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ABSTRACT

In this dissertation we obtain integral representations for positive linear functionals on
commutative algebras with involution and semigroups with involution. We prove Bochner
and Plancherel type theorems for representations of positive functionals and show that,
under some conditions, the Bochner and Plancherel representations are equivalent. We also
consider the extension of positive linear functionals on a Banach algebra into a space of
pseudoquotients and give under conditions in which the space of pseudoquotients can be
identified with all Radon measures on the structure space. In the final chapter we consider a
system of integrated Cauchy functional equations on a semigroup, which generalizes a result

of Ressel and offers a different approach to the proof.
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INTRODUCTION

At the core of this dissertation is Bochner’s theorem. The classical Bochner’s theorem
characterizes the Fourier transforms of finite positive Radon measures on the real line as
positive definite functions. Since Bochner proved this theorem, it has been generalized and
modified in many different ways. Common to these generalizations is identification of a
space of positive definite functions on semigroups, groups, or algebras with a space of Radon
measures on a set of characters. In this dissertation we prove some known results using new,
simpler, and more elegant techniques. We also obtain some new results. Our approach can
be characterized by a direct construction of the measure rather than using Choquet’s theory

or Gelfand’s theory.

In Chapter 1 we prove an integral representation of a positive definite functional on
a commutative semigroup with involution. This type of result was first proved by Berg-
Maserick in [10]. Then it was generalized by Atanasiu in [1] and [4]. Here we present a new

proof of Atanasiu’s result.

In Chapter 2 we study semigroup representations using a direct sum of L? spaces
without using Gelfand’s theory. Instead, we use the integral representation of positive definite

functionals from Chapter 1.

In Chapter 3 we consider a system of integrated Cauchy functional equations on a

semigroup. The original paper of Deny considers the equation o = p* o on locally compact



commutative groups. Ressel generalized this result in [24]. Here we prove an extension of

Ressel’s result. Our proof is simpler and more elementary than that of Ressel.

In Chapter 4 we find Bochner and Plancherel type integral representations of positive
functionals on a commutative algebra with involution. We also show that, under some

conditions, Plancherel representation is equivalent to a Bochner representation.

In Chapter 5 we consider pseudoquotient extensions of positive linear functionals on
a commutative Banach algebra and give conditions under which the constructed space of

pseudoquotients can be identified with all Radon measures on the structure space.



CHAPTER 1

A BERG-MASERICK TYPE THEOREM

1.1 Introduction

Let (S,-) be a commutative semigroup with involution % and neutral element e.

Definition 1.1.1. An involution on a semigroup is a map x — x* from S to S such that

the following hold for all z,y € S,

e =e (zy) =y'z", () ==z

Definition 1.1.2. A function S — C is positive definite if

n
Z cicjp(sis;) > 0.
ij=1

for all {cx}7_, € C, {ar}}_, € S, and n € N.

Definition 1.1.3. A function v : S — R, is called an absolute value if
(i) v(e) =1,
(i) v(st) <wv(s)v(t) for all s,t € S

(iii) v(s*) =wv(s) forall s € S



Definition 1.1.4. A function ¢ : § — C is called v-bounded if there exists a constant C' > 0
such that

lo(s)| < Cu(s) for all s € S.

The following lemma is Proposition 1.12 on p. 90 in [9].
Lemma 1.1.5. Let ¢ be a v-bounded positive definite functional on S. Then
|o(s)] < (e)v(s)

foralls € S.

Define the set of characters on S by

S={p: 5= Clple)=1,p(s") = p(s), p(st) = p(s)p(t), s, € S}.
Consider on the set of characters the topology of pointwise convergence.
We will consider the following subset of S,
V={peS|lp(s) <uv(s),s € 5}

which is compact by Tychonoff’s theorem.

Berg-Maserick proved the following theorem in [10], see also Theorem 4.2.5 in [9] on

p- 93.

Theorem 1.1.6. A function ¢ : S — C has an integral representation of the form

ols) = / p(3)du(p)

if and only if p is positive definite and v-bounded.



Theorem 1.2.4, proved in the next section, is a generalization of the Berg-Maserick
theorem. Theorem 1.2.4 was proved in [1], [4]. The proof presented here constructs the

measure which represents the positive definite function using the technique in [19].

Let E be a locally convex Hausdorff topological vector space. Let A be a subset of

E. Then a point a € A is called an extreme point if for all x,y € A and A € (0,1)
Az + (1 — ANy = a implies x = y = a.

The set of extreme points of A will be denoted ext(A). Let B be a subset of E. The convex

hull of B, conv(B), is the set of all the convex linear combinations of B, i.e.

COHV(B) = {i Akbk

k=1

Z)\kzl,neN,bkeB,}.

k=1
The closure of conv(B) will be denoted conv(B). The Krein-Milman theorem uses extreme
points and convex hulls to classify compact convex sets. The following is a statement of the

Krein-Milman theorem from [9] on p. 57.

Theorem 1.1.7 (Krein-Milman). Every compact convex set, X, in a locally convexr Haus-

dorff topological vector space is the closed convex hull of it’s extreme points, i.e

X = conv(ext(X)).

Let X be a locally compact Hausdorff space. We denote the algebra of continuous
complex-valued functions which vanish at infinity on X by Co(X). The following is the

Stone-Weirstrass theorem as stated in [12] on p. 293.



Theorem 1.1.8 (Stone-Weirstrass theorem). Let A a subalgebra of Co(X). If for every point
of X the subalgebra A contains a function which not vanish there, A separates points of X,

and is closed under complex conjugation, then A is dense in Co(X).

1.2 Berg-Maserick type theorem

Let (@y,t)eres be a family of complex numbers such that for every 7 in a set I' there are

finite number of ¢ € S such that a,; # 0.

For a function ¢ : § — C and v € I" define the function ¢, : S — C by

0r(5) = D arapl(ts).

tes
Let v be an absolute value on S. Define the set

P={p:85—=C| ey, (py)er are positive definite, ¢ v — bounded}.

Lemma 1.2.1. Let ¢ : S — C be positive definite and v-bounded. For arbitrary {ci,...,c,} C

C, {x1,...,x,} C S define the function

Y(s) = Z ciCip(wixs)

ij=1

Then 1 is positive definite and v-bounded.
Proof. Let {dy,...,dn} CC, {y1,...,ym} C S then

Y didy Y cigp(aiaiyyi) = Y Y (edi)(edi)o((zayi) (w590)*) = 0

k=1 ij=1 k=1i,j=1



Thus 1 is positive definite.

Note that

n

Z ciCip(@ix;s)

ij=1

n
<Y lellp(zings)]

1,j=1

n
< Z |cicjlv(wiz]s)

1,j=1

n
< ofs) Y leislofeary),

1,7=1

thus ¢ is v-bounded. O]

For a function ¢ : S — C, complex number 7, and a € S define the function
Yra S = Cby
pra(s) = plaa™s) + Tp(as) + Tp(a”s) + ¢(s).
Lemma 1.2.2. Let p : S — C be positive definite and v-bounded. For v € {1,—1,i, —i},

©r,q 15 positive definite and v-bounded.

Proof. We will use Lemma 1.2.1. Fixn =2,¢;, =7,¢c =1, x1 = a, xo = e in ¥. Then we
have

U(s) = plaa’s) + To(as) + Te(a"s) + ¢(s) = pra(s)
Thus ¢, , positive definite and v-bounded. ]

Lemma 1.2.3. Let p € P. If T € {1,—1,i,—1} then

pra and (v(a) +1)%¢ — ¢rq € P.



Proof. Let ¢ € P. Suppose that for 7 € {1,—1,i, —i}. Note that

SOTa Za'y tSOTa tS

tesS

= Z a1 (p(aa*st) + Tp(ast) + To(a*st) + p(st))

tes
- Z a, rp(aa”st) + Z a+Tp(ast) + Z a4 To(a*st) + Z a +p(st)
tes tes tes tes

= py(aa”s) + T, (as) + T, (a’s) + 4 (s)
= (SOV)T,a(S)-

Therefore by Lemma 1.2.2 (¢,,), are positive definite for all v € I, ¢, , is v-bounded. Thus
Ora €P.
Next we consider the function (v(a)+1)%*¢—¢, , for 7 € {1,—1,i, —i}. Let {c1,...,cn} C

C, {z1,...,x,} C S be arbitrary. By Lemma 1.2.1

n

P(s) = Z cic_jgo(xix;s)

3,7=1

is positive definite and v-bounded. Therefore by Lemma 1.1.5
[(s)] < Ple)o(s).
We want to show that

n n
Z CiCjPr.a(TiT}) < Z cicj(v(a) + 1)2<p(xi:cj-)

ij=1 ij=1
Since ¢, , is positive definite, we have

n
Z CiCjPr.a ($2$j)

ij=1



n
= Z CiCiPr.a(TiT})
ij=1
n n n n
— Z cicp(aa*zxy) + 1 Z cicp(arry) +7 Z cicip(ary) + Z CiCipra(TiT})
i,j=1 3,j=1 i,j=1 4,j=1

— l(aa*) + rp(a) + T(a®) + ¥(c)
< p(aa)] + (@) + [9(a")] + 16

< ple)olaa’) + Ble)ola) + Bleu(a) + v(e)e(e)

= 3" eme(@eln) + 3 emelp(a) + 3 emoles)

ij=1 ij=1 ij=1
= 3 co(@) + 1)ele)).
ij=1

Therefore (v(a) + 1)%p — @, 4 is positive definite for 7 € {1,—1,4,—i}. Similarly

((v(a) + 1)*¢ — @,4)- are positive definite for all v € I'. Thus v(a) + 1)*0 — ¢, € P. O

Let

M={peV|pe)=07yeT}

Theorem 1.2.4. Let (S, ) be a commutative semigroup with involution % and neutral element

e. If ¢ € P, then there exists a unique positive Radon measure o on M such that

w@—ﬁf@ww,

forall s € S.

Proof. We will find the integral representation for elements of P in the set

A={peP|ple) =1}



If p(e) # 1 then find the measure p that corresponds to ﬁgp. Then ¢ corresponds to ¢(e)pu.

First we will show that the extreme points of A are in M. Let p be an extreme point

of A. Suppose that p,,(e) # 0 and ((v(a) + 1)?p — pra)(e) # 0. Then by Lemma 1.2.3

Pra (U(a + 1)2/) — Pra

)
pra(e)’ ((v(a) +1)%p — pra)(e) e A

Note that

pT,a(e> Pra + ((’U(CL) + 1)2:0 - pT,a)(e) (U(CL) + 1)2p — Pra
v(a) +1)? pra(e) (v(a) +1)? ((v(a) +1)%p = pra)(e)

s

Since p is an extreme point p = pp =5, that is

pT,a(e)p = Pra:

Since p., is v-bounded,

|p77a(8)| < pT,a(e)v(S)'

If p;a(e) =0, then p,, = 0. So,

Pra(€)p = pra-

Since (v(a) + 1)%p — prq is v-bounded,

((v(a) +1)*p = pra)(s) < ((v(a) +1)°p = pra)(e)u(s).

If ((v(a) +1)%p — pra)(e) = 0, then ((v(a) + 1)*p — pra)(s) = 0 for all s € S. Therefore,

pra(e)p = (v(a) + 1)*p(e)p = (v(a) + 1)°p = pra.

10



For all a,s € S,

4p(as) = Z TPr.a(S)-

Te{l,—1,i,—3}

Hence,

plas) == S Tprals)

re{l,—1,i,—i}

=7 Z ?pr,a(e)p<8)

re{l,—1,4,—i}

= p(s)~ Z Tpral€)

re{l,—1,i,—i}

Therefore p is a character on S and p € M, that is ext(A4) C M.

The other inclustion M C ext(A) can be shown using Corollary 2.5.12 in [9] on p.

60. Thus ext(A4) = M.

By the Krein-Milman theorem A = conv(ext(A)). We will construct a Radon measure

on ext(A). Let ¢ € A =conv(ext(A)). Then there exists a net (1),) in conv(extA) such that

o(s) = lim,(s) for all s € S.

Since
o = Z dgp?,
k=1
for some df > 0, Zdz =1, pi € ext(A) and n, € N,
k=1

p(s) =lim)  dipi(s)
k=1

11



Then we have for {c,...,¢,} C Cand {s1,...,s,} C S

n

> ciels))

J=1

= Zc] hmdepk S;)

7j=1

= hmde chpk (s5)

Jj=

N n

Z cip(s;)

=1

< lim Z dp sup
@ =1 pEext(A)

n

= sup chp(sj).

pEext(A) =1

Define § : ext(A) — C by 3(p) = p(s). Note for si,s0 € S, 5152(p) = p(s182) =

p(s1)p(s2) = §152(p). Now we will construct a function on the set of functions,

n
= E :Cij

j=1

chC,sjeS,nEN}

The set B contains the constant functions and separates points thus by the Stone-Weierstrass
theorem B is dense in continuous functions from ext(A) to C, C(ext(A)). Define
n n
F(30m) - et
=1 =1
Note if 77 | ¢;5; = D)L, di 5y then from the above inequality

chp S;) dep Sk)

7=1

n

ZCjSO(Sj) - deSD(Sk) <

J=1

sup
pEext(A)

ng
Thus F is well defined. We extend F to C(ext(A)). Let f € C(ext(A)), then f = lim > s
j=1

Then we define

ns
1 BB
F(f) —hénF (jzlcjsj>

12



ng
1 8. (B
—hglzcjw(sj)

=1

Thus F' is a Radon measure on ext(A).

Next we will show that F' is positive. Let f € C(ext(A)) such that f > 0. Then

V' € C(ext(A)). So there exists Z ¢y sy in A such that limz RSy — \/}
k=1 k=1

Hence, hchksk — \/_ Therefore hm Z cgfﬁg — f. Since ¢ is positive
k,j=1
definite

F(f)=F <1im D eTsss )
—F(hchkc 8y (5§ )

k,j=1

= lién F (Z c%@sg/(s?\)*)

k,j=1

Na
=lim ) cfefo(si(s5)")
k,j=1

> 0.

Thus F' is positive.

We can write F as an integral with a unique positive Radon measure p on ext(A), i.e.

Fp)= [ Sopinto)

Thus

This finishes the proof. O

13



The set I' lets us control the set M. For example we suppose S is an commutative
algebra with involution. Let ¢ be a positive definite linear functional on S that is v-bounded.

We will show that
w®=/p®ww,
M

where M are linear characters on S.

Let ai,as € C and t1,t; € S be arbitrary. Define t3 = at; + asts € S. We consider

the following for I' = {1, 2},

A1t = —a1, A1y, = —0Agz, A1 43 = 17

Ag ¢, = A1, a2,t2 = Qg, a27t3 =—L

Then

©01(8) = a14,0(t18) + a11,0(t2s) + ar4,0(t35)

= —a1p(t1s) — asp(tas) + o((arty + asts)s)

and

02(8) = ag,p(t1s) + age,p(tas) + ag i, (t3s)
= a1p(t15) + azp(tas) — p((arty + asts)s)

=0.

Thus both ¢; and ¢, are positive definite.

14



By Theorem 1.2.4
o(s) = [ plo)intp)
M

where M ={peV|p,(e) > 0,7 €TI'}. That is

a1,0<t1) + agp(tg) < p(a1t1 + a2t2)
and

alp(tl) + ag,o(tg) Z p(a1t1 + agtg).
So

arp(ty) + azp(ta) = plarty + astsy).

Since ay, ay and tq, ts where arbitrary, p is concentrated on the set of linear characters on S.

Therefore this theory on semigroups can be applied to algebras.

15



CHAPTER 2

SEMIGROUP REPRESENTATIONS

2.1 Introduction

In this chapter H is a Hilbert space and B(H) is the space of bounded operators on H. Let
(S,:) be a commutative semigroup with an identity e and an involution . We will study

functions of the type U : S — B(H) such that

for all s,t € S. Such a function is called *-representation.

This kind of representation was studied in [27] using spectral measures without using
the theory of C*-algebras or more general Banach algebra arguments. We will use L? theory
to study this representation instead of spectral measures. We will use the result from Chapter

1 and therefore, as in [27], we will not use Gelfand theory or Banach algebras.

16



2.2 Semigroup Representations

We begin by showing that for a fixed a € H, such that a # 0 the function ¢,(s) = (U(s)a,a)

is positive definitie.

Lemma 2.2.1. The function ¢, : S — C defined by

¢a(s) = U(s)a,a)

is positive definite.
Proof. Let {c1,...,c,} CC, {xy,...,2,} C S be arbitrary. Then

Z CiCipa(TiT}) = Z iy <Z/{(xix;‘-)a, a>

=§@wwwwww
:iﬁwwwwww
:ééﬁwwmwww
- <z:;c,.<u(xj))*a, :1 cj(u(a:j))*a>

So, , is positive definite. O

Lemma 2.2.2. The function a(s) = ||U(s)|| is an absolute value on S.

17



Proof. Note that the following,
ale) = lU(e)ll = 1all = 1,
a(st) = U(st)|| = [t ()t @) < lled ()l |ed ()],

af(s®) = [[U(s*)] = [[(U()"]] = [lU(s)]| = als) for all 5,1 € 5. O
Lemma 2.2.3. The function ¢, is a-bounded.
Proof. Note that
[a(s)| = | U(s)a,a) | < [UU(s)allllall < [ltd(s)]l[lall*.
Therefore ¢, is a-bounded. [l

Let (ay)~ertes be a family of complex numbers such that for every v in a set I' there
are finite number of ¢ € S such that a,; # 0. We will use Theorem 1.2.4. We will rewrite

the sets ¥V and M from Chapter 1 using the setting of this section.
V={peS|lp(s)] <als),s € S} = {peS|lp(s)| < [U(s)],5 € S}

and

M={peV|ple)=0,7€T}.

Lemma 2.2.4. We suppose (¢,), are positive definite for all v € I'. There exists a positive

Radon measure on M such that

%@zﬂﬁ@wmm

forall s € S.

18



Proof. By Lemma 2.2.4 ¢, is positive definite and by Lemma 2.2.3 ¢, is a-bounded. Also,
by assumption (¢,), are positive definite for all v € I'. Therefore by Theorem 1.2.4 there

exists a unique positive Radon measure, p,, on M such that for all s € S,

als) = /M p(5)dp1a(p).

Define

K, = supp pg.

Lemma 2.2.5. Let {cy,...,c,},{d1,...,dn} C C, {s1,...,8.},{t1,...,tm} C S be arbi-

trary. Then

<chu(sj)a,2de(tk)a> :/K > cip(s;) Y dip(te)dpa(p)-

k=1 a j=1 k=1

Proof. Let {c1,...,co},{d1,...,dn} CC, {s1,....8.},{t1,...,tm} C S be arbitrary. Then

<Z U(sj)a,y djl/{(tk)a> > > " di, U(s;)a,U(t)a)

k=1

<

Il
—
e

Il
—

Il
M .
)
M 3
=
—
~
NG
S
~
ED
SN—
S~—

*
NG
—~
V)
Q.
SN—
L
)
S~

<

Il
i
B

Il
—

I
(]
£
(]
=
—_
N
—~
~
o
»
<
~—
L
Q
~

<

Il
i
B

Il
—

I
(]
k}(‘b
(]
=

S

)
)

~
ij

QL
=

]
S

<

Il
i
B

Il
N

I
[
O
[
=
T
=
V)
<
~—
e
=
ol
~—
=9
=
IS}
>

<

Il
i
B

Il
—
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Define s : K, — C by
3(p) = p(s).

Lemma 2.2.6. The set {Z?:l cj8;

c;eC,s; €8 ne N} is dense in L*(Kg, tlq).

Proof. By the Stone-Weierstrass the set of functions 2?21 ;55 is dense in the set on all
continuous on K, with uniform norm. Since the measure in the compact set K, is finite the

set of functions Z;”Zl ¢;8; are dense in the set on all continuous on K, with the L? norm. The

continuous functions are dense in L? with L? norm. Thus {Z" ¢jeC,s;€S,neN }

j=16jSj

is dense in L*(Kg, ftq). O

Define the function

&t {chu(sj)a c;€C,s;€8,ne N} — {Zq%

CjGC,S]’GS,neN}

j=1 j=1
by
(Z ciU(sj)a ) Z cj8;.
Now we will show that &, is well defined. Suppose that > 7, c;td(s;)a = 37" dild (t1,)a.
Then

2

djiq (p)

S] Z dktk

Z cip(s;) Z dip(te)
k=1

7j=1

CL

L2(Ka;pta)

20



:<ZC] s]a—deUtk CJU S]G—deUtk >

k=1
Z ciU(s;)a — Z dkL{(tk)a
j=1 k=1

=0.

Since K, is the support of i,
D e =) didy
j=1 k=1
and &, is well defined. From the definition we note that &, is linear. Next we will show that

&, is isometric and thus continuous. By Lemma 2.2.5

<ZCjU(Sj)a,ZCjU(Sk)a> :/ ZCJP 55) d:ua p)-
j=1 j=1 Ka
Thus,
fa (Z CjU(Sj)&) chgj
Jj=1 L2(Ka,pa) j=1 L2(Ka,pia)
" 2
= [ 1SS ents)| diato)
K |5
= <Z ch(sj)a,chZ/{(sk)a>
o j=1
" 2
= Zcﬂ/{(sk)a
j=1 "

Since &, is continuous, we can extend &, to be a map from H, to L*(K, y1,), where

H, = {Z ciU(sj)a

j=1

CjEC,SjGS,?’LEN} C H.

Theorem 2.2.7. The spaces H, and L*(K,, p,) are isomorphic Hilbert spaces.
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Proof. We will show that &, is an isomorphism from H, to L?(Kg, i)

First we show that &, is surjective. Let f € L?(K,, j14). Then there exists a sequence

o0
<Z?§1 Cj,k§j,k> such that
k=1

= -
f k—)oo ]7 j7
Jj=1

Therefore,

Nk Nk
& | lim il (sjp)a | = lim &, E cirl(s;k)a
k—o00 k—o0 -
j:l ]:1
Nk
b 2 €k,
Jj=1

Therefore &, is surjective.

Since &, is linear, surjective, and

<chu(sj)a,2dju(tk)a> :/KZCJP(SJ') dip(tr)dpa(p),

k=1

&, is an isomorphism from H, to L*(Ky, fi,). O

Let M, where g € L*(K,) be the multiplication operator on L*(K,, j,), that is for
f € L*(Ka, pa)

Myf=gf.

Lemma 2.2.8.

1. H, is U(s) invariant for all s € S.
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2. U(s) corresponds to My on L*(K,, jia)-

Proof. Proof of 1.
Let h € H,. Then
nk
h = kh_)rgo Z cil(sjk)a,
j=1
for ny € N, ¢;, € C and s;;, € S. Then for s € 5,

Nk

U(s)h =U(s) kh_g)lo cirl(s;k)a
j=1

ng
= lim el (s)U(sjr)a

k—o0 4
Jj=1

s

= kh_}rgo > cjUU(ss;p)a.
J:

Since limy,_, Z?L cir(ssjr)a € H,, H, is U(s) invariant for all s € S.

Proof of 2.

& (U(s)h) =&, (ljgn icj,kl/{(ssj7k)a>
j=1

ng
= lim Zc- S5 1
o 3,k555,k
j=1
ng
=5 lim Ci kSt
Pareel 3,kS3,k
j=1
= 5&q(h)
= M§§a(h>
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Theorem 2.2.9. If H is separable, then there exist aq,as,--- € H such that

- G-

Proof. Fix a; € H. Then we construct H,,. If H,, = H, then H = H,, ~ L*(K,,, ta,)-

(Kan ) MCLW)

MB8

Suppose that H,, # H. Let ay € H-, where H l is the orthogonal compliment of H,,. Then

al?

consider H,, @ H,,. If H,, @ H,, # H, then let a3 € (H,, @ H,,)". Since H is separable,
we continue to find a countable number of a,, € H such that H = . | H,,. From Theorem

2.2.7 we have

H= @H ~ G?LQ(K%,M").

2.3 Examples

Example 2.3.1. Let H be a separable Hilbert space and A a positive operator on H. This
means that we have (Ah, h) > 0.

Let S be the semigroup (Ny, +) with involution n* = n. Consider U : S — B(H) defined by
U(n) = A"

Take a € H. The functions n — (A"a,a) and n — (A""a,a) are positive definite. This

implies that there is a positive Radon measure y, on K = [0, ||A]|] such that
m%@:/me@:/xwmm
K a
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where K, is the support of the measure .

This is because a character on Ny is of the form n + 2™ and can be identified with the real

number z.
We have
H, = {Z cjAla | c; e Ryn € NO}
j=0
and
H =5 H,, ~ P L*(Ka,, ta,)- (2.3.1)
n=1 n=1

Denote by &, the isomorphism

Hy — L* (K, pia),

we have by Lemma 2.2.8

a(A"h) = Mp&a(h), (2.3.2)

where the function 7 : K, — R is defined by n(x) = z".

The equality (2.3.2) is equivalent to
A™h = &' M€, (h), for all h € H,
We consider the operator M Jion L3(Kg, jta). We have
&M &M pa(h) = &7 Mi&a(h) = A, for all h € H,
Now using (2.3.1) we have proved that a positive operator has a square root.

Example 2.3.2. Let H be a separable Hilbert space and T" a normal operator on H. Let S

be the semigroup (N2, +) with involution (m,n)* = (n,m). Consider U : S — B(H) defined
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U(m,n) =T"(T")".
Fix a € H. We supppose the functions
(m,n) = (T"HT*)"a+T™(T*)""a,a)
and
(m,n) — % (T™HT*)"a — T™(T*)"a,a)
are positive definite. This implies that there is a positive Radon measure p, on
K={zeC|lz| <|T|,Rz >0,3z >0}

such that

(T™(T")"a,a) = / 22" (z) = / 2"ZMd g (2).
K a

where K, is the support of the measure .

This is because a character on (N3, +) is of the form (n,m) + 2"z™ and can be identified
with the complex number z.

Denote by &, the isomorphism

H, — L*(Kg, fta)-
We have by Lemma 2.2.8
Ea(T™(T7)"h) = M —&a(h) (2.3.3)

where the function (m,n) : K, — C is defined by (m,n)(z) = 2"z™.

The equality (2.3.5) is equivalent to

T™(T*)"h = &M —£,(h), for all h € H,

(m,n)
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This yields

Th = g;lM(fo)ga(h), for all h € H,

Example 2.3.3. Let H be a separable Hilbert space and A, B and C' commuting selfadjoint
operators on H. Let S be the semigroup (N3, +) with involution (m,n,p)* = (n,m,p).

Consider U : S — B(H) defined by
U(m,n,p) = A"B"C?
Fix a € H. We supppose the function
(m,n,p) — ((A"?B"CP + A"B"*C? — A" B"C"*')a, a)

is positive definite.

This implies that there is a positive Radon measure i, on
K = {(z,y,2) €R* | [z| < |l [yl < 1B, || < |C]|,2* + y* — = > 0}
such that

(AmB"Cpa,a>:/ ey 2Pdpg (z, y, z):/ "y 2Pdpg (z,y, 2).

K p

where K, is the support of the measure .

This is because a character on (N§, +) is of the form (n, m, p) — z"y" 2P and can be identified
with the element (z,y, z) € R3.

Denote by &, the isomorphism

H, — L*(K,, 1ta).
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We have by Lemma 2.2.8

£.(AmB"CPh) = M

(m,n,p)

€a(h) (2.3.4)

— —

where the function (m,n,p) : K, — R is defined by (m,n,p)(z,y, z) = z"y"z".

Example 2.3.4. Let H be a separable Hilbert space . Let S be a commutative normed
algebra with involution and unity e. Consider a linear *-representation U : S — B(H).

Fix a € H. We supppose the functions
S <(||t\|22/{(s) —L{(tt*s))a,a>

are positive definite for every t.

This implies that there is a positive Radon measure p, on

K={p:S—Clple) =1,p linear , p(s*) = p(s),|p(s)] < |It||, p(st) = p(s)p(t),s,t € S}.

such that

Ua.a) = [ p(s)dialo) = [ (o)),

K a

where K, is the support of the measure .
Denote by &, the isomorphism

Hy — L*(Ka, pia),

we have by Lemma 2.2.8

Sl (5)h = Mz&a(h) (2.3.5)
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where the function §: K, — C is defined by 5(p) = p(s).

The equality (2.3.5) is equivalent to

U(s)h = 1M, (h), h € H,.

29



CHAPTER 3
INTEGRATED CAUCHY FUNCTIONAL EQUATION ON

COMMUTATIVE SEMIGROUPS

3.1 Introduction

In this chapter we are considering an expansion of a theorem by Ressel which will be intro-
duced later. The original idea of this theorem comes from a theorem by DeFinetti about

probability measures.

Theorem 3.1.1. [DeFinetti 1931] Let X1, Xo, ... be {0,1} valued random variables such

that

P(Xl :.Tl,...7Xn:£L'n) :P<X1 :.flfg(l),...,Xn:.fIfg(n))

(exchangeable sequence) for alln € N, xq, ..., x, € {0,1} and all permutations o of {1, ... ,n}.

Then for some unique probability measure p on [0, 1] we have

PXi=z,..., X, =x,) = /[ ]pZ?—l (1 — p)n*Z?:l Zidu(p).
0,1
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We now look at this from a different angle by considering the following function.

Define the function ¢ : N2 — [0,1] by

@ (i::rz,n—zn::m) :P(Xl :.Tl,...,Xn :I'n),
i=1 i=1

foralln € N, xq,...,2, € {0,1}. We will show that ¢ is well defined on NZ. For (s,t) € N2,

we use (s,t) = (s, (t +s) —s). Therefore n =t +sand ) ;. ,z; =s. So
s, ) =P(X;=1,..., X, =1, X1 =0,..., X5y = 0),
which is well defined since X, X,... is an exchangeable sequence. Also,
(s, t) >0
because P is a probability. Note that
©(0,0) =1

and

QO(S‘Fl,t)—I—QO(S,t—‘—l) :P(Xl = 1,...,X5: ]-7Xs+1 :O,...,X5+t:0,X5+t+1 = ].)
+P(X1 = 17---aXs: 17X5+1 :07---aXs+t:07Xs+t+1 :0)

:P(X1:1,...,Xs:1,X5+1:O,...,Xs+t20)

This leads to the following generalization about functional equations on semigroups.
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Theorem 3.1.2 (Cauchy functional equation on the semigroup (N2,+)). For a function
¢ : N2 — [0,00) the following conditions are equivalent:
1. The function, @, satisfies
©(0,0) =1
and

o(s+ 1,t) + (s, t+1) = p(s,1).

2. There is a unique probability measure p on [0,1] such that
ot = [ 0= dnte)
0,1

Theorem 3.1.2 is a consequence of Theorem 3.2.1 which was proven by Ressel in [25]

(see also [26]).

For the rest of this chapter we need a few preliminary ideas.

3.2 Defintions and Preliminary Concepts

We consider a commutative semigroup (S, +) with neutral element 0. A set G C S is a

generator set for S if every element s € S\ {0} is a finite sum of elements from G.

Recall that a function p : S — R is a character of S if it satisfies p(0) = 1 and

p(s+1t) = p(s)p(t), s,t €5S.
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Let S be the set of characters on the semigroup S. The topology on S is the topology

of pointwise convergence which is locally convex.

We will generalize the following result, from [25], to a system of equations.

Theorem 3.2.1. Let S be a commutative semigroup, with a countable generator set G C S
and let B : G — (0,00) be a function.

A function ¢ : S — [0,00) is a solution of the equation

o(s) =Y Bla)p(a + s)

aeG

if and only if there exists a positive Radon measure p concentrated on K such that

o(s) = /K p(s)dulp).

whereK:{peg

p(s) >0,Y " Bla)pla) = 1}-

Recall a function ¢ : S — R is called positive definite if

n

Z cicpp(sj + sg) >0,

Gk=1

foralln € N, {s1,...,8,} C S, {c1,...,c,} CR.

Define the operator E that maps the set of functionals from S to R to itself by,

Ei(p)(t) = p(t + )

where ¢ : S — R. The operators (E;)scs generate an algebra.
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3.3 System of Cauchy Functional Equations

Theorem 3.3.1. Let S be a countable commutative semigroup, G C S be a generator set
and let {B; - G — [0,00) }ier be a family of functions where I is an indexing set. We suppose

that for every a € G there is an i € I such that B;(a) > 0.

A function ¢ : S — [0,00) is a solution of the system
p(s) =Y Bila)pla+s)icl
aeG

if and only if there exists a positive Radon measure p concentrated on K such that

o(s) = /K p($)dulp).

where K = {peS‘

p(s) >0, Zﬁi(a)p(a) =1,1¢€ ]}. That is, solutions to the system
acG
can be identified with positive Radon measures concentrated on K.

Proof. First we will state an inequality that will be used throughout the proof. Suppose ¢
is a solution to the system of functional equations, ¢(s) = >, . Bi(a)p(a + s),i € I. Then,
forseS,aeGandiel,

p(s) > Bi(a)p(s + a).

n

Fix s € S, then s = Z ay, for a;, € G and n € N. Therefore, for every a;, there exists a 3;,
k=1

such that f;, (ax) > 0. Hence,
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n—1
= (Zak + ay

k=1

< <ﬁin<an>>-1w( _ )

H sz ak )

k=1

Therefore, for every s € S there exists v, such that

©(s) < 750(0), (3.3.1)

where v, = [[;_,(8i,(ax))~'. Therefore, if ¢(0) = 0 then ¢ = 0. The zero function is
identified with the zero measure on K. If ¢(0) = ¢ > 0, then we will find the representation
of %(p then multiply the measure by c. So, without loss of generality we will consider functions

¢ such that ¢(0) = 1. That is the set,

73:{90:5’—>[0,oo)

©(0) =1,p(s Zﬁl ©o(s+a) ze[}.

acG

However, P is not necessarily closed and therefore not necessarily compact. We would like
to use the Krein-Milman theorem thus we will find a compact convex set that contains P.

Consider

P1:{¢:5—>[0,oo)

H(EO — Bi(a)E.)p(s) >0, F C G, F finite, {i,} C I, p(0) = 1} :

a€F

We will show that P; is convex. Let ¢,¢ € Py and A € (0,1). We will show that

Ap + (1 = Ny € P1. Note Ap(0) + (1 — X\)p(0) = A+ (1 — A) = 1. Let F C G such that F
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is finite and {i,} C I. Then

[T(Eo - Bi.(@)E)(Mp(s) + (1 = Mi(s))

a€F

=M [(Bo = Bu(@)Ea)p(s) + (1= N) [ [ (Eo = Bi(a) E)i(s) > 0.

acF acl
Hence, P; is convex.
Note that P; is closed in the topology of pointwise convergence. We will show that
Py is a subset of a compact set. First consider F' to be the singleton {a} and ¢ € P;. Then
the condition of Py is (Ey — b, (a)Eq)p(s) > 0, i.e. p(s) > Bi(a)p(s + a). Thus, inequality

(3.3.1) holds for ¢ € P;. Since ¢ € Py, inequality (3.3.1) simplifies to
p(s) < s

Thus Py is a closed subset of H |. By Tychonoff theorem H [0, vs] is compact.
ses seS
Hence P; is compact. So P; is a compact convex set and by Krein-Milman theorem, P; =

corv(ext(P))).

We will show that P C P;. Let ¢ € P, F' C G such that F' is finite, and {i,} C I.

Then
( 6@1 (bl Eb1 Z 57,1 S + a = O
aeG
a#by
and
(EO _Biz(b2>Eb2)( ﬁll (bl Ebl Z 621 (1) Z ﬁ 8—|—Cl(1) +a(2)) 2 0
aVea aPea
aM by a(2)7éb2
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Continuing this process we get

H ﬁlk bk Ebk:)gp( )

k=1

= Z By (aV) Z Biy (a?) -~ Z Bi (a(n)>@<s+nz:1a(k)>

aWeq a@eq aMea k=1
a(1)¢b1 a(2)7éb2 a(”>7ébn
> 0.
Thus P C P;.

Let ¢ € ext(P1). We will now show that ¢ is a character. Case 1, suppose b € G

such that o(b) > 0, 8;(b) > 0 and 1 — S;(b)p(b) > 0.

Define

Y1(s) = ¢(s +b) and ¥(s) = p(s) — Bi(b)p(s + b).
(2 Uy

Note that o) T= B.(0)o(0) € P and
' Un(s) a(s)
(5) = et 2 + (1= B0
Yi(s) .
Since ¢ is extreme, this implies ¢(s) o0 ie.

For the last 2 cases we will use the following. If ¢ satisfies

[1(Eo — Bi(a)Ea)w(s) > 0, F C G, F finite,i € I (3.3.2)

a€F
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then for all s € S there exists 75 > 0 such that v, (0) > ¥(s). Note ¥, and 1, satisfy
condition (3.3.2).

Case 2, suppose b € G such that ¢(b) = 0. Then 0 < p(s+b) = 1(s) < 711(0) =
7s@(b) = 0. Thus (s +b) = 0 = ¢(s)p(b).

Case 3, suppose b € G such that 1 — 3;(b)p(b) = 0. Then p(b) = (5;(b))~!. Thus
p(s) = Bib)e(s +b) = tals) < 12(0) = %(1 = Bi(b)g(b)) = 0. Hence ¢(s +b) =
o(s)(Bi(b)) " = @(s)p(b).

Therefore, for all a € G and s € S, ¢(s+a) = p(s)p(a). This implies for all s, € S,
o(s+1t) = @(s)p(t). Thus extP; C SN P.

We will construct a Radon measure on ext(P;) as in Chapter 1 which is inspired

by [19]. Let ¢ € P, = conv(extP;). Then there exists a net (1,) in conv(ext(P;)) such that
o(s) = limy,(s) for all s € S.

Since

Yo=Y dopt,

k=1

for some d{f > 0, Zd‘,j =1, pp € ext(Py) and n, € N,
k=1

pls) =1Tim Y dipi(s).
k=1
Then we have for {c1,...,¢,} CR and {s1,...,s,} C S

> gels)| =1 ¢ lim > dypR(sy)
j=1 j=1 k=1
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= |lim Z dy Z ¢ipi (s5)
ZCJP 55)

< hm Z d; sup

pEext(P1) | i_
= sup chp(sj).
peEext(P1) =1

Define § : ext(Py) — [0,00) by 8(p) = p(s). Note for s1,s5 € S, $1 + s2(p) = p(s1 +

~

s3) = p(s1)p(s2) = $182(p). Now we will construct a function on the set of functions,

A= {Zn:cj‘éz‘

J=1

CjER,SjES,TZGN}.

The set A contains the constant functions and separates points thus, by the Stone-Weierstrass

theorem, A is dense in continuous functions from ext(P;) to R, C(ext(P;)). Define

F (Z%@) = ZCM(SJ')-

Note if 37 | ¢;5; = > 4L, di ), then from the above inequality

n

Zc]gp (sj) degp (sk)

j=1

n

ch,o € dep (Sk)

j=1

sup
pEext (P1)

Thus F is well defined. We extend F' to C(ext(Py)). Let f € C(ext(P1)), then f =

ng
: B 4B
h/gn Z ;8. Then we define
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Thus F' is a Radon measure on ext(P;).

Next we will show that I is positive. Let f € C(ext(P;)) such that f > 0. Then

V[ € C(ext(Py)). So there exists Zc%‘z in A such that lichgég — +/f. Therefore
k=1 k=1

Na
lim E cCi 885 — f. So it suffices to show that
«
k,j=1

F (Z c‘,?c?é?ﬁ?‘) =F (Z e (sy + s?))

k,j=1

for all ¢ € R and s € S. We will show ¢ is positive definite using the same method as
in [3], which simplifies the method used in [20]. Let {¢1,...,¢,} C Rand {s1,...,s,} C S.

2

n n

Then Z crCip(Sp + s5) = <Z ckEsk> ©(0). We will split the sum into the parts where
k=1 k=1

¢ are positive and ¢ are negative

<§ichE%>2::<E:C%E%——§:(—QJE%>2.

k=1 c>0 ¢ <0

Let X = Z cpEs, and Y = Z<_Ck)E3k' It suffices to show that
ci>0 <0

(X —Y)%(0) > 0.

Note that for s, € S, where t =3 " | a;, a; € G and §;;(a;) > 0,

p(s+t)=¢ (s+Zaj>
j=1
n—1
= (s—FZaj—i-am)
j=1
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m

Let v = H(Bij(aj))_l- Then we have (s +t) < v(s). Thus

Jj=1

Xep(s) = (Z E) o(s)

c>0

=) s+ sp)

cp >0

< nmax{cyys, Fo(s).
c>0
Hence for M = nm%({cwsk} >0, U = MEy— X > 0. Similarly there exists () > 0 such
Ck
that V = QFEy,—Y > 0.

We will show that U and V' are greater that or equal to a finite sum with positive

coefficients of products of the form

[ deEa [[(Eo - 8i,(a))Ea,)- (3.3.3)
k=1 Jj=1

First suppose X = cF; then M = c¢vy;. So

MEO —X = C"}/tEO - CEt

= cy(Eo — v, 'Ey)
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= (Eo - H 5ij(aj>Eaj>

j=1

=Y (Eo — Biy Eay(Eo — BiyEay) + -+ + "i-f (Bi;(a;)E, Bim<am)Eam)> .
j=1
Next suppose X =Y ,_, Ey, then M = nmax~y,. Then
MEy— X =nmax{y,} — iEtk
=1
> zn:%kEo - Xn:Etk
= Z Ve Er Etk

From above each v, Fy — E;, can be bounded below by a sum of products of the form
(3.3.3). From the combination of these two cases we have that U has the desired lower
bound. Similarly we can show that V has the same type of lower bound. Since ¢ € Py,
we have that products of U, V, X, Y are bounded bellow by product of the form (3.3.3) and

therefore are nonnegative. Let

Cln, j, k) = (”) (Z) Xiygn-iykymnk,

J

Now consider the following for n > 2.

n 2N 12 2,2 .
JM* + k*Q FEMQ _
7. = _9
n Z |: n(n _ 1) n2 C(?’L,],k)
],k:l
Note that Z,, > 0 and
Z = _ 2 i
n Z{ n(n—1) + n(n—1) F— +n(n—1)+n(n—1) C(n,j, k)

jk=1
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X Y
= (X = Y)PM"Q" + ——M" Q" + ——M"Q"*,
n—1 n—1

Therefore (X — Y)%p(0) + X25(0) + X25(0) > 0, for all n > 2. Hence (X — Y)%p(0) > 0.

n—1

Thus ¢ is positive definite and F' is positive.

We can write F as an integral with a unique positive Radon measure p on ext(P;),
le.
FD= [ floulp)
ext(P1)
Thus

o(s) = F(5) = / o N0

Now consider ¢ € P. Then for each ¢ € I we have

[ o) = 205

Thus for ¢ € P, u is concentrated on the set

K:{pES

p(s) 20,3 Bila)pla) = 1, i € f} .

aeG
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3.4 Examples

The following are some examples that use Theorem 3.3.1.

Example 3.4.1. We consider the semigroup (N3, +) and the system of Cauchy functional
equations

p(m,n,p) = o(m+1,n,p) + @(m,n,p+1)
p(m,n,p) = o(m,n+1,p) +¢(m,n,p+1)
where ¢ : N3 — [0, 00).
By Theorem 3.3.1 solutions of this system are

o, 1, ) = /K p(m, . p)du(p).

where K = {pEI/\I\g

p20,p(1,0,0) + p(0,0,1) = 1, p(0,1,0) + p(0,0,1) = 1} and s is a
positive Radon measure. That is, solutions of the system can be identified with positive

Radon Measures on K.

To simplify K, we consider what it means to be a character on N3. If p is a character

on N3, then

p(m;n, q) = p((m,0,0) + (0,n,0) + (0,0, )
= p(m,0,0)p(0,7,0)p(0,0,q)
= p(m(l, 0, 0))p(n(0a L, 0))p(Q(O7 0, 1))

= [p(l, 0, O)]m[p(o, L, 0)]71[[)(07 0, 1)](1'
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So, p is determined entirely by its values on (1,0,0), (0,1,0), and (0,0,1). Thus for every

character p on N3 there exists z,y, z € R such that
p(m,n,q) =x"y"29.

The conditions p(1,0,0)+p(0,0,1) =1, p(0,1,0)+p(0,0,1) = 1, and p > 0 become z+2z = 1,

y+z=1,and z,y, 2z, € R, respectively.
Thus the solutions of this system are
w(m,n,p)z/ ey Pz, y, z).
K

Where K is the set

{(w,y,z)ERi|x+z:1,y—|—z:1}

and p is a positive Radon measure.

Example 3.4.2. We consider the semigroup (N2, +) and the equation

plm,q) =" <Z)g0((m +n—kq+k) (3.4.1)

k=0

where ¢ : N2 — [0, 00).

Consider the semigroup, S, generated by
{(n,0),(n—1,1),(n —2,2),...,(0,n)} C Np.

The equation (3.4.1) can be rewritten as
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Thus by Theorem 3.3.1 the solutions are

o(m,q) = /K p(m, q)du(p)

where p is a positive Radon measure, (m,q) € S, K = {p es ’ p>0,50 o ()pn—kk)= 1} :

Let p € K. We will show that p is completely determined by it’s values on (n,0) and

(0,n). First we consider p on an element of the generator set, then
= [p(n, 0)]""*p(0, n)]".

Hence,
p(n =k, k) = [(p(n, 0)Y"]" " [(p(0,m))""]".

Note that,

1= Zn: (Z)p(n —k, k)

=3~ () o 01 o,
= [(p(n,0)/™ + (p(0,n))"/"]".

Therefore, (p(n,0))"/™ + (p(0,n))"/" = 1. Let p = (p(n,0))"/", thus (1 — p) = (p(0,n))"/"
and

p(n —k, k) =p"~*(1 - p),
where p € [0, 1].

For (m,q) € S, (m,q) = Zle(n — ki, k;). Thus m = Zle(n — k;) and ¢ = Zle k;.
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Hence,

So, p can be identified with p and therefore identify K with [0, 1]. Hence for (m,q) € S

we have
om, q) = /K p(m, q)dju(p)

- /[ =)

We extend this representation to all of N2 to get for (m,q) € N2

p(m, q) Z/Mpm(l—p)qdu(p)-
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CHAPTER 4
BOCHNER-PLANCHEREL THEOREMS IN ALGEBRAS

WITH INVOLUTION

4.1 Definitions and notation

Let A be an commutative algebra with involution *. We will state some definitions for

algebras that are similar to some of the definitions on semigroups.

Definition 4.1.1. An involution on an algebra is a map = — x* from A to A such that the

following hold for all z,y € A and \ € C,

(x+y) =a"+y, ()" =X, (ay) =y2", (@) =u

Definition 4.1.2. A linear functional f : A — C is called positive, if

f(xz™) >0, for all z € A.

Definition 4.1.3. A seminorm p is called multiplicative if p(z*) = p(x) and p(zy) < p(z)p(y)

for all x,y € A.
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Definition 4.1.4. A net (e;);es is a p-bounded approzimate identity if p(e;) <1, i € I and
lim;e; p(z—ze;) = 0 for every x € A. If the topology of A is defined by a family of seminorms

{pr}, then (e;) is bounded approximate identity provided (e;) is pr-bounded for every k.

Definition 4.1.5. A multiplicative functional on A is a nonzero homomorphism from A to

C.

The set of nonzero multiplicative functions will be denoted A and is called the set of

characters of A. We have
A={p: A= C|plinear, p £ 0, p(xy) = p(z)p(y), 2,y € A}.

If z € A, we define the function # on A by

The map z — & from A to A is called the Gelfand transform on A. Let
[(A)={z |z e A}
In this chapter we denote the set

K ={pe Al p(x*) = p(x), |p(z)| < p(x)},

where p is a multiplicative seminorm.

The set K is a locally compact space with pointwise topology. Let (p;) be a net in

K such that p; — p. Note that p could be identical to zero, thus p is not necessarily in K.
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Therefore the set K is not necessarily closed. However, if A has a unity e and the seminorm
p satisfies p(e) = 1, then p(e) =1 for all p € K. Thus K is a closed subset of the compact

set [[,eal—p(x), p(x)] and therefore compact.

Definition 4.1.6. We say that a function g : A — C admits a Bochner representation if
there exits a positive Radon measure p on K such that the functions I'(A) are p integrable

and we have

o(z) = /K p()dulp), = € A

Note that every function which admits a Bochner representation is linear.

We denote by B the linear subspace of A generated by the products xy, such that

x,y € A.

Definition 4.1.7. We say that a linear function g : B — C admits a Plancherel represen-
tation, if there exits a positive Radon measure p on K such that the functions I'(A) are in

L*(K) and we have

g(wy) = /Kp(xy)du(p), z,y € A

Lemma 4.1.8. If g : A — C admits a Plancherel representation then g is positive.

Proof. Assume that g admits a Plancherel representation. Then there exist a positive Radon

measure p on K such that for all z,y € A,

g(ay) = /K o) du(p).
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Therefore,
gtar’) = [ plas)dulp)
- /K p(2)p(a”)dpu(p)

- /K () Pdulp)
> ()

So g is positive. ]

We note that a Bochner representation is a Plancherel representation. Thus a function

that admits a Bochner representation is positive.

4.2 Bochner-type integral representations

In this section we will show an alternative proof of Theorem 2.1 in [14], p. 42 (see also [15],
p. 344), which is stated as Theorem 4.2.8. In [14] I'-Lumer systems (see [18]) were used to

prove this theorem.

Theorem 4.2.1. Let A be an commutative algebra with involution * and unity e. Let p be a
multiplicative seminorm on A such that p(e) = 1. A function g : A — C admits a Bochner

representation if and only if the following conditions are satisfied,

(a) g is a positive linear function

o1



(b) lg(x)| < Cp(z) where C is a positive real number not depending on x.

Proof. This theorem is Theorem 4.2.5 in [9], where we consider our algebra as semigroup

with the multiplication operation. O]

We will now extend Theorem 4.2.1 to an algebra without unity. But in doing so we
will need to add an extra condition to the function g. In Theorem 4.2.6 we will add an extra

condition on to the algebra A instead of the function g.

Let A be an algebra without unity. We will embed A into an algebra with unity
A.. Let A, denote the set of all pairs (x,\), z € A, A € C. Then A, is an algebra with
operators.
(2, A) + (y, 1) = (2 +y, A+ p), @, A) = (pz, pA)
and
(2, M)y, 1) = (xy + Ay + pa, M)

for z,y € A and \,u € C. The identity element for A, is e = (0,1) € A.. As A is
commutative so is A.. The mapping = — (z,0) is an algebra isomorphism of 4 onto an
ideal of codimension one in A,. Since (x,\) = (x,0) + A(0, 1), it is customary to write the
elements (z,\) as z + Ae. We call A, the unitization of A. If A has an involution, the

involution on A can be extend to an involution on A, by (z + \e)* = 2* + Ae.

The following lemma is Proposition 21.7 in [12] on p. 59,

52



Lemma 4.2.2. Let A be an algebra with involution and A, the unitization of A. Let g be a

positive functional on A. Then g can be extended to a positive functional on A, if and only

o There is a finite k > 0 such that |g(x)|* < kg(xz*) for all z € A.

An extension denoted g. is defined by g.(x + Ae) = g(x) + k.

Let A be and algebra without unity and p be a multiplicative seminorm on A. Let

K denote the set of linear functions p : A — C such that the following hold

(a) p#£0

Let A, be the unitization of A. We extend the seminorm p to a seminorm on A, by

Pe(x + Ae) = p(z) + [A].

Let K. denote the set of linear functions p : A. — C such that the following hold

(a) ple) =1
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(b) p((z + Ae)(y +7e)) = p(z + Ae)p(y + ve)
(¢) p((x+Ae)") = p((z + Ae))
(d) [p((z +Ae))| < p((z + Ae)).

Lemma 4.2.3. The set K. can be identified with K U {0} where 0 is the function identical

to 0 on A.

Proof. Let n € K. Therefore |n(z)|> = |p(xz*)| < p(zz*). Thus by Lemma 4.2.2,  can be
extended to A, by ne(x + Ae) = n(z) + A. It is easily shown that n. € K.. Thus K can be

identified with a subset of K..

Let p € K., then p(x 4+ Xe) = p(z) + Ap(e) = p(x) + A. First we suppose that p is
identical to 0 on A. Then p(xz + Ae) = p(x) + A = A. Thus there is exactly one function in

K. identical to 0 on \A. Denote that function by 6, that is 6(z + Ae) = A.

Now suppose p is not identical to 0 on A. Then p|4 € K. Also,

(pla), (@ +Ae) = pla(z) + X = p(z + Ae).

Thus, K. can be identified with K U {6}.

]

Theorem 4.2.4. Let A be a commutative algebra with involution x and without unity. A
function g : A — C admits a Bochner representation if and only if the following conditions

are satisfied,

o4



(a) g is a positive linear function
(b) lg(x)| < Cp(z) for every x € A where C is a positive real number not depending on x

(c) |g(z)|> < Mg(zx*) for every x € A where M is a positive real number not depending on

x.

Proof. We are going to use Theorem 4.2.1 in this proof. By Lemma 4.2.2 the function g can

be extended to linear positive functional g, on A, by
ge(x 4+ Xe) = g(x) + M.

We also define

Pe(@ + Ae) = p(x) + [A].
It is easy to verify that p. is a multiplicative seminorm on A..

We have
|9e(x + Ae)| < [g()] + [A|M < max{C, M}p.(z + Ae).
Let K. denote the set of linear functions p : A, — C such that the following hold
(a) ple) =1
(b) p((z + Ae)(y +ve)) = p(z + Ae)p(y + ve)
(c) pl(x +Ae)*) = p((x + Ae))

(d) [p((z + Ae))| < pe((x + Ae)).
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By Theorem 4.2.1, there is a Radon measure v on K, such that for every x + Ae € A, we

have

ge(z + Ae) = / p(x + Xe)dv(p).

e

By Lemma 4.2.3 K, can be identified with K U {6}. If we restrict to elements of the algebra

A, we have

e

o) = 0.0 = [ oteyivto) = [ o@anto) = [ prints)

where p is the restriction of v to K. O]

In Theorem 4.2.6 we will replace a condition for the function g with a condition to
the algebra A. We will need the next lemma for the proof. The following lemma is 1.6 on
p. 88 in [9].

Lemma 4.2.5. For any positive functional ¢ we have
‘2

lp(z*y)|* < p(z*z)e(y™y)

for all x,y € A.

Theorem 4.2.6. Let A be a commutative algebra with involution % and without unity. Let
p be a multiplicative seminorm on A which admits a p-bounded approzimate identity (e;)icr,
where I is an indezing set. A function g : A — C admits a Bochner representation if and

only if the following conditions are satisfied,

(a) g is a positive linear function
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(b) lg(x)| < Cp(z) for every x € A where C' is a real number not depending on x.

Proof. We have the inequality |g(z — ze;)| < Cp(x — ze;), ¢ € I. Thus, lim;er g(ze;) = g(z).

By Lemma 4.2.5 we have
lg(wes)|* < gleie})g(az™) < Cplee;)g(za”) < Cg(za®).
Therefore, we take the limit in I and
l9(@)[* =lim [g(ze,)|” < Cg(zz”).
We finish the proof using Theorem 4.2.4. O

Remark 4.2.7. It is enough to suppose that the net (e;);c; is such so p(e;) < 1 and lim;e; g(x—

xe;) = 0.

As a consequence of Theorem 4.2.6 we obtain the following result which is the main

result, from Theorem 2.1 in [14], p. 42 (see also [15], p. 344).

Theorem 4.2.8. Let A be a commutative topological algebra with involution *, whose topol-
oqy is defined by a family of nonzero multiplicative seminorms with a bounded approximate
identity. A linear continuous function g : A — C admits a Bochner representation if and

only if g 1s positive.

Proof. Assume that g admits a Bochner representation then, by Lemma 4.1.8, g is positive.

Now assume that g : A — C is linear continuous and positive. Let {py}rex be the

set of multiplicative seminorms on A. Since g is continuous, there exists p € {px trex such
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that |g(z)] < Cp(x). We will use Theorem 4.2.6 and p will be the needed multiplicative
seminorm. Let (e;);e; be a bounded approximate identity in .A. Then for every k € K there
exists C} € R such that pg(e;) < Cy, for every i € I. Therefore (e;);c; is also a p-bounded

approximate identity. By Theorem 4.2.6, g admits a Bochner representation. O

4.3 A Plancherel-type integral representation
In this section we prove a Plancherel-type integral repesentation. For results related to our
repesentation see [2], [11] and [28].

Theorem 4.3.1. Let A be a commutative algebra with involution x and without unity. A
linear function g : B — C admits a Plancherel representation if and only if the following

conditions are satisfied,

(a) The function g is positive

(b) There is a family (Cy)zea of positive real numbers such that |g(yxx*)| < Cup(y), for every x,y €

A

(c) For every x € A and every € > 0 there are y and z in A such that

g((z —y2)(z* — y*2")) <e.
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Proof. For x € A we consider function g, : y — g(yxz*). Then g, is positive for all x € A.

By Lemma 4.2.5,

19:(v)|> = lg(yza*)]? = |g((y2)z*) > < glaa®)g(yy*za™) = g(zx®)g.(yy").

Therefore by Lemma 4.2.2, the function g, can be extended to linear positive functional on
A, by

(ge)e = y + Ae = g(yxx™) + Ag(xz™).

Consequently, we have

1(92)e ()] = |g(yxa™)| < Cop(y).

The seminorm p can be extended to a seminorm on A, by p.(z + Ae) = p(z) + |A|. We will

show that (g,). satisfies the conditions for Theorem 4.2.1. Note that

(gz)e(y + Ae)| < |g(yza™)| + [Ag(za™)|
< Cop(y) + [Ag(zz™)|
< max{C,, g(xx") } (p(y) + |A])

< max{Cy, g(zz") }p(y + Ae).

Hence, (g.). satisfies the conditions from Theorem 4.2.1. Thus for every x € A there exists

a positive radon measure v, on K, such that

(0)e(y + Ae) = / oy + Ae)dva(p).

e
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By Lemma 4.2.3, K, can be identified with K U {0}, where 6 is the function identical to 0

on A. Therefore, for all =,y € A we have the following,

g(yzz™) = (gz)e(y) = / p(y)dv.(p) = /K » p(y)dv.(p), for all z,y € A.

e

and

g(xx™) = (gz)e(e) = /Ku{e} ple)dv,(p) = / dv.(p), for all z € A.

KU{6}

Thus for z,y,z € A

/ o(2)|p(x) P, = g(zaa™yy®) = / p(2)lo(y)Pdvs. (43.1)
Ku{#} Ku{o}

For z € A we define the function 2 : K U {0} — C by Z(p) = p(z). By the Stone-
Weierstrass theorem, I'(A) is dense in Cy(K), the continuous functions which tend to 0 at
infinity. Since the “infinity point” for K is 0, Co(K) = Co(K U{6}). Therefore I'(A) is dense

in Co(K U {6}). Since vy, v, are Radon measures on K U {6}, by (4.3.1) we have
hy - vy = hy - vy,

where h, is the function that maps p — |p(z)]?.

We show now that we can define a unique measure v on K such that
hle V= V:):‘K
If K, ={pe Kl|h,(p) > 0} we can define

V|K:v = (1/hx)‘Kz ’ V33|Kz'
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Note that v is well defined since h, - v, = hy, - v,.

Since p # 0, we have

U K,=K
zeA

and consequently v is defined on K.

Note that for all z,y € A,

dory = Z T(x +1y")(x + TY")". (4.3.2)
Te{tl,+i}

Since g is linear we will find the integral representation for g(zz*) and use (4.3.2) to show

the integral representation for g(xy).

For every t € A, 6(t) = 0, thus we have
glter) = [ pdulp)
KU{0}
= [ sty
K
~ [ st 0)avtp)
K
= [ s0lp@)Paviy)
K
— [ sltzyiv(p)
K
Thus for every t,z,y € A and every 7 € {£1,+i} we have

g(t(z +1y") (@ +1y")") = /K p(t(z +7y*) (@ + 7y")")dv (p).

Thus from equation (4.3.2),

gltay) = Y Toltle+ 7y +7y) (433)
re{+1,4i}
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we get

gltzy) =g |t Y %(Wrw*)(w“ﬁy)

Te{£1,+i}
T * *\ k&
= D ety @+ Ty))
Te{£1,+i}
= Z / tz+7y")(z+ 1y")")dv(p)
Te{£1,+i}

[olt X Sarmern) |

Te{+1,+:i}

— [ sltzpyiv(o)
K
That is for every z,y,t € A
oltzy) = [ pltay)iv(p) (43.4)
K

Now we want to show that, for all z € A, v,({#}) = 0. Let x € A and € > 0, then there exist
y,z € A such that g((z — yz)(z* —y*2*)) < e. By (4.3.4) and the integral representation for

g. the following holds,
g(xa®)—g((x —yz) (=" — y"z"))
= g(xx® —xz* + xy* 2" + yza* —yzy*")

g(xy™2") + g(yza®) — g(yy™22")

/ p(zy*=")du(p +/Kp( (p) —
- / (zy*2*)du(p) + /K p(yza")du(p) —
/K ( (p)

p(xy* 2" )du(p +/p
K

p(yy”)dp.(p)

\

yza®)dp(p
KU{6}
)

p(yy*)dp=(p)

p(yy*)lp(2)Pdu(p)

|
T
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play® =) dp(p) + /K plyza)du(p) — /K oy 22" )du(p)

plry” 2" 4+ yza™ — yy*22")du(p)

plez” — za”™ +ay*2" +yza® — yy*zz")dp(p)

pla)dn(p) ~ [ plas’ +ay"s" 4z’ yy'ex)dulp)
K

I
ST AT TS T

plex*)du(p) — /K ol( — y2)(@* — y="))dp(p).
Therefore,
gr2%) - /K plaz*)du(p) = g((z — y2)(@* — =) — /K pl(x — y2)(@* — v ="))du(p).

Now we return to v,({6}),

va({0}) = /K U{G}d” [ v
oz / () [2d

=g((z —y2)(z" —y™2") /!px—yZ!dV

< g((x —y2)(x" —y*z"))

< €.

Thus we take ¢ — 0 and it results that
v ({0}) = 0.

This means that for every x € A,
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Thus for z,y € A,

T * * =
glay) =g | D e+ +7)
Te{£l,+i}

= Y o+ +Ty))

Te{£1,+i}

— Z %/Kp((x—l—Ty*)(x—l-Ty*)*)dV(P)

Te{+1,+:i}

~[o| X Fermerny | de

Te{+1,+i}

= /K pzy)dv(p).

Thus, the function g admits a Plancherel representation.

Now we assume that g admits a Plancherel representation. We will show that there is
a family (C,)zea of positive real numbers such that |g(yzz*)| < C.p(y), for every z,y € A,

and for every x € A and every € > 0 there are y and z in A such that

g((x —yz)(z* —y*z")) <e.

First we have
g(xz) = /K p(zz*)dp(p)

- /K () Pdu(p)
> ()
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and

g(yra®)| = ‘ / p(y)|p(f€)|2du(p)‘

< ( [ pt@) Pt ) vl

= Cop(y).

Next we have to show that for every x € A and every ¢ > 0 there are y and z in A

such that

o((z —y2)(@" — y°2")) / 1p(2) — p(w)p(2)Pdu(p) <

Fix € A and ¢ > 0. Since continuous functions with compact support are dense in

L?(K), there exists a continuous function with compact support ¢ such that

| 1ota) = clo)Pdtp) <

Let r € supp ¢, then there exist s € A such that 7(s) # 0. Thus, r(ss*) = |r(s)[* > 0. There

OOIm

exists a neighborhood, U,, of r such that |t(s)[* > 0 for every ¢ in U,. The set {U, },csupp o
form a cover of supp ¢, thus there exists a finite set of r, 1 < k < n, whose neighorhoods
cover supp . Let s, 89,...5, be the corresponding s;’s. Then r(s1s7 + ...+ s,55) > 0 for
every r € supp .

By the Stone-Weierstrass theorem, I'(A) is dense in Co(A). Let y = s187+ ...+ 8,57
Since the function *2—’ is continuous on K and has compact support, there exists z € A such

that

= VSJK () 2dpalp)
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Hence,

2

#(p) du(p)

/Klsé?(p)—p( 2)[*dp(p) /|p o)

SIK\p(y)IQdM<p)/I(|P(y)I dy(p)

—p(2)

IN

INA
ool m

and consequently

/ 1p(2) — p(y)o(2)Pdp(p) = / 19() — 0(p) + 2(p) — p)p(=)Pdu(p)

([ b = etoPanto) + [ 1610) = oot Pato))
4(5*@)

| /\

IN

I
o

4.4 Back to Bochner

We will now discuss some situations where a function that admits a Plancherel representation

also admits a Bochner representation.

Theorem 4.4.1. Let A be a commutative algebra with involution % and without unity. Let
g : A — C be a positive linear function and p a multiplicative seminorm on A. If there is a

positive real number C' such that |g(z)| < Cp(z), for every x € A, and for every x € A and
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every € > 0 there exists elements y and z in A such that
plx —yz) <e, (4.4.1)

then g has a Plancherel-type integral representation as in Section 4.3.

If the measure p from Plancherel representation is finite, then g admits a Bochner-

type integral representation.

Proof. We will use Theorem 4.3.1 to show that g has a Plancherel representation. Consider,
for x,y € A,

lg(yxa™)| < Cpyzz*) < Clp()*ply) = Cop(y).

Fix z € A and € > 0. There exist y, z € A such that p(zx — yz) < @/%e. Therefore,

9((z —y2)(a" —y"z")) < Cp(z —y2)* < C <\/;> o

Thus by Theorem 4.3.1, g has a Plancherel representation.

Next we will show that g admits a Bochner representation if p is finite. Suppose that
1 is finite. Let « € A and € > 0. We will show that |g(z) — [, p(z)du(p)| < e. There exists

y,z € A such that p(z — yz) < e. Consider

9(x) — g(z —yr) = g(r — v + y2)
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p(r) — p(x — yz)du(p)

I
T

/K pa)dup) = [ ol = y)du(p)

K

Therefore
ote) = [ plaldulp) = e = 2) = [ ol = y2)autp).
So we have the following,

'9(96) - /Kp(l’)du(p)' = ‘g(fc —yz) — /Kp(ﬂf - yZ)dM(p)‘
< lg(z —y2)| + /K |p(x — y2)| du(p)
< Cp(z —yz) + p(z — yz) /K dp(p)
= Cu(K)p(z — y2)

< Cu(K)e.
Thus we take the limit as ¢ — 0 and we get that g has a Bochner representation. O

The next theorem is another theorem in which we get the Bochner representation
from the Plancherel representation. As you will see, in this case there are more assumptions

on A that will lead to the boundedness of the measure p.

Theorem 4.4.2. Let A be a commutative algebra with involution * and without unity and

p a multiplicative seminorm on A. Let g : A — C be a positive linear function such that the

following hold,

1. There exists C > 0 such that for every x € A, |g(z)| < Cp(x)
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2. For every € >0 and x € A there exists y,z € A such that
plr —yz) < e
If there is a sequence (€p)nen in A such that
1. ple,) <1, neN
2. lim, o ple,) =1, p€ K,

then g admits a Bochner-type representation and we have g(x) = lim,_, g(ze,) for every

e A.

Proof. By Theorem 4.4.1 g admits a Plancherel representation. From the Plancherel repre-

sentation, we have

me:LmeW@zzywm%my

Using that g(eqef) < Op(eqel) < O, liminf |p(e;)|* = 1, and Fatou’s Lemma we obtain
n—oo

n—o0

€ = timint [ [p(e))dulr)
K
> [ timinf |o(e;) (o)
K

n—o0

= (k).

The measure p is finite and consequently, according to Theorem 4.4.1, the function g admits
a Bochner-type representation. Now the fact that g(z) = lim,,_,», g(xe,) is a consequence of

dominated convergence theorem because the function Z is p-integrable for every x € A. [
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CHAPTER 5
PSEUDOQUOTIENTS ON COMMUTATIVE BANACH

ALGEBRAS

The following results are taken from the paper [8].

5.1 Introduction

In this section we recall the construction of pseudoquotients and its basic properties. The
construction of pseudoqutients was introduced in [21] under the name of “generalized quo-
tients”. The motivation for the idea, early developments, and later modifications, are dis-
cussed in [22]. The construction of pseudoquotients has desirable properties. For instance, it
preserves the algebraic structure of X and has good topological properties. There is growing

evidence that pseudoquotients can be a useful tool (see, for example, [5], [6], or [7]).

Let X be a nonempty set and let S be a commutative semigroup acting on X injec-
tively. The relation

(z,0) ~ (y,0) if Yo =gy
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is an equivalence in X x S. We define B(X, S) = (X x S)/~. Elements of B(X, S) are called

pseudoquotients. The equivalence class of (x,¢) will be denoted by i. Thus

x
r_Y means YT = @y.

(8

Elements of X can be identified with elements of B(X, S) via the embedding ¢ : X —

B(X,S) defined by

If go% = 1(y), for some y € X, we simply write @% € X and cp% = y. For instance, we have
goi =ux.

In the case X is a topological space or a convergence space and S is a commutative
semigroup of continuous injections acting on X, then we can define a convergence in B(X, S)
as follows: If, for a sequence F,, € B(X,S), there exist ¢ € S and F € B(X,S) such that
ok, pF € X, for all n € N; and ¢F,, — ¢F in X, then we write F), L Fin B(X,S). In

other words, F, 5 F in B(X,S) if

for some z,,x € X and p € S.

This convergence is sometimes referred to as type I convergence. It is quite natural,

but it need not be topological. For this reason we prefer to use the convergence defined as
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follows: F,, — F in B(X,S) if every subsequence (F,,) of (F},) has a subsequence (F,,) such

that F, = F.

It is easy to show that the embedding ¢ : X — B(X,S), as well as the extension of

any ¢ € S toamap ¢ : B(X,S) — B(X,S) defined above, are continuous.

The set of all positive linear functionals on an algebra A is denoted by P(A). The

following theorem (attributed to Maltese in [15]) describes P(A) in terms of measures on A.

We say A has a symmetric involution, if
=7, forall z € A.

Theorem 5.1.1. Let A be a commutative Banach algebra with a bounded approximate iden-
tity and an isometric and symmetric involution. Let f be a linear functional on A. Then
f € P(A) if and only if

f(x) = / #(E)dyis (©),

A

for all = € A, with respect to a unique positive Radon measure on A of total variation | f||.

Let F: P(A) — /\/li(fl) be the map defined by Maltese’s theorem, that is, F(f) =
¢. In terms of the introduced notation, Theorem 5.1.1 states that F is an isometry between
P(A) and Mi(fl) In this chapter we give conditions under which P(A) can be extended to

a space of pseudoquotients B(P(A),S) such that F can be extended to a bijection between

B(P(A),S) and M (A).
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In Section 5.2 we formulate and prove the main result of this chapter. In Section
5.3 we discuss some examples. We also show that the result in [6] is a special case of the

construction presented here.

5.2 An extension of Maltese’s theorem

In this section we will assume A to be a nonunital commutative Banach algebra with bounded
approximate identities and an isometric and symmetric involution. In addition, we assume

that A satisfies the following condition:

Y. There exists a sequence ay, as, . .. € A such that éy, s, ... € K(A) and for every ¢ € A

there is an n such that a,(&) # 0.

The following are some examples of spaces where 3 is satisfied.

Example 5.2.1 (Normal algebras). Let A be a commutative Banach algebra. We say that
A is normal [17], if for every compact K C A and closed E C A such that K NE = (), there

exists z € A such that

z€)=1for £ € K and z({)=0for& e E.

If A is a normal commutative Banach algebra and A is o-compact, then A satisfies

condition X¥. Indeed, if A is o-compact, there are compact sets K,, C A such that A =
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U oK, and K, C K, for all n € N, where K , is the interior of K, ;. Since A is

regular, for every n € N there exists b, € A such that

1 if€eK,
bn(f) -
0 iféée K.,
Let a, = b,b%. Then a, = |I§n|2 > 0 and K,, C suppa, C K, 9. Clearly, for every £ € A,

there exists n such that a,, > 0.

Note that a regular commutative Banach algebra is normal, [17].

Example 5.2.2 (Algebras with o-compact-open structure spaces). For our next example

we use Shilov’s idempotent theorem [23].

Theorem 5.2.3 (Shilov). Let A be a commutative Banach algebra. If K is a compact and
open subset of ./Zl, then there is a unique idempotent a € A such that a is the characteristic

function of K.

Let A be a commutative Banach algebra such that A is o-compact-open, that is,
A= Up? oK, where K,, are disjoint compact and open sets in the Gelfand topology in A.
Since, by Shilov’s idempotent theorem, for every n € N there exist a unique idempotent

a, € A such that supp a, = K, A satisfies condition X.

Lemma 5.2.4. If A satisfies 33, the sequence of ai,as,... € A can be chosen such that

an > 0.

Proof. Suppose A satisfies 3. Then there exists a sequence aj,as,... € A such that

G1,a2,... € K(A) and for every £ € A there is an n such that a,(¢) # 0. Note that
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forﬁEAandnEN,

A

We will show that ajaj,asal, ... is a sequence that satisfies ayaj, azal, ... € K(A) and for

every £ € A there is an n such that a/na\;‘l(f) # (0. Since a/na\;*l = dnc{;’;, supp ana; C supp Q.

Thus a,a’, € K(A).
Let € € A. Then there exists n € N such that a,(€) # 0. Therefore, anar(§) =

|an ()7 # 0. u

For a € A, by A, we denote the operation on linear functionals on A defined by

(Auf)(@) = flaz). et

S:{Aa:d>OonA}.

Lemma 5.2.5. If A satisfies 32, then S is a nonempty commutative semigroup of injective

maps acting on P(A).

Proof. Since A satisfies X, there exists (a,) € A such that for every £ € A there exists an n
such that a,(£) > 0. By Lemma 5.2.4 we may assume that a,, > 0. If we choose \,, > 0 such
that > 7 | || Anan|| < co. Since A is complete, there exists a € A such that a = Y7 A, ay.

Therefore A, € S.
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Clearly, S is a commutative semigroup because A is commutative. Let f € P(A) and

A, € §. By Maltese’s theorem [15], f(x) = /

A

#(€)du(€) for some p € MY (A). Thus

(Auf)(@) = f(az) = /A TE(E)dyu(€) = /@(é)fz(a)du(&)-

A

Note that a is a positive bounded function on A. Since a(¢) > 0 for all € € A o=au e

MO (A) and A, f(z) = J32(6)di(€). By Maltese’s theorem [15], A, f € P(A).

If A, f = 0, then

0= flar) = [ @&ante) = [ Oa€)dn(o)
for all z in A. By the Stone-Weierstrass theorem, I'(A) is dense in Cy(.A). Therefore au = 0
which implies p = 0, because a > 0. Thus
@) = [ #(@dute) =0,
Hence A, is injective.

]

The map F : P(A) — ./\/li’_(/l) defined by Maltese’s theorem, can be extended to a

map F : B(P(A),S) = M (A) in the natural way:

D)0

It is clear that F is well-defined.

Theorem 5.2.6. Let A be a nonunital commutative Banach algebra with a bounded approxi-

mate identity and an isometric and symmetric involution. If A satisfies 32, then the extended

F defined by (5.2.1) is an bijection from B(P(A),S) to M_(A).
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1
Proof. First we will show that F is injective. Suppose that F (%) =0, that is —uy =0,
“ a
which implies py = 0. Therefore f(x) = 0 because f(z) = / 2(&)dus(€). So, Ai =0 and
A a

F is injective.

Next we will show that F is surjective. Let u € M, (A). There are a, € A such
that a, > 0, supp a,, is compact, and such that for every & € A there exists an n such that
a,(&) > 0. Then a,u is a finite positive Radon measure on A for every n € N. There exist

positive numbers Ay, A, ... such that 2, \,a,u defines a finite positive Radon measure

on A and 3 || Anan| < oo. By Maltese’s theorem there exists f € P(A) such that

fr =) Anfinpt.
n=1

Since A is complete there exists a € A such that a = > °7 A\,a,. Then A, € S and

n=1

S AnGnpt = apu. Thus

0
Theorem 5.2.7. The map F : B(P(A),S) — M_(A) is a sequential homeomorphism.
Proof. If F, 5 F in B(P(A),S), then F,, = /{_n’ F = Ai’ and f, — f in P(A) for some

fns f € P(A), where f, — f means f,(x) — f(z) for all x € A. Consequently,

[ #(©@dus©) > [ s©duste
A A

for all x € A. Since the involution in A is symmetric and I'(A) = {& : © € A} strongly

separates points in A (see, for example, Theorem 2.2.7 in [16]). Thus by the Stone-Weirstrass
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theorem I'(A) is dense in Co(A). We obtain

/ §)dpy, (&) — / §)dps ()

for all ¢ € K(A). Therefore,

dpy, (€) dp (€
/ASO(S) e /Aso(f) -
for all ¢ € K(A), which means that F(F,) — F(F) in M (A).

Now assume fi,, p € M, (A) and

/A D) dpn(€) = / H(€)du(€)
A A

for all ¢ € IC(A) There exist Ay > 0, k € N, such that >~ A\gGgpi, is a finite measure for

alln € Nand A, € S, where a =) ;7| Apay. Let

= (Z Akdk#n> Hapn)
k=1

and
f=F"1 (Z /\kfbk,u> = F Y(ap)
k=1
Then F~'(u,) = F! (flgn) = /j;—’: and F~1(p) = F! (a;) = Aia Moreover
fla) = [ #©u@an(©) ~ [ daame) = 1)
for every x € A. Therefore % EN Ai in B(P(A),S). O
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5.3 Examples

In this section we give some examples of spaces where the assumptions of Theorem 5.2.6 are

satisfied.

Example 5.3.1. Locally compact groups

Let G be a locally compact abelian group. A continuous function f : G — C is called

positive definite if

n

Z ke f(z; ey) >0

k=1

for all ¢1,...,¢, € C and x1,...,2, € G for any n € N. We denote the cone of positive
definite functions on G by P, (G). A character a on G is a continuous homomorphism
from G into the unit circle group T. Let G denote the group of characters. By Bochner’s
theorem [13], f € P, (G) if and only if there exists a unique bounded positive Radon measure

iy on G such that
flz) = /A Ldpiy.
G
In [6] it was shown that, if G is o-compact, then the map f +— py defined by Bochner’s

theorem can be extended to a map from a space of pseudoquotients to all positive measures

on G. That space of pseudoquotients was B(P4(G),S) where
S:{@ELl(G):@(f)>0forall§€@}.

We will show that this extension is a special case of the extension presented in this note.
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Since the convolution algebra L'(G) is regular, it satisfies X, as indicated in 5.2.1.

For a € G we define ¢, : L'(G) — C by

_ /G f(w)ale)d

where dz indicates the integral with respect to the Haar measure on G. The map a — ¢,

—

is a bijection from G onto L'(G) (see, for example, [16]). This allows us to identify M, (G)

and M+(L/1(\G)) If f is a positive definite function on G, we define a positive functional on

LY(G) by
~ [ @y
G
and a map from B(P.(G),S) to B(L'(G),S) by i > £~, where () = ¢(z1). We will
()

show that F'is positive.

P+ ) = / b % (@) f()da

= [ [ vty

= [ [ vl 0T sy

| [
= | [ oty

Riemann sums for this integral are of the form Z crcif (z; 'z),) which are nonnegative since
k=1
f is positive definite. Therefore F'(¢) % ¢*) > 0. Thus for all ¥ in L}(G),

F(y) = /A pa®)dup(c)
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Therefore for all ¢ in L}(G),

/G (@) f

which implies,

e Jov
= Jve

o |

81

da:dup

a(w)dug(a

a(w)dpg(a

dx
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