
the H-binding locations are energetically favorable. This coincides with our expectations that the
H-doping conditions correspond to low H concentration. Furthermore, the most favorable binding
location is the (b) site, representing binding to an O (2) atom, which is thus the configuration we
will examine to study the effect of H-doping on the band gap structure of -Ga2O3.

6.4 Effects of Si- and H-doping on the band gap electronic structure of -Ga2O3

The band gap is the energy separation in the density of states between the valence band
and conduction band. The width of the band gap determines many important qualities of
semiconductors and dielectrics. The study of the bang gap from a first-principles perspective is
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difficult, because the method of DFT, while powerful, is a ground-state theory, and states in the
conduction band of a semiconductor are necessarily excited states. Thus, using DFT has the effect
of underestimating the band gap width. The GW method is based on linear response theory, and
as such describes excited states (and therefore the band gap width) with sufficient accuracy. Figure
18 shows a comparison of the two theories applied to the total density of states (TDOS) of βGa2O3.

Figure 18: Comparison of total density of states of β-Ga2O3 using DFT and GW methods.

The GW method generates a TDOS with a band gap width of 5 eV, whereas the band gap
width of the DFT calculation is 2.5 eV. Experimental results have found a band gap with of ~4.7
– 4.9 eV [3,4], in good agreement with the GW results. Since the valence band corresponds to the
ground states, the correspondence in the results below the Fermi energy (EF) is reasonable. Since
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the GW results seem to correspond well with experiment, we apply the GW method to the doped
states, and plot the local density of states (LDOS) of each involved atom in Figure 19.

Figure 19: LDOS of Ga, O, and Si atoms in Si-doped Ga2O3 (left) and in H-doped Ga2O3 (right).
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We see some important results from these calculations. Both H- and Si-doping seems to
narrow the band gap by creating local electronic states just below the bottom of the conducting
band (CB). The doping also shifts the Fermi level. For pure β-Ga2O3, the Fermi level was found at
the top of the valence band (VB), but after doping from either H or Si the Fermi energy (EF) is
located within the CB. This makes H and Si n-type dopants of β-Ga2O3, which agrees with
experimental results which have found Si- and H-doped β-Ga2O3 to be an n-type conductor [19,
22].
We have formatted the LDOS of all involved atom in Figure 19 to the same energy and
density scales in order to compare the contributions of local states to the electronic structure. The
left side of Figure 19 shows that Si s-states do not solely form the local doping states by the bottom
of the CB, and in fact the Ga I and Ga II s-states have even higher densities below EF than Si sstates. There is hybridization of these states, which means the conducting electrons are shared
among various atoms and therefore are not trapped at the dopants but rather will participate in
conductivity.
The H-doping, shown on the right side of Figure 19, displays similar features. The local
doping states at the bottom of the CB are occupied by the Ga s- and p-states and the O p-states.
Notably, there are no noticeable H-states within this conducting region. This implies that doping
H atoms donate electrons to the Ga and O atoms.
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