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ABSTRACT
Propagation of coherent waves through disordered media, whether optical, acoustic, or radio waves,
results in a spatially redistributed random intensity pattern known as speckle – a statistical phenomenon. The subject of this dissertation is the statistics of monochromatic coherent light traversing
disordered photonic lattices and its dependence on the disorder class, the level of disorder and the
excitation configuration at the input. Throughout the dissertation, two disorder classes are considered,
namely, diagonal and off-diagonal disorders. The latter exhibits disorder-immune chiral symmetry
– the appearance of the eigenmodes in skew-symmetric pairs and the corresponding eigenvalues in
opposite signs.
When a disordered photonic lattice, an array of evanescently coupled waveguides, is illuminated
with an extended coherent optical field, discrete speckle develops. Numerical simulations and
analytical modeling reveal that discrete speckle shows a set of surprising features, that are qualitatively
indistinguishable in both disorder classes. First, the fingerprint of transverse Anderson localization –
associated with disordered lattices, is exhibited in the narrowing of the spatial coherence function.
Second, the transverse coherence length (or speckle grain size) freezes upon propagation. Third, the
axial coherence depth is independent of the axial position, thereby resulting in a coherence voxel of
fixed volume independently of position.
When a single lattice site is coherently excited, I discovered that a thermalization gap emerges
for light propagating in disordered lattices endowed with disorder-immune chiral symmetry. In
these systems, the span of sub-thermal photon statistics is inaccessible to the input coherent light,
which – once the steady state is reached – always emerges with super-thermal statistics no matter
how small the disorder level. An independent constraint of the input field for the chiral symmetry
to be activated and the gap to be observed is formulated. This unique feature enables a new form of
photon-statistics interferometry: by exciting two lattice sites with a variable relative phase, as in a
traditional two-path interferometer, the excitation-symmetry of the chiral mode pairs is judiciously
broken and interferometric control over the photon statistics is exercised, spanning sub-thermal and
super-thermal regimes. By considering an ensemble of disorder realizations, this phenomenon is
iii

demonstrated experimentally: a deterministic tuning of the intensity fluctuations while the mean
intensity remains constant.
Finally, I examined the statistics of the emerging light in two different lattice topologies: linear and
ring lattices. I showed that the topology dictates the light statistics in the off-diagonal case: for evensited ring and linear lattices, the electromagnetic field evolves into a single quadrature component, so
that the field takes discrete phase values and is non-circular in the complex plane. As a consequence,
the statistics become super-thermal. For odd-sited ring lattices, the field becomes random in both
quadratures resulting in sub-thermal statistics. However, this effect is suppressed due to the transverse
localization of light in lattices with high disorder. In the diagonal case, the lattice topology does not
play a role and the transmitted field always acquires random components in both quadratures, hence
the phase distribution is uniform in the steady state.
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CHAPTER 1: INTRODUCTION

There is almost always a certain degree of randomness in any physical system, hence the science of statistics
is ubiquitous in many disciplines ranging from physics to chemistry, telecommunication to quantum
information, and astrophysics to condensed matter physics 1. Optics is no different. Indeed, a statistical
analysis of a problem often leads to a better understanding, and is even imperative. For instance, let’s
consider a ’light gun’ that fires photons one by one towards a beam splitter and two detectors measure the
photons at the output ports. After repeating the measurement, one would find out that there is a certain
probability of the photons passing through the beam splitter one way or the other; this is because of the
quantum mechanical nature of light 2. Another example is a monochromatic coherent beam from a stable
laser. In the classical picture, a stable laser produces a beam with constant intensity. However, a closer look
reveals that number of photons arriving per given time in a laser beam always varies and is given by a
Poisson probability distribution 3. The randomness in the number of photons is an inherent property of
light, whether the source is a blackbody emitter or an active lasing medium 4.
In statistical optics, there are a few very well-known and extensively studied scenarios in which a
coherent laser beam spatially randomizes upon interaction with a disordered medium 5. This is known as
speckle phenomena, where speckle refers to the granular spatial intensity pattern imbued to a coherent
optical field 6. This concept has been studied for decades, extending back to the invention of the laser 7,8.
For instance, speckle is observed in the reflection of a coherent laser beam from a rough surface or the
transmission through a random phase screen, such as a ground glass. In those cases, the accumulated
random phase in the optical field results in a random intensity pattern, generally with complex Gaussian
field statistics in the far field. The underlying reason for the Gaussian distribution is the addition of
many independent random phasors as dictated by the Central Limit Theorem 9. Another well-known
example of speckle is found in the propagation of coherent waves through turbid media 10. In this case, the
1

beam is multiply scattered, and non-Gaussian statistics may be observed. Because speckle is a universal
phenomenon associated with the interference of random waves, it was only natural to observe it for other
classes of waves, such as radio 11,12, acoustic 13, or matter 14 waves.
With a completely different motivation, in 1958, Philip Anderson published his Nobel Prize winning
work on the localization of a single electron in the presence of a random potential 15. This work, known as
Anderson localization, paved the way to understanding of electron’s behavior in disordered systems, such
that the wave function of an electron cannot be explained only by deviations from extended Bloch states 16,
rather the envelope of the wave function has exponential form. Scientists later realized that the localization
is a result of multiple wave interference and is not unique to electrons. Since then, this phenomenon was
widely investigated for electromagnetic waves 17–19, as well as, matter 20–23 and acoustic 24 waves. However,
the difficulties in obtaining a direct observation of the electron’s exponential localization have spurred
interest in the transverse localization concept proposed by De Raedt et al. in 1989 for light propagating
through a semi-infinite medium with transverse disorder only 25. The first experimental observation on
this subject was demonstrated in 2007 for 2D (ref. 26) and then in 2008 for 1D (ref. 27). However, the focus
of these studies was mainly on the localization concept and the field and intensity statistics in these kind
of disordered systems were overlooked.
In my dissertation, I investigate the statistics of monochromatic coherent light traversing disordered
photonic lattices. The focus is on the probability distribution of the field components and the intensity, as
well as the coherence properties of the field in first and higher orders. Using a semiclassical approach,
I study photon-number distributions of the optical field traversing disordered lattices for extremely
low-level input intensities, where the input beam’s photon number distribution is initially Poisson.
The random media are evanescently-coupled waveguide arrays arranged on one- or two-dimensional
lattices. The disorder is introduced to the photonic lattice only in the transverse direction and the
waveguides are axially uniform. In this setting, propagation of light emulates the dynamics of an isolated
time-independent quantum system obeying Schrödinger-like equation, where time is replaced by the
propagation distance. My work consists of extensive numerical simulations with supporting analytical
work, as well as experimental results. Each chapter in my thesis includes a brief introduction with a short
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literature review and description of the lattice model. Additional numerical results and further details
regarding the analytical calculations are provided in the respective appendices of each chapter.
My dissertation is outlined as follows. In Chapter 2, I describe a new phenomenon, discrete Anderson
speckle, that links the transverse coherence properties of the transmitted light, when the coherent illumination is uniform, to the spatial width of the localized light when a single lattice site is excited. This
is an effort to see a connection between the transverse localization of light and the intensity fluctuation
in disordered lattices. I show that there are alternative signatures of transverse Anderson localization in
the coherence space when a different excitation configuration is utilized. Chapter 3 introduces a second
new concept, the emergence of a photonic thermalization gap in disordered lattices. Here, I focus first on
single-site coherent excitation of the lattices and analyze the statistics of light for different class of disorders.
I discovered that regardless of disorder level, even the slightest disorder in waveguide arrays exhibiting
certain symmetries in their eigenmodes causes super-thermal statistics in the steady state and sub-thermal
statistics is forbidden, hence the gap emerges. In addition to this counter intuitive observation, I also
found that the gap is only exhibited when certain excitation conditions are satisfied. By exploiting these
excitation conditions, I have proposed multi-point excitation configurations to alter the statistics of light
deterministically. In Chapter 4, I describe my experimental work on photon-statistics interferometry, where
I demonstrate tuning of the statistics of light from sub-thermal to super-thermal statistics by deterministically altering the input’s relative phase and ensemble averaging. Chapter 5 presents a statistical analysis of
the field components, the intensity distribution as well as the coherence properties of the field in linear and
ring lattices, two types of lattices with different topologies. My analysis also includes a detailed analysis of
the field components in lattices with different disorder classes. Finally, the last chapter of my dissertation
provides a summary of the work as a whole, as well as a discussion of possible future work.

3

CHAPTER 2: DISCRETE ANDERSON SPECKLE∗

When a disordered array of coupled waveguides is illuminated with an extended coherent optical field,
discrete speckle develops: partially coherent light with a granular intensity distribution on the lattice
sites. The same paradigm applies to a variety of other settings in photonics, such as imperfectly coupled
resonators or fibers with randomly coupled cores. Through numerical simulations and analytical modeling,
we uncover a set of surprising features that characterize discrete speckle in one- and two-dimensional
lattices known to exhibit transverse Anderson localization. Firstly, the fingerprint of localization is
embedded in the fluctuations of the discrete speckle and is revealed in the narrowing of the spatial
coherence function. Secondly, the transverse coherence length (or speckle grain size) is frozen during
propagation. Thirdly, the axial coherence depth is independent of the axial position, thereby resulting in a
coherence voxel of fixed volume independently of position. We take these unique features collectively to
define a distinct regime that we call discrete Anderson speckle.

∗ This chapter is reproduced from Kondakci, H. E. et al. “Discrete Anderson speckle,” Optica 2, 201-209 (2015).
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2.1 Introduction
Speckle, the granular spatial intensity pattern imbued to a coherent optical field after traversing a disordered medium or reflecting from a rough surface, has been studied for decades extending back to the
invention of the laser 7,8 – and was known even earlier in radio waves 11,12. It is a universal phenomenon
associated with the interference of random waves. An archetypical arrangement is shown in Fig. 2.1a
where a coherent wave traverses a thin phase screen and the random phase is converted into random
intensity upon free-space propagation, which we refer to hereon as conventional speckle. Indeed, the propagation of light in random media or scattering from rough surfaces is critical to practical applications in
bio-imaging 28, subsurface exploration 29, and astronomical observations through turbulent atmospheres 30.
As such, the study of speckle has recently become of central importance in extracting information from –
or transmitting it through – complex turbid media 31–36.
In a multiplicity of contexts, light may be confined to propagate on the sites of a discrete lattice, such
as those defined by coupled photorefractive 26, semiconductor 27, or fs laser written silica 37 waveguide
arrays, random fiber cores 38, coupled optical resonators 39 or photonic-crystal waveguides 40. Whether
classical 26,27,37–40 or quantum light 41–44 is utilized, propagation of an extended coherent field along a
disordered photonic lattice produces discrete speckle on the lattice sites (Fig. 2.1b) – in contrast to conventional
continuous speckle. One feature arising from the interference between randomly scattered waves in an
otherwise periodic potential is Anderson localization 15,45, which is manifested in the lack of diffusion of
the wave function. Optics has enabled direct observation of so-called transverse localization 25 in coupled
waveguide arrays on a transversely disordered lattice 26,27,37,38,46, among other realizations 47. Usually in
such experiments, only a single waveguide is excited and spatially non-stationary discrete speckle develops.
The typical measure of localization in this scenario is the spatial width of the ensemble-averaged intensity
distribution of transmitted light 46. If instead the waveguides are illuminated by extended coherent light, a
configuration that has not been thoroughly investigated heretofore 27,48, a discrete speckle pattern with
spatially invariant statistics develops that apparently masks the localization signature.
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Figure 2.1 | Conventional speckle and discrete Anderson speckle.
a, A thin random phase screen (σφ = 4π) illuminated with a uniform coherent beam produces conventional speckle. b, Discrete
Anderson speckle is produced from a highly disordered hexagonal (honeycomb) waveguide lattice with maximal off-diagonal
disorder when illuminated with a uniform coherent beam. c,d, The grain size of conventional speckle (c) increases with propagation
distance z, while that of discrete Anderson speckle (d) does not.

In this chapter, we investigate numerically and analytically the statistical properties of discrete speckle
in one- and two-dimensional (1D and 2D) disordered Anderson lattices upon extended illumination
(Fig. 2.1b). We show that the fingerprint of localization is embedded in the fluctuations of the emerging
light and is thus revealed in the coherence function. We uncover a surprising phenomenon: the transverse
coherence width associated with an extended coherent field is determined by the localization length resulting from a
single-site excitation. Consequently, beyond a critical distance, the transverse speckle grain size ’freezes’
upon subsequent propagation along the lattice (Fig. 2.1d). Furthermore, the axial coherence depth is
independent of axial position, leading to a coherence ‘voxel’ of fixed volume independent of position.
We take these features collectively to define a new regime that we call ‘discrete Anderson speckle’. Our
findings are in contradistinction to the familiar characteristics of conventional speckle 6, wherein the
transverse coherence length grows with the free-space propagation distance (Fig. 2.1c), as dictated by the
van Cittert-Zernike theorem 5.
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These findings have their foundation in the different beam propagation dynamics that distinguish
discrete lattices from continuous media. Nevertheless, despite the distinctions between conventional
and discrete Anderson speckle, both phenomena have a common feature: each system contains a single
realization of a random function of the transverse coordinate. In conventional speckle the randomness is
confined to the thin screen, while in discrete Anderson speckle it extends axially without change. Our
results help elucidate the ultimate resolution limits of imaging through an Anderson lattice 38, introduce
new strategies for engineering the spatial optical coherence of a beam of light 49, and indicate the potential
for tuning higher-order field statistics beyond the Gaussian limits.
Previous investigations of electromagnetic-wave propagation through random media have studied the
dimensionless conductance, which is proportional to the transmittance 50–52. In such systems, disorder –
and hence localization – is primarily axial instead of transverse. In case of the 1D and 2D photonic systems
examined here, the situation is quite distinct since the disorder is transverse and back-scattering is not
allowed, so that the transmittance is always unity (in the absence of absorption) and the localization is
observed in a plane transverse to the propagation axis.

2.2 Lattice Model
Field propagation along a 1D lattice of parallel waveguides with evanescent nearest-neighbor-only coupling
is given by the coupled equations 47

i

dEx (z)
+ β x Ex + Cx,x−1 Ex−1 + Cx,x+1 Ex+1 = 0,
dz

(2.1)

where Ex (z) is the complex optical field in the xth waveguide (x = − N, . . . , N ) at axial position z, β x
is the propagation constant of waveguide x, and Cx,x+1 is the coupling coefficient between adjacent
waveguides x and x + 1. The evolution of the input field Ei (xi ) to the output Eo (xo ) at z may be written
as Eo (xo ) = ∑xi h(xo, xi )Ei (xi ), where h(xo, xi ) represents the system’s impulse response function after
propagating an axial distance z (see Appendix A). The point spread function (PSF) |h(xo, xi )|2 is the
corresponding output intensity. This formulation may be readily extended to 2D lattices.

7

2.2.1 Disorder Classes
We consider two classes of disorder. The first, diagonal disorder 15, is characterized by constant Cx,x+1 = C
and random β x having a uniform probability distribution of mean β and half width ∆β. The second
class, off-diagonal disorder 53, is characterized by fixed β x = β and random Cx,x+1 having a uniform
probability distribution of mean C and half width ∆C. Both disorder classes exhibit similar behavior in
our investigations; we thus report here results for off-diagonal disorder and relegate those for diagonal
disorder to Appendix A. The findings of this study are presented in terms of dimensionless variables by
writing the coupling coefficients in units of their average C, and the distance z in units of the coupling
length ` = 1/C. Throughout, ∆C ranges from 0 to 1. Lattice sizes are chosen large enough so that all the
central results are independent of lattice size Nt = 2N + 1. Further details are provided in Appendix A.

2.3 Discrete Anderson Speckle – Transverse Coherence
2.3.1 Anderson Localization
To set the stage for examining transverse coherence of discrete speckle in Anderson lattices upon uniform
illumination, we first describe briefly the results of single-waveguide excitation. When disorder is absent
(∆C = 0), ballistic spread leads to an extended output state (Fig. 2.2a). Progressively introducing disorder
into the lattice results in a gradual transition to an exponentially localized state (Fig. 2.2b) manifested in
the pronounced confinement of the mean PSF h|h(xo, 0)|2 i around the excitation waveguide, where h·i
is the ensemble average. In general, similar behavior is observed in 2D lattices (Fig. 2.3a). We define the
localization length σs as the root-mean-square width of the mean PSF. As shown in the inset of Fig. 2.2b
and in Fig. 2.3b, σs decreases monotonically with increasing ∆C at fixed distance z in 1D and 2D lattices.
On the other hand, σs typically increases with z at fixed ∆C until it saturates, a signature of localization,
which happens earlier for large ∆C (Fig. 2.2b, inset). For later reference, we note that for short propagation
distances at intermediate disorder levels, features of both localized and ballistic states coexist.
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Figure 2.2 | Anderson localization in 1D waveguide lattices.
a, PSF I (xo ) = |h(xo , 0)|2 at z = 10 for a 1D periodic array for single-waveguide excitation at xi = 0. Inset is a schematic of the
configuration. b, Mean PSF h I (xo )i = h|h(xo , 0)|2 i for disordered 1D arrays. Insets show the localization length σs as a function
of ∆C (for fixed z = 10) and of z (for fixed values of ∆C). For the values of σs in the insets, 21 points for ∆C and 200 for z are
chosen. a,b, Lattice size Nt = 151.

Figure 2.3 | Anderson localization in 2D waveguide lattices.
a, Mean PSF h I (xo , yo )i = h|h(xo , 0; yo , 0)|2 i for 2D hexagonal (honeycomb) arrays with increasing disorder (from left to right) at
z = 10. For clarity, each panel is normalized separately and convolved with a gaussian function of width 1.6 for better visualization.
b, Localization radius σs as a function of disorder level ∆C. For the values of σs shown, 11 points for ∆C are chosen. a,b, Lattice
size Nt × Nt = 101 × 101.
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2.3.2 Transverse Coherence
We now move on to our investigation of the global statistics of light in Anderson lattices by examining
the case of coherent extended uniform illumination. For a 1D array, Ei (xi ) = 1 and the output field
is Eo (xo ) = ∑xi h(xo, xi ), which is a random function of xo in the case of a disordered lattice; a similar
relation holds for 2D arrays. In the absence of disorder, the extended intensity distribution is invariant with
respect to propagation. Upon introducing disorder, this uniform distribution transitions into a granular
intensity pattern I (xo ) = h|Eo (xo )|2 i defined on the lattice sites – which we call discrete speckle. Examples
of individual realizations for 1D and 2D lattices are shown in Fig. 2.4 and Fig. 2.5, respectively. Several
characteristics are immediately apparent in these results. First, with increasing disorder, the grain size
– which is related to the transverse spatial coherence width – decreases. On the other hand, the speckle
contrast c – defined as the ratio of the standard deviation in the speckle intensity σI to its mean intensity I,
c = σI /I – increases with disorder. These observations are tell-tale signs of a decrease in the transverse
coherence width with increasing disorder. Indeed, these characteristics are shared with conventional
speckle 6.

Figure 2.4 | Discrete speckle in 1D waveguide lattices.
Realizations of discrete speckle at various disorder levels (z = 10) for extended uniform coherent input light. The dotted lines are
ensemble averages. Lattice size Nt = 151.
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Figure 2.5 | Discrete speckle in 2D waveguide lattices.
Individual realizations of discrete speckle at various disorder levels upon extended uniform coherent illumination. Note that the
speckle grain size decreases with increasing disorder. Insets are magnified by a factor of 2. Speckle contrasts are 0, 0.76, 1.22,
1.24 from left to right. Lattice size Nt × Nt = 101 × 101.

Despite the spatially varying intensity distribution |Eo (xo )|2 in the individual realizations for extended
input, the statistical homogeneity of this discrete speckle is clear in the uniform distribution obtained upon
averaging multiple realizations h|Eo (xo )|2 i (the dotted lines in Fig. 2.4). The coherence function at a pair of
positions xo and xo + x in 1D is therefore a function of only the separation x,
G(1) (xo, xo + x) = G(1) (0, x) = hEo∗ (0)Eo (x)i =

hh∗ (0, x0 )h(x, x00 )i.
∑
0 00

(2.2)

x ,x

Its normalized version is the complex degree of coherence g(1) (x) = √

G(1) (0,x)
G(1) (0,0)G(1) (x,x)

, with 0 ≤ |g(1) (x)| ≤

1. In 2D discrete speckle, we similarly write the complex degree of coherence g(1) (r) as a function of the
radial separation distance r shown in Fig. 2.5. For later reference (see Section 2.5, ‘Analytical Model’), we
note that transverse spatial invariance results in the double summation in equation (2.2) separating over
the two impulse response functions, such that G(1) (0, x) = hη ∑x00 h(x, x00 )i, where η = ∑x0 h∗ (0, x0 ) is a
zero-mean, complex random variable.
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We have carried out an extensive computational exploration of the coherence properties of light
propagating in Anderson lattices. Figures 2.6a and 2.7a depict the magnitudes of g(1) (x) and g(1) (r) for
1D and 2D lattices, respectively, revealing a non-zero pedestal |g(1) (∞)| riding on which is a finite-width
distribution. This pedestal |g(1) (∞)| signifies the survival of long-range transverse order; that is, some
level of transverse correlation is maintained regardless of the separation between the pair of waveguides.
Indeed, |g(1) (∞)| decreases monotonically with ∆C until it vanishes altogether at a threshold ∆C value
(Fig. 2.6b for 1D and Fig. 2.7b for 2D).

Figure 2.6 | Transverse coherence for 1D discrete Anderson speckle.
a, Magnitude of g(1) (x) for 1D arrays for various disorder levels ∆C at propagation distance z = 10. b, The long-range-order
coherence pedestal |g(1) (∞)| as a function of ∆C at z = 10. The circles in (b) correspond to the same values of ∆C in a. c,d,
The magnitude of g(1) (x) at various z for ∆C = 0.2 (c) and ∆C = 0.4 (d). The pedestal decreases with z and g(1) (x) becomes
stationary with respect to further propagation. e, |g(1) (∞)| as a function of z at various ∆C. f, Transverse coherence width σc as
a function of ∆C at z = 20. All areas shaded in gray, and also the dashed arrows, indicate the onset of the discrete Anderson
speckle (DAS) regime.
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Figure 2.7 | Transverse coherence for 2D discrete Anderson speckle.
a, Magnitude of g(1) (r) for 2D arrays for various disorder levels ∆C at propagation distance z = 10. b, The long-range-order
coherence pedestal |g(1) (∞)| as a function of ∆C at z = 10. The hexagons in b correspond to the same values of ∆C in a. c,d,
The magnitude of g(1) (r) at various z for ∆C = 0.2 (c) and ∆C = 0.4 (d). The pedestal height decreases with z and g(1) (x)
becomes stationary with respect to further propagation. e, |g(1) (∞)| as a function of z at various ∆C. f, Transverse coherence
width σc as a function of ∆C at z = 20. All areas shaded in gray, and also the dashed arrows, indicate the onset of the discrete
Anderson speckle (DAS) regime.

It is useful at this point to compare the coherence of discrete speckle described above to that of
conventional speckle produced in the arrangement shown in Fig. 2.1a. The random component of the
screen phase φ is typically a Gaussian process with zero mean, variance σφ2 , and spatially invariant
transverse correlation of width xc, which we take as a transverse unit length in analogy to the unit
separation between the waveguides on a lattice. During propagation along z, the field passes through
two regimes. In the first regime where z < 2Nc xc2 /λ (Nc is the size of the illuminating beam in units of
xc and λ is the wavelength), the coherence properties do not change with z. Interestingly, the coherence
function g(1) (x) for conventional speckle contains a pedestal associated with the specular component of
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the field when the thin phase screen has small σφ2 (ref. 6), in analogy to the pedestal resulting from ballistic
propagation in its discrete counterpart for small ∆C (Figs. 2.6a and 2.7a). In conventional speckle, the
pedestal height drops gradually with increased σφ2 for fixed z (similarly to the behavior of |g(1) (∞)| with
∆C in Figs. 2.6b and 2.7b), and gradually vanishes as the field leaves this regime, i.e., z > 2Nc xc2 /λ. In
the far field, g(1) (x) becomes the Fourier transform of the illumination spot and the grain size increases
continuously with z in accordance with the van Cittert-Zernike theorem (Fig. 2.1c).
A distinction between ‘near-’ and ‘far-field’ may be similarly made for discrete speckle based on the
disappearance of the pedestal g(1) (∞). For small distances, g(1) (∞) is non-zero and the discrete speckle
undergoes dynamical changes upon propagation as shown in Fig. 2.6c-d. However, for a given disorder
level ∆C, the pedestal vanishes after some distance z > 5/∆C (Fig. 2.6e) that we determined empirically –
which we take as an indication that the ‘far-field’ has been reached (z > 10/∆β for arrays with diagonal
disorder). Beyond this axial distance, g(1) (x) is stationary and the grain size freezes. This observation is a
glaring departure from conventional speckle where grain size increases upon propagation in the far field.
We call discrete speckle in this regime discrete Anderson speckle, since we will show later that the transverse
coherence width σc here is dictated by the localization length σs. We define the coherence width σc (or
grain size) as the full-width at half-maximum (FWHM) of the steady-state |g(1) (x)| (that is, in the far-field
where the pedestal g(1) (∞) disappears). We find that σc decreases monotonically with ∆C as shown in
Fig. 2.6f. In the near-field, the pedestal in effect reduces the speckle grain size by screening the steady-state

|g(1) (x)|. Freezing of the coherence function with propagation takes place slower in 2D (Fig. 2.7).
To uncover the physics underlying this disorder-induced freezing of the grain size in the discrete
Anderson regime, we compare σc for uniform illumination to the localization length σs resulting from a
single-waveguide excitation. For this comparison, we re-define σs as the FWHM of the mean PSF. We
find that these two very different quantities are in fact linearly proportional σc ≈ 1.3σs (Fig. 2.8). This
may be understood by noting that in the presence of disorder the PSF is a random function with finite
average width 37,41,42. Light emerging from waveguides separated by a distance greater than the PSF
width are likely to have passed through non-overlapping paths of the random array, and should therefore
be uncorrelated. We will present below a general analytical argument that establishes the relationship
between σc for extended illumination to σs for a single-waveguide excitation.
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Figure 2.8 | Correlation between the transverse coherence width and the localization length.
In the discrete Anderson speckle regime, correlation between σs and σc with varying disorder level at z = 20. Here σs is the FWHM
of the mean PSF and σc is the FWHM of the degree of transverse coherence |g(1) (x)|. The axial distance z = 20 is selected such
that the discrete Anderson speckle regime (where |g(1) (∞)| ≈ 0) has been reached for all disorder levels from ∆C = 0.5 to 1.

2.4 Discrete Anderson Localization – Axial Coherence
Further insight may be drawn from a detailed examination of the axial coherence propagation dynamics.
We plot I (xo; z) = |E(xo; z)|2 for three realizations at ∆C = 0.2, 0.4, 1.0 in Fig. 2.9a. The longitudinal
freezing of the transverse discrete speckle is evident for all three cases in the far field, resulting in axial
filamentation of the intensity distribution – corresponding to the non-overlapping uncorrelated paths
along the disordered lattice mentioned above. Evaluation of the axial coherence function G(1) (z, ∆z) =
Σxo hE∗ (xo; z)E(xo; z + ∆z)i reveals that it is in fact independent of z altogether. The normalized axial degree
of coherence |g(1) (∆z)| decays with ∆z at a rate proportional to the disorder level (Fig. 2.9b), so that its
FWHM or axial coherence depth σa drops with disorder (Fig. 2.9c). This behavior is stationary along
z. Finally, a unique aspect of the features described in this Section is that they are evident in individual
realizations, unlike observations of Anderson localization that necessitate ensemble averaging.
We have found that the transverse coherence width σc reaches a steady state in the discrete Anderson
speckle regime and the statistical homogeneity renders it independent of transverse position x. Furthermore, the axial coherence depth σa for a fixed disorder level is independent of axial position z (and is
primarily due to dephasing; see Figs. A.7-A.9 in Appendix A). By combining these findings concerning
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transverse and axial coherence in disordered lattices, we conclude that a coherence ‘voxel’ of fixed volume
exists everywhere along the lattice in the discrete Anderson speckle regime. The volume of this coherence
voxel depends solely on the disorder level ∆C. This behavior is once again a dramatic departure from
that of conventional speckle where the transverse coherence growth in the far field is dictated by the van
Citter-Zernike theorem, and this growth in transverse coherence length is accompanied by a reduction in
the axial coherence length.

Figure 2.9 | Axial coherence in 1D discrete Anderson speckle.
a, Axial evolution of the intensity in individual realizations of 1D lattices with different ∆C. b,c, The amplitude of the axial coherence
function |g(1) (∆z)| (b) and the axial coherence depth σa (c) for different ∆C.
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2.5 Analytical Model
We have shown numerically that the fingerprint of localization exists in the fluctuations of the discrete
speckle emerging from Anderson lattices for an extended coherent input. It may be initially surprising
that a link exists between the localization length (typically associated with a point excitation and averaging
over output intensity) and the transverse coherence width (associated with an extended input and averaging
over field products for pairs of waveguides); see Fig. 2.8. Our goal here is to link the extended-illumination
scheme that has been our focus (Fig. 2.1b) with the more usual single-waveguide excitation strategy (Fig. 2.2).
To elucidate this link, we adapt to our setting a conceptual scheme from quantum optics known as
‘Klyshko’s advanced-wave picture’ 54,55, which is also of use to classical fields. This scheme allows for
the identification of correlation functions of an extended field traversing an optical system with the field
or intensity of a double-pass configuration (backward then forward) of a point source through the same
system.
We start by depicting in Fig. 2.10a the 1D scenario we have investigated in this chapter, whereupon an
extended coherent field traverses a random lattice (∆C = 1). Averaging the output intensity |Eo (xo )|2 over
multiple realizations yields a constant distribution with no localization signature (Fig. 2.2c). Nevertheless,
computing the spatially stationary coherence function G(1) (0, x) by averaging over products of fields from
pairs of waveguides separated by x yields a localized function (independently of xo) of width σc. Referring
to equation (2.2), we write G(1) (0, x) as
forward

G

(1)

}| {
(0, x) = h ∑ h(x, x00 )
z

x00

backward

∑0

z }| {
h∗ (0, x0 ) i.

(2.3)

x

|{z}

averaging

This equation can be interpreted in light of the Klyshko advanced-wave picture as a cascade of the three
steps illustrated in Fig. 2.10b. First, a point excitation at xi = 0 propagates backward through the system
h to the x0 plane, as dictated by the conjugation operation. Second, the output field from this backward
propagation is spatially averaged over x0 to yield the complex random variable η = ∑x0 h∗ (0, x0 ), which
is then equally distributed over points x00 in the input plane for a second pass forward through the
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same realization of the system h. Third, the uniform extended field of amplitude η propagates forward
through h to produce an output random field Ẽ(x) = η ∑x00 h(x, x00 ). Ensemble averaging results in

hẼ(x)i = G(1) (0, x) per equations (2.2) and (2.3).
Let us examine the third step in this cascade, the forward pass. Each waveguide at position x00 is fed
with a noisy field having complex random amplitude η with zero mean. The ensemble average of the
output field in the x-plane contributed by each waveguide is hηh(x, x00 )i. While the ensemble average
of hη i and hh(x, x00 )i (for high disorder levels) is each zero, the average of their product need not be so
since both random variables are generated by the same realization of the disordered lattice. Indeed, since η is
generated by the random lattice environment in the vicinity of x = 0 in the Anderson localization limit,
then it correlates only with h in the same vicinity, while remaining uncorrelated hηh(x, x00 )i ∼ 0 when h
is evaluated away from the origin, as shown in Fig. 2.10b. Consequently, only a few waveguides in the
vicinity of x00 = 0 contribute to the forward pass. Since h produces a localized output for a point excitation,
the few-waveguide excitation here results in a slightly broader localized spot whose width is σc (resulting
from the convolution of the impulse response function with the width of the distribution in Fig. 2.10b). We
have thus established on these grounds that σc is intimately linked with the localization length σs, but is
expected to be slightly larger – as was shown numerically in Fig. 2.8.

18

Figure 2.10 | Heuristic model linking the transverse coherence width to the localization length.
a, Schematic for extended uniform excitation Ei (xi ) = 1 in an array of waveguides resulting in an output field Eo (xo ) having a
narrow transverse coherence function with no pedestal. Here ∆C = 1 and z is taken such that we are in the discrete Anderson
speckle regime. Ensemble averaging of the output intensity h| I (xo )|2 i yields a constant. b, A representation of Klyshko’s
advanced-wave picture in which an unfolded cascade of systems is excited at a single point (xi = 0) and whose output may
be put in correspondence with that of the extended illumination configuration in a. The field propagates backward through the
disordered lattice (as a result of the conjugation in Eq. 2.3) and a spatial average of the output field η = ∑x0 h∗ (0, x0 ) is evaluated.
An extended uniform field with random complex amplitude η propagates forward through the same realization of the lattice to
produce an output field Ẽ(x) whose ensemble average hẼ(x)i corresponds to the coherence function in a. We also plot the
function hηh(x, x00 )i for reference. ∆C = 1. a,b, Ensemble size is 104 .
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We next proceed to an analytical model of discrete Anderson speckle based on modal analysis. Using
the eigenmodes of the lattice coupling matrix, we justify (1) the freezing of the transverse coherence width
σc (and hence the speckle grain size) once the discrete Anderson speckle regime is reached, and (2) the
independence of the axial coherence depth σa from axial position z.
2.5.1 Origin of the Freezing of the Transverse Coherence Width
We analyze the propagation of the field along an Anderson lattice in terms of the eigenmodes and
eigenvalues of the Hermitian coupling matrix H that is defined by the dynamics in equation (2.1) by
writing
i

dE(z)
+ HE = 0,
dz

(2.4)

where E is a vector of length 2N + 1 containing the field amplitudes in the waveguides, and H is a
real symmetric (and hence Hermitian) matrix with the wave numbers along the diagonal and coupling
coefficients off the diagonal. If the eigenmodes and eigenvalues of H are φn (x) and bn , respectively, then
since h = eiHz , the eigenvalue problem is defined for the impulse response function as

∑0 h(x, x0; z)φn (x0 ) = eib z φn (x),

(2.5)

n

x

such that the impulse response function may be expressed as
h(xo, xi; z) = ∑ eibn z φn (xo )φn (xi ).

(2.6)

n

We have made use of the fact that the eigenmodes are real since H is real and symmetric. Using this
definition, we recast the joint transverse-axial coherence function in terms of φn (x) and bn ,
G(1) (0, x; z, z + ∆z) =

hh∗ (0, x0 ; z)h(x, x00 ; z + ∆z)i
∑
0 00

x ,x

=

∑
∑hφn (0)φn (x0 )φm (x)φm (x00 )ei(b −b
0 00
n

x ,x n,m
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m )z

e−ibm ∆z i.

(2.7)

The freezing of the speckle grain size in the discrete Anderson speckle regime is realized at large
propagation distances z when the following condition is satisfied Std[bn ]z & 2π; here Std[·] is the standard
deviation. We expect that Std[bn ] is proportional to ∆C, such that the distance z that satisfies this condition
is inversely proportional to ∆C. In the case of off-diagonal disorder, which we have considered here, the
eigenvalue b0 is excluded from this condition since it remains deterministic with value 0 (ref. 56). This
exclusion is not required in the case of diagonal disorder which is described in Appendix A. We have
found numerically that this limit in lattices with off-diagonal disorder is attained when z > 5/∆C, which
we have taken to define the discrete Anderson speckle regime.
When the condition Std[bn ]z & 2π is met, the difference bn − bm when n 6= m has same order of
magnitude as this standard deviation, but is equal to zero when n = m, therefore implying that upon
ensemble averaging, the impact of the exponential term in equation (2.7) is ei(bn −bm )z → δn,m . Thus, setting
∆z = 0 in the axial regime where z > 5/∆C, equation (2.7) reduces to
G(1) (0, x; z, z) =

∑
∑hφn (0)φn (x)φn (x0 )φn (x00 )i.
0 00

x ,x

(2.8)

n

This equation implies that in the discrete Anderson speckle regime the transverse coherence is a function
of the separation x but not the axial distance z – as demonstrated numerically in Fig. 2.6.
2.5.2 Independence of Axial Coherence Depth from Axial Position
In considering the axial coherence along the lattice, we make use of the transverse stationarity of the lattice
and consider a single lattice site x in equation (2.7), whereupon the axial coherence function is
G(1) (x, x; z, z + ∆z) =

hφn (x)φn (x0 )φm (x)φm (x00 )ei(b −b
∑
∑
0 00

m )z

n

e−ibm ∆z i.

(2.9)

x ,x n,m

By taking a spatial average over x, we obtain a simplified relation

hφn (x0 )φn (x00 )e−ib ∆z i,
∑ G(1) (x, x; z, z + ∆z) = ∑
∑
0 00
n

x

x ,x
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n

(2.10)

in which we used ∑x φn (x)φm (x) = δn,m . Consequently, the axial coherence function averaged over the
transverse coordinate is altogether independent from z. However, since G(1) (x, x; z, z + ∆z) is stationary
in x, its statistical properties are the same as those of ∑x G(1) (x, x; z, z + ∆z). Therefore, the axial coherence
function is independent of z, and as a result its width σa is also independent of z and relies only on ∆z – as
demonstrated numerically in Fig. 2.9.

2.6 Conclusion
We have investigated the evolution of a set of mutually coherent waves traveling through 1D and 2D
disordered lattices of coupled waveguides. The emerging wave forms discrete speckle that is statistically
homogeneous with random intensity distribution on the lattice sites. The disordered lattice structure that
results in Anderson localization when a single waveguide is excited exhibits in the case of an extended
excitation a complete freezing of the discrete speckle grain size after reaching a steady-state, unlike the
usual growth observed in conventional speckle – a regime we refer to as discrete Anderson speckle. Moreover,
axial and transverse coherence are independent of position, resulting in a coherence voxel of fixed volume
independent of its transverse and axial position on the lattice. These results are applicable to a broad host
of photonic systems in which disorder may impact coupling between discrete elements 26,27,37–43. While we
have studied second-order field correlations on a discrete lattice, the new behavior reported here signposts
important vistas to be investigated in the context of higher-corder correlations and photon statistics 57.
Finally, the correspondence between the propagation of light and that of a quantum particle on discrete
lattices 47 has led recently to fruitful exchanges between optical and condensed matter physics 58–64. Our
result, therefore, points to new regimes that may be investigated in other physical systems, ranging from
Bose-Einstein condensates 20 to acoustic lattices 13, where Anderson localization takes place owing to
interference of random waves.
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CHAPTER 3: A PHOTONIC THERMALIZATION GAP∗

The formation of gaps – forbidden ranges in the values of a physical parameter – is common to a variety of
physical systems: from energy bandgaps of electrons in periodic lattices 65 and their analogs in photonic 66,
phononic 67, and plasmonic 68 systems to pseudo energy gaps in aperiodic quasicrystals 69. Here, we
predict a thermalization gap for light propagating in finite disordered structures characterized by disorderimmune chiral symmetry 70 – the appearance of the eigenvalues and eigenvectors in skew-symmetric
pairs. In these systems, the span of sub-thermal photon statistics is inaccessible to input coherent light,
which – once the steady state is reached – always emerges with super-thermal statistics no matter how
small the disorder level. We formulate an independent constraint of the input field for the chiral symmetry
to be activated and the gap to be observed. This unique feature enables a new form of photon-statistics
interferometry: the deterministic tuning of photon statistics via controlled excitation-symmetry-breaking
realized by sculpting the amplitude or phase of the input coherent field.

∗ This chapter is reproduced from Kondakci, H. E. et al. “A photonic thermalization gap in disordered lattices,”

Nature Phys. 11, 930-935 (2015).
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3.1 Introduction
For electrons in crystals, lattice symmetries play a critical role in establishing energy gaps, and introducing
disorder typically diminishes their role 65. One exception lies in certain disorder immune symmetries that
emerge in random matrix theory 71, such as chiral 70 and particle-hole symmetric ensembles 72, which play
decisive roles in diverse areas of physics ranging from superconductivity 73 to quantum chromodynamics 74.
A hallmark of disorder-immune chiral symmetry 71,75 is that the system Hamiltonian can be transformed
into a block off-diagonal matrix representation, corresponding to separate bipartite sublattices 76. We
elucidate this concept in the context of the one-dimensional (1D) disordered tight-binding lattice models
depicted in Fig. 3.1a,b, one of which maintains chiral symmetry. In Fig. 3.1a, coupling between lattice sites
is fixed Cx,x+1 = C̄ (x is the site index and Cx,x+1 is the coupling coefficient between the neighboring sites
x and x + 1) while their energies β x are randomly perturbed–so-called diagonal disorder 15. Alternatively,
these energies may be held fixed β x = β̄, while the couplings are perturbed-so-called off-diagonal disorder
(Fig. 3.1b) 53. Only in the latter case can the Hamiltonian be cast in block off-diagonal form by dividing
the Hilbert space into subspaces of even- and odd-indexed lattice sites. Such lattices provide a setting for
studying disorder-immune chiral symmetry, which is also realized in two-dimensional (2D) lattices such
as square, hexagonal 75,76, and even-sited ring lattices and certain Penrose tilings 77 under conditions of offdiagonal disorder. A Hamiltonian endowed with chiral symmetry features eigenvalues and eigenvectors
that occur in skew-symmetric pairs in every realization of the disorder (see Appendix B). Chiral ensembles
raise fundamental questions regarding the impact on transport of the interplay between disorder and
symmetry. Specifically, can one detect unambiguous traces of the underlying symmetry in the statistics of
the transported wave even at maximal lattice disorder?
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Figure 3.1 | One-dimensional lattices with diagonal and off-diagonal disorder.
a,b, Coupled potential wells representing one-dimensional lattices characterized by diagonal (a) and off-diagonal (b) disorder,
their corresponding Hamiltonians H, and the associated rearranged block off-diagonal matrix forms. We assume nearest-neighbor
coupling only. c, Schematic representation of 1D random lattice of coupled optical waveguides excited from a single lattice site,
corresponding to a tight-binding model with off-diagonal disorder. Color represents the intensity for a single realization of disorder

In investigating these questions, optics provides a particularly useful platform to explore random
matrix theory and the ramifications of disorder-immune symmetries. Because the randomness of the
lattice influences the propagating light wave, the emerging random light must be described using the
tools of statistical optics and optical coherence theory. Starting from the Helmholtz wave equation for
monochromatic light, we obtain a Schrdinger-like equation in the paraxial limit 25,26,

i

1
∂A
+
∇2 A + k0 ∆n(x, y) A = 0,
∂z
2k0 n0 T

(3.1)

where the axial propagation coordinate z plays the role of time, ∇T is the transverse Laplacian along the x
and y coordinates, A(x, y, z) is the slowly varying optical field envelope, k0 is the free-space wave number,
and ∆n(x, y) is an axially invariant perturbation to an averaged refractive index n0 (ref. 26). If the index
features continuous but localized perturbations forming a disordered lattice, then the system is akin to a
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set of parallel coupled waveguides. Assuming the perturbations allow for single-mode waveguides with
nearest-neighbor-only coupling, then the above equation can be mapped onto a set of coupled equations
for the complex amplitudes Ex at the lattice sites (see Appendix B) 27,

−i

dEx
= β x Ex + Cx,x+1 Ex,1 + Cx,x−1 Ex−1.
dz

(3.2)

In a finite-width lattice of 2N + 1 waveguides, labeled x = − N, ..., N, β x is the propagation constant
of the xth waveguide mode and Cx,x+1 is the coupling coefficient of waveguides x and x + 1. This
’discretized’ model (equation (3.2)) of the paraxial Helmholtz equation (equation (3.1)) allows us to obtain,
in a photonics setting, tight-binding Hamiltonian models with precise control over their disorder–leading
to optical realizations of Anderson localization 26,27,46,57 and topological insulators 63, among a wealth of
examples 40,42,78,79. We adopt here these arrays of coupled optical waveguides as the realization of choice
(Fig. 3.1c) 46–but our results are applicable to other embodiments 26,38–40.
One intuitively expects that monochromatic light propagating along a transversely disordered lattice
of the kind described above will gradually become spatially randomized 80. Here, the randomness is not
manifested as time fluctuations, but rather as uncertainty defined in the probability space of disorder
realizations. This model is commonly used in optical coherence theory 2 to describe light propagation
through a random inhomogeneous medium or scattering from a rough surface and forming a speckle
pattern. The propagating light can acquire thermal statistics much like thermal light emitted from a
blackbody radiator or resulting from the interference of many independent random electromagnetic wave
packets. Because it remains monochromatic and does not exhibit time fluctuations, it is often referred to as
pseudo-thermal light. Would the light transmitted in a disordered lattice ultimately thermalize, regardless
of any inherent disorder-immune symmetry? In this chapter, we unveil a surprising optical phenomenon
manifested in the intensity statistics, and the associated photon statistics, when the disordered lattice
has underlying chiral symmetry. Instead of the expected gradual loss of coherence with increasing
disorder, detailed numerical calculations and analytical modeling reveal that an abrupt transition occurs
in the intensity statistics-from coherent light to superthermal light-for vanishingly small values of offdiagonal disorder when the steady state is reached. In other words, there is a thermalization gap-the
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sub-thermal range is inaccessible regardless of the disorder level. This gap does not exist in systems
lacking chiral symmetry (for example, diagonal disorder). These phenomena are robust and they emerge
in finite lattices with even a few sites. Furthermore, chiral symmetry is a necessary but not sufficient
condition for the emergence of a photonic thermalization gap: the input field distribution itself must
satisfy an independent constraint. We exploit this feature to devise a methodology for photon-statistics
interferometry: deterministic tuning of the intensity and photon statistics in a compact device by simply
controlling the amplitude or phase of a coherent input field.

3.2 Photonic Thermalization Gap
We start by evaluating the statistics of the intensity Ix (z) at site x and axial position z when a single site
x = 0 is excited at z = 0 by a monochromatic coherent field (Fig. 3.1c). Even though the transmitted
light remains monochromatic and its intensity undergoes no temporal fluctuations as it travels through
the disordered lattice, its coherence properties, defined in terms of ensemble averages, are significantly

(2)
altered. We choose the normalized intensity correlation gx (z) = h Ix2 (z)i h Ix (z)i2 as a measure of intensity
uncertainty, where h·i denotes ensemble averaging 2. Randomness of the associated photon number nph is
characterized by the Fano factor

F = Var(nph ) hnph i = 1 + hnph i(g(2) − 1),

(3.3)

which is also a measure of photon bunching 3, the tendency of photons to arrive together and become more
correlated when g(2) increases. For coherent light g(2) = 1 and F = 1, whereas for thermal light g(2) = 2
and F = 1 + hnph i. By convention, the mutually exclusive spans of 1 < g(2) < 2 and 2 < g(2) are associated
with subthermal and super-thermal light, respectively 2. Here, the terms sub-thermal and superthermal
refer to levels of intensity and photon-number uncertainties compared to those characterizing thermal
light. The disorder level in a lattice with off-diagonal (diagonal) disorder is quantified by the half-width
∆C (∆β) of the probability distribution around the mean C̄ (β̄) of the random coefficients Cx,x+1 (β x ), and
we assume that the probability distribution is uniform. We use dimensionless variables by writing the

27

coupling coefficients and propagation constants in units of C̄ and the propagation distance z in units of
the coupling length 1/C̄.
It is important to note that no qualitative features of the averaged intensity h Ix (z)i depend on chiral
symmetry in transversely disordered lattices 37,57,80 (see Appendix B Fig. B.1). However, the higher-order
(2)

statistics captured in g0 (z) at the central waveguide x = 0 reveals a clear demarcation-in its dependence
on both z and disorder level-between diagonal and offdiagonal disorder. Using two color palettes to
distinguish the domains of sub-thermal and superthermal statistics, Fig. 3.2 shows that the optical wave
generally evolves to super-thermal light for off-diagonal disorder, and to sub-thermal light for diagonal
disorder.

Figure 3.2 | Domains of sub-thermal and super-thermal statistics.
(2)
a,b, Normalized intensity correlation g0 (z) at the excitation site (x = 0) as a function of disorder level and the propagation
distance z in the case of off-diagonal (a) and diagonal disorder (a) for lattice size 2N + 1 = 51. Off-diagonal disorder mainly
exhibits super-thermal statistics (blue-black colour scheme) whereas diagonal disorder exhibits sub-thermal statistics (white-red
colour scheme). Ensemble size is 106
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(2)

(2)

In determining the asymptotic behavior of g0 (z) at large z, or g0 (∞), we first set a criterion for
reaching the steady state, whereupon the mean intensity becomes stationary. If the eigenvalues and
eigenmodes (or, simply, modes) of the lattice Hamiltonian are {bn } and {φn (x)}, we take the steady
state to be the distance at which σn z  2π for all n, where σn is the standard deviation of the eigenvalue
(2)

bn (see Appendix B). Using this criterion, g0 (∞) undergoes an abrupt jump from unity to 3 at low
off-diagonal disorder levels, followed by a gradual drop to 2 with increasing disorder level ∆C (Fig. 3.3a);
(2)

the thermalization gap 1< g0 (∞)< 2 is evident. That is, the transmitted light is either coherent, under
conditions of perfect lattice periodicity, or super-thermal at any level of disorder. For diagonal disorder,
on the other hand, the jump occurs from unity to 2 followed by a monotonic decay back to unity with
increasing disorder level ∆β, and no gap appears.
(2)

The statistical measure g0 is a single scalar descriptor of the intensity statistics and-despite its utility–
does not constitute a complete representation of the field. A unique description requires knowledge of the
full photon-number distribution P(nph ), which we have plotted in Fig. 3.3b for selected disorder levels
in the asymptotic regime. A sudden transition takes place between the Poissonian statistics in a periodic
lattice to super-thermal (sub-thermal) statistics in lattices with (without) chiral symmetry. Diagonal
disorder witnesses a transition to an exponential probability distribution of intensity P( I ) = (1/µ)e−( I/µ)
associated with Bose-Einstein statistics of the photon number

P(nph ) =

µnph
,
(1 + µ)nph +1

(3.4)

where µ = hnph i is the average photon number. On the other hand, off-diagonal disorder engenders
p
a Gaussian-square probability distribution of intensity P( I ) = (1/ πµI )e−( I/µ) and a modified BoseEinstein photon statistics 3
P(nph ) =

(2nph − 1)!!
µnph
.
nph
nph !2
(1 + µ)nph +1/2
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(3.5)

Figure 3.3 | Emergence of a thermalization gap in disordered lattices.
(2)
a, Asymptotic normalized intensity correlation g0 (∞) at the excitation site (x = 0) as a function of the disorder level in the case
of off-diagonal (left) and diagonal disordered (right) lattices. 2N + 1 = 51 and z = 104 (satisfying the steady-state criterion). A
(2)
thermalization gap emerges between g0 (∞) = 1 and 2 in off-diagonal disordered lattices. Insets highlight the abrupt jump in
(2)

g0 (∞), dashed lines are obtained from a theoretical model in the low-disorder limit (see text for details), and error bars denote
(2)

the standard deviation in g0 over the entire ensemble of realizations within the vicinity of z = 104 . b, Photon number distributions
P(nph ) corresponding to a for a coherent input with a fixed mean photon number µ ≈ 680 at the input. Insets show P(nph ) for
selected disorder levels on a semi-log scale in the case of off-diagonal (left) and diagonal (right) disordered lattices. a,b, Ensemble
size is 106 .

The marked distinction between off-diagonally and diagonally disordered lattices has its origin
in the disorder-immune chiral symmetry underlying the former–as revealed in their eigenvalues and
modes. Chiral symmetry in the system at hand results in mode-pairing such that bn = −b−n and
φn (x) = (−1)x φ−n (x) for all n and x (ref. 57). This skew-symmetry in mode pairs extends to all disorder
levels and is valid for each individual realization from a statistical ensemble. There is no such constraint
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on lattices with diagonal disorder, where the eigenvalue spectrum has chiral symmetry only on average,

hbn i = −hb−n i (see Appendix B).

3.3 Effect of the Lattice Size
To place our findings on a secure foundation, we have established a theoretical model that utilizes this
distinction in the limiting cases of low and high disorder. In the former, we make use of perturbation
theory, whereas in the latter we exploit the exponential localization of the random lattice modes. In both
cases, the deterministic symmetry that distinguishes chiral ensembles contributes to an increase in field
(2)

correlations and hence higher g0 , whereas lowerorder statistics quantified by the average intensity are
impervious to the influence of this disorder-immune symmetry. Furthermore, our analytical model reveals
(2)

the dependence of g0 on the lattice size. The details are involved and are provided in Appendix B. Here
(2)

we give the analytical formulae for the asymptotic values of g0 as a function of the lattice size 2N + 1 in
the low-disorder limit,
diagonal:
off-diagonal:

1
N+1
3
p
(2)
g0 (∞) = 3 −
+
N + 1 ( N + 1)2
(2)

g0 (∞) = 2 −

(3.6)

and in the high-disorder limit,
diagonal ∆β ≈ 4 :
off-diagonal ∆C ≈ 1 :

1 2N
3 2N + 1
1
24 p
(2)
g0 (∞) = 2 −
+
2N + 1 (2N + 1)4
(2)

g0 (∞) = 1 +

(3.7)

Here p = 0 (p = 1) when p is odd (even). These analytic formulae are compared to simulated ensemble
averages in Fig. 3.4 with excellent agreement between the two. We find that the thermalization gap
emerges even in small-sized lattices with approximately 15 sites and does not require an infinite lattice.
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Figure 3.4 | Asymptotic normalized intensity correlation as a function of lattice size.
(2)
a, Plots of the normalized intensity correlation g0 (∞) in the steady state in off-diagonal disordered lattices. Squares (diamonds)
correspond to a low-disorder (high-disorder) level. The background color is associated with the palette used in Fig. 3.2 and aim at
highlighting the regimes of super-thermal (top-half, blue palette) and sub-thermal (bottom-half, red palette) statistics. b, Same as
a, except that lattices with diagonal disorder are considered. a,b, Dotted lines are based on an analytical model (see Appendix B)
given in equations (3.6) and (3.7). Ensemble size is 106 and asymptotic propagation distance z = 104 .
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3.4 Deterministic Control of Photon Statistics
The results presented thus far have assumed that only a single site is excited, which is a highly symmetric
configuration, and it is not clear a priori whether the concept of a thermalization gap extends to an arbitrary
excitation. We have found that only certain classes of field excitations unlock or activate the underlying
chiral symmetry of the Hamiltonian, thereby enabling access to super-thermal statistics. A necessary
condition to activate the chiral symmetry is for the mode pairs with indices ±n to be excited with equal
strength. If we write the input field Ex (z = 0) in terms of the lattice modes Ex (0) = ∑nN=−N cn φn (x), where
cn is the amplitude of the nth mode, then a single-site excitation Ex (0) = δx,0 results in cn = φ(0) (all the
modes φn (x) and eigenvalues bn are real). In this case, |cn | = |c−n | and the chiral symmetry is activated. A
sufficient condition for an input field to activate chiral symmetry is that the amplitudes at neighboring sites
differ in phase by ±(π/2) (see Appendix B). Guided by this principle, we can devise field distributions
that activate or break the chiral symmetry of the systems Hamiltonian, thereby determining the accessible
spans of photon statistics at the output of a single system.
In the first approach, we consider a two-site excitation with amplitudes E0 and E1 at sites 0 and 1,
respectively (Fig. 3.5a). Varying the relative phase θ for equal-amplitude excitation, E1 = eiθ E0, results
in c±n ∝ φn (0) ± eiθ φn (1), and the requirement |cn | = |c−n | is satisfied only when θ = ±(π/2). At these
(2)

values g0 attains a maximal value, while minima are reached when θ = 0 or π corresponding to maximal
(2)

chiral-symmetry-breaking. In a compact device, a lattice with 51 sites and length z = 10, one may tune g0

continuously between 1.6 (subthermal) through 2.5 (super-thermal) for an off-diagonal disorder level of
∆C = 0.5 (Fig. 3.5b). Alternatively, by varying the relative amplitude η = E1 /E0 of the two-site excitation
with no relative phase, the modal weights c±n ∝ φn (0) ± ηφn (1) imply gradual chiral-symmetry breaking
from η = 0 to 1 (Fig. 3.5c).
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Figure 3.5 | Chiral-symmetry-breaking in disordered photonic lattices with two-point excitation.
a, Schematic representations of photonic lattices with two-point excitation at x= 0 and 1, denoted E0 and E1 , respectively. Color
(2)
represents the intensity for a single realizations. b, Normalized intensity correlation g0 (z = 10) as a function of the relative
(2)

phase θ between E0 and E1 when |E0 | = |E1 |. c, g0 (z = 10) as a function of the ratio of the input field amplitude η = E1 /E0
when E0 and E1 are in phase. d,e, Photon number distributions corresponding to the tuning of intensity correlations for ∆C = 0.5.
b-e, lattice size is 2N + 1 = 51 and ensemble size is 106 .
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In the second approach, the whole array is illuminated (Fig. 3.6a) and the lattice sites are divided into
even- and odd-indexed subsets (corresponding to bipartite lattices). The excitation amplitudes within
each subset, Eeven and Eodd, respectively, are all equal in amplitude and inphase. We consider the impact
of varying the relative phase between Eeven and Eodd when they are equal in amplitude (Fig. 3.6b) and
varying their relative amplitude when they are in phase (Fig. 3.6c). The results are similar to those obtained
for the two-site excitation scheme (Fig. 3.5b,c), except that the tuning of the photon statistics applies
at the output to all the lattice sites (except near the edges). Figures 3.5d,e and 3.6d,e depict photon
number distributions for ∆C = 0.5 with a mean photon number of 10 corresponding to Figs. 3.5b,c and
3.6b,c , respectively. This configuration highlights several critical features of our work. The tuning of the
statistics is not a consequence of varying the average intensity, which is fixed, nor the lattice disorder level,
which is also fixed. Instead, the underlying chiral symmetry is either activated, thereby granting access to
super-thermal statistics, or is gradually de-activated, dropping to sub-thermal statistics.
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Figure 3.6 | Chiral-symmetry-breaking in disordered photonic lattices with extended excitation.
a, Schematic representations of photonic lattices with extended excitation. Color represents the intensity for a single realizations.
(2)
b, Normalized intensity correlation g0 (z = 10) as a function of the relative phase θ for Eodd = eiθ Eeven , where Eodd and Eeven
(2)

denote collectively the odd and even lattice sites, respectively. c, g0 (z = 10) as a function of the relative amplitude η = Eodd Eeven
when Eodd and Eeven are in phase, where Eodd and Eeven denote collectively the odd and even lattice sites, respectively.
d,e, Photon number distributions corresponding to the tuning of intensity correlations for ∆C = 0.5. b-e, lattice size is 2N + 1 = 51
and ensemble size is 106 .
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3.5 Conclusion
Our findings reveal profound consequences of the interplay between disorder and symmetry in lattices that
are revealed when high-order statistics are probed, but hidden in the usual averaged intensity. Disorderimmune symmetries in particular may impact photon statistics in counter-intuitive ways, as we have
shown here in the class of 1D chiral ensembles. Experimental realization of these predictions is within the
reach of current photonic fabrication capabilities whether in the context of coupled waveguides 26,27,38,46,57,
resonators 39, photonic crystals 40, or photorefractive arrangements 26. Fascinating questions related to
entropy generation in the field, the potential impact of nonlinearities induced in the lattice at high fluence
levels, the effect of time-varying potentials, and the evolution of non-classical light such as spatially
entangled photons pairs or Fock states in chiral lattices can now be pursued. The question of the
existence of disorder-immune symmetries and the associated thermalization gapin quasicrystals 69 and
incommensurate Aubry-André lattice models 81,82 is intriguing. Finally, although we have couched our
results in an optical setting, they may be readily mapped onto other physical systems by virtue of the
generic tight-binding model we have adopted.
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CHAPTER 4: PHOTON-STATISTICS INTERFEROMETRY∗

Monochromatic coherent light traversing a disordered photonic medium evolves into a random field
whose statistics is dictated by the disorder level. Here, we demonstrate experimentally that photon
statistics can be deterministically tuned in certain disordered lattices even when the disorder level is held
fixed – by controllably breaking the excitation-symmetry of the lattice modes. We exploit a lattice endowed
with disorder-immune chiral symmetry in which the eigenmodes come in skew-symmetric pairs. If a
single lattice site is excited, a ‘photonic thermalization gap’ emerges: the realm of sub-thermal photon
statistics is inaccessible regardless of the disorder level. However, by exciting two sites with a variable
relative phase, as in a traditional two-path interferometer, the chiral symmetry is judiciously broken and
interferometric control over the photon statistics is exercised, spanning sub-thermal and super-thermal
regimes. These results may help develop novel incoherent lighting sources from coherent lasers.

∗ This

chapter is reproduced from Kondakci, H. E. et al. ”Photon-statistics interferometry in disordered lattices,” submitted
manuscript.
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4.1 Introduction
In optical interferometry, typically two beams are combined with a relative phase that sinusoidally
modulates the intensity 83. This general scenario – fundamental to optics – is depicted in Fig. 4.1a,b. If
the interferometer is replaced by a random network with multiple input and output channels (Fig. 4.1c),
varying the phase between two or more coherent incident fields is not anticipated to yield interferometric
control over the exiting field on average. Moreover, we expect that the higher-order optical statistics,

such as the normalized intensity correlation g(2) = h I 2 i h I i2, to be altogether independent of the input
phases after traversing this random system; I is the intensity and h·i denotes ensemble averaging 5. In
certain cases, modulating the input field via feedback 29,31 can help control some features of the output
of a random system 36,84–87. To date, such schemes have focused solely on the intensity and not on the
higher-order intensity correlations. A wide range of applications would be served, however, by exercising
facile control over the photon statistics, ranging from producing laser-driven white lighting 88 to generating
beams with low-spatial coherence 32,89 or non-Rayleigh speckles 90 for bio-imaging.
Here, we report on a class of random photonic networks that – counter-intuitively – enables deterministic
interferometric control over the light’s statistics without modifying the disorder level of the network itself.
Indeed, by altering the phase between two mutually coherent input beams, the higher-order correlations
of the emerging light are tailored while maintaining a fixed mean intensity (Fig. 4.1d). In this scenario,
varying the relative input phase results in sinusoidally modulating g(2) – just as the intensity in two-path
interferometry changes sinusoidally with the phase (Fig. 4.1b). This remarkable behavior is realized
in a class of random media constrained by a disorder-immune symmetry known as ‘chiral symmetry’,
whereupon the eigenmodes occur in skew-symmetric pairs whose eigenvalues are equal in magnitude but
opposite in sign in each realization of the disordered ensemble 56,70,91.
Surprising phenomena emerge in such symmetry-constrained disordered lattices. Consider illuminating a single lattice site (corresponding to one input in Fig. 4.1c), which guarantees that the modes in each
chiral pair are excited with equal weights 57. Instead of the expected gradual increase in speckle contrast
(quantified by g(2) ) at the output with increasing disorder, we have recently predicted that an abrupt climb
in g(2) to super-thermal statistics (g(2) = 3) occurs at asymptotically low amounts of disorder, followed by
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a gradual reduction to thermal or pseudo-thermal statistics (g(2) = 2) upon increasing the disorder level 92.
Such a random medium therefore witnesses the emergence of a photonic thermalization gap: the range of
sub-thermal statistics (1 < g(2) < 2) is inaccessible to traversing light. Observation of this gap is predicated,
however, on satisfying the modal excitation-symmetry condition. Breaking the excitation-symmetry, for
example by illuminating two sites with a relative phase, allows for g(2) to be varied above and below the
edge of the thermalization gap 92.

Figure 4.1 | Photon-statistics interferometry in random networks.
a, Schematic of traditional two-path interferometry. Coherent fields with a relative phase θ interfere in a deterministic system
(depicted here as a simple beam splitter). b, The output intensity I varies sinusoidally with θ. The field remains coherent and
g(2) = 1. c, Photon-statistics interferometry in a disordered system. Just as in a, two coherent fields with relative phase θ enter the
system. d, While the ensemble averaged intensity h I i at the output is independent of θ, g(2) varies sinusoidally with it, resulting in
a photon-statistics interferogram.

We thus introduce a novel form of interferometry, photon-statistics interferometry, that is mediated by
the class of disordered systems endowed with chiral symmetry. Starting with monochromatic coherent
light for which g(2) = 1, coherent control at the input tunes g(2) at the output above and below the value
g(2) = 2 upon averaging over an ensemble of realizations, thereby spanning the regimes of sub-thermal and
super-thermal statistics 92. In our experiments, we demonstrate this principle in a well-controlled model:
a lattice of evanescently coupled identical waveguides with random couplings (so-called off-diagonal
disorder) 37,53,93. By illuminating two neighboring waveguides with coherent light of equal amplitude
and variable relative phase, we change the weights of the excited modes. While some coherent field
distributions exploit the symmetry constraints to alleviate the randomization effect, others augment the
fluctuations of the emerging light.
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4.2 Lattice Model
Our photonic system is modeled after the generic tight-binding lattice illustrated in Fig. 4.2a. We consider
a one-dimensional (1D) array of identical waveguides (having the same wave number β̄) with nearestneighbor-only coupling (Fig. 4.2b). In matrix form, the dynamics of field propagation in the interaction

picture is given by −idE dz = HE, where E = {Ex (z)}xN=−N is a vector containing the complex-field
amplitudes at the lattice sites x at axial position z, and H is the Hamiltonian, a coupling matrix in tridiagonal form by virtue of nearest-neighbor-only coupling 26,27,46,47,57. The field evolution can be expressed
succinctly in terms of the eigenvalues bn and the orthonormal eigenmodes ϕn (x) of H, Hϕn (x) = bn ϕn (x).
If the input field is Ex (0) = ∑n cn ϕn (x), where {cn } are the complex mode-excitation amplitudes, then
Ex (z) = ∑n cn ϕn (x)eibn z and the intensity is Ix (z) = |Ex (z)|2. We may rearrange H here into a block
off-diagonal matrix (Fig. 4.2a), which is a hallmark of chiral ensembles 56,70,91: it entails that the eigenvalues
occur in anti-symmetric pairs b−n = −bn and the associated eigenmodes satisfy ϕ−n (x) = (−1)x ϕn (x).

We consider here lattices with off-diagonal disorder having a normalized disorder level ∆C = W C̄, where
W is the half-width of a uniform probability distribution for the random coupling coefficients of mean
C̄. Crucially, the characteristic features of chiral ensembles are disorder-immune; i.e., they hold for each
realization from a disordered ensemble 56.

4.3 Photonic Thermalization Gap
Disorder-immune chiral symmetry has a critical impact on the statistics of light emerging from the
lattice 92. To characterize the strength of fluctuations in the optical field at lattice site x and axial position

(2)
z, we make use throughout of the normalized intensity correlation gx (z) = h Ix2 (z)i h Ix (z)i2 (ref. 5).
Indeed, the uncertainty in the photon-number distribution associated with g(2) is given by the Fano factor

F = Var(nph ) hnph i = 1 + hnph i(g(2) − 1), where nph is the photon number and Var(·) is the variance 2.
As such, coherent light (Poisson photon-number distribution) is characterized by g(2) = 1 and incoherent
(thermal) light by g(2) = 2 (exponential photon-number distribution). The ranges 1 < g(2) < 2 and
g(2) > 2 delineate by convention sub-thermal and super-thermal light statistics, respectively.
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Figure 4.2 | The lattice model and photonic thermalization gap.
a, Coupled potential wells with random couplings and fixed site-energies represent an off-diagonal disordered lattice. Assuming
nearest-neighbor-only coupling, the Hamiltonian H is a tri-diagonal matrix, which can be rearranged in block off-diagonal form in
the interaction picture, a signature of chiral symmetry. b, A waveguide array with off-diagonal disorder is coherently excited at two
sites. The color along the waveguides represents the calculated intensity in a logarithmic scale. c, Calculated g(2) at x = 0 as a
function of disorder level ∆C. The solid black line corresponds to single-waveguide excitation (x = 0) in the steady state (z → ∞),
while dashed lines represent g(2) at zC̄ = 10 when two neighboring waveguides (x = 0 and 1) are excited, E1 (0) = eiθ E0 (0), for
θ = 0, π/4, and π/2. The ensemble size is 105 . d, The mean mode-excitation amplitudes h|cn |i are asymmetric (left) around
n = 0 for θ = 0 and π and are symmetric (right) when θ = −π/2 and π/2.

When a single waveguide is excited with coherent light in a lattice with off-diagonal disorder, the output
field in the same waveguide exhibits only super-thermal statistics even for small-sized lattices 2N + 1 & 15.
In fact, numerical and theoretical analyses 92 indicate that in the steady state g(2) → 3 when ∆C → 0,
while g(2) → 2 when ∆C → 1 (solid black line in Fig. 4.2c). In other words, a photonic thermalization
gap opens up in this class of disordered lattices: the range of sub-thermal statistics is inaccessible. In
disordered systems lacking chiral symmetry, as in diagonally disordered lattices 15 (dissimilar waveguides
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with identical couplings), the span of sub-thermal statistics is accessible in the excitation waveguide while
the super-thermal is not. In such lattices, the photonic thermalization gap is absent.

4.4 Chiral-symmetry Activation
Observing this photonic thermalization gap in a lattice with off-diagonal disorder is subject, however,
to first activating the chiral symmetry, which requires that the illumination satisfy a symmetric-excitation
condition, |cn | = |c−n |; that is, both modes in each chiral pair are excited with equal weights. This
condition guarantees that the relative phase between the fields at any two neighboring sites for all z is
always ±(π/2), which can be shown to produce only super-thermal statistics (Appendix C). One example
that satisfies this condition is that of single-site excitation described above. On the other hand, when the
mode-excitation is asymmetric, |cn | 6= |c−n |, then chiral symmetry remains dormant, or is de-activated,
which may allow access to sub-thermal statistics 92. The phases between adjacent lattice sites are no longer
constrained and can take on arbitrary values. In fact, the field dynamics in a disordered lattice with
chiral symmetry but broken excitation-symmetry can resemble that of a lattice lacking chiral symmetry
altogether.
A simple field structure that enables tailoring the photon statistics is that of two-site excitation. In our
study, we excite neighboring waveguides at x = 0 and 1 coherently with equal amplitudes and relative
phase θ, E1 (0) = eiθ E0 (0) (Fig. 4.2b). In this case, c±n = ϕn (0) ± eiθ ϕn (1), which satisfies the symmetricexcitation condition only when θ = ±(π/2). Gradually increasing θ from 0 to π/2, thereby decreasing the
violation of excitation-symmetry, reduces g(2) as depicted in Fig. 4.2c (dashed lines). Excitation-symmetry
is further confirmed directly through the modal decompositions shown in Fig. 4.2d.

4.5 Photon-Statistics Interferometry
The output field amplitude at x = 0, E0 (z) = E0,0 (z) + ieiθ E0,1 (z), receives contributions E0,0 (z) =
∑nN=1 φn2 (0) cos(bn z) and E0,1 (z) = ∑nN=1 φn (0)φn (1) sin(bn z) from input sites 0 and 1, respectively, by
virtue of the linearity of the system. The relative phase θ is imposed externally, while the (π/2)-phase is a
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consequence of chiral symmetry. Critically, this (π/2)-phase occurs in every realization, such that the mean
output intensity is

h I0 (z)i = h I0,0 (z)i + h I0,1 (z)i − 2 sin θ hE0,0 (z)E0,1 (z)i,

(4.1)

where I0,0 (z) = |E0,0 (z)|2 and I0,1 (z) = |E0,1 (z)|2 (see Appendix C for the general case of x 6= 0). The
last term in equation (4.1) vanishes in general at all output sites for large z, thereby rendering the mean
intensity an incoherent sum of contributions h I0,0 (z)i and h I0,1 (z)i from the two input sites, which renders
the output independent of θ. The dependence of the output field on θ nevertheless remains prominent
when examining g(2) , which has the form
(2)

g0 (θ ) = α − β cos 2θ.

(4.2)

The result is thus a photon-statistics interferogram (Fig. 4.1d) with period half that of the corresponding intensity interferogram from a typical deterministic interferometer (Fig. 4.1b). Unlike intensity interferograms
where the visibility captures the relative swing in values, the absolute values of g(2) are meaningful. The

(2)
(2)
real, positive constants α and β in equation (4.2) are α = η0 g0,0 + η1 g0,1 + 2β and β = 2h I0,0 I0,1 i h I0 i2,

(2)
where g0,j is the normalized intensity correlation at x = 0 due to excitation at site j, ηj = (h I0,j i h I0 i)2 is
the squared fraction of input power contributed by site j, and I0 = I0,0 + I0,1 is the total input power.

4.6 Experiment
The photonic lattice in our experiment is a femtosecond-laser-written waveguide array 94 consisting of 101
identical 49-mm-long waveguides with nearest-neighbor evanescent coupling. The numerical aperture
of the waveguides is 0.06 and their average separation is 17 µm (C̄ ≈ 0.71 cm−1 at a wavelength of
λ = 632 nm). The values of the coupling coefficients are selected from a uniform probability distribution
function with ∆C ≈ 0.6 and ensemble averaging is produced by translating the array in the transverse
x direction for 30 realizations (Fig. 4.3) 37. A laser beam at λ = 632 nm is split into two paths with
controllable separation and relative phase, which are coupled to pairs of adjacent waveguides through a
25× microscope objective. A CCD camera records the output intensity distribution after magnification
by a factor of 8, while the output at x = 0 is concurrently imaged to a multimode fiber for a precise
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power measurement. Samples of the intensity distributions for different disorder realizations are given in
Fig. 4.4a for a relative phase θ = 0. Despite the disorder, the mean intensity distribution in the vicinity of
the excitation waveguides x = 0 and 1 is stable (Fig. 4.4b) as a result of Anderson localization.

Figure 4.3 | Experimental setup.
A single-mode coherent beam from a He-Ne laser is split equally in two paths, a phase shift θ is introduced, and the two beams
are then imaged into two neighboring waveguides within an array. The different disorder realizations are produced by translating
the waveguide array along x and ensuring that the input beams are re-aligned for each configuration. After magnification, the
waveguide-array output is imaged to a CCD camera, and a single waveguide at x = 0 is separately imaged to a multimode fiber.

We now proceed to exploit coherent control over chiral-symmetry-breaking to demonstrate photonstatistics interferometry – deterministic tuning of the normalized intensity correlation g(2) . To demonstrate
continuous tuning of light statistics, we obtain the intensity distributions I (x, θ ) for each disorder realization
while varying θ in steps of π/16, three realizations of which are shown in Fig. 4.4c-e. Since the different
realizations involve translating the array laterally with respect to the input beams, it is critical to identify a
reliable reference for the phases across all the realizations. To address this challenge, we exploit a feature
of the measurements acquired from individual realizations but which normally disappears after ensemble
averaging, namely the interference term in equation (4.1). This term enables identifying the relative values
of θ between different realizations (modulo a phase of π; Appendix C).
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Figure 4.4 | The dependence of the output intensity across the lattice on the input relative phase.
a, Color plots depicting the intensity distributions for 9 different disordered lattice realizations captured by a CCD camera. Each
plot represents a single realization when two input lattice sites illuminated with the relative phase θ = 0. b, An ensemble average
obtained from 30 realizations. c-e, Color plots depicting the output intensity distributions I (x, θ ) while varying the input relative
phase θ for three different disorder realizations. Each row is generated by integration along the y-direction of the CCD images
(such as those in a). The three color plots are normalized to the same peak value. The arrows at the top identify the input
waveguides. f, The ensemble average (30 realizations) of the intensity distribution h I (x, θ )i. The dashed white lines are guides to
the eye highlighting the variation in the spatial offset of the mean intensity distribution with θ.

(2)

We evaluate the normalized intensity correlation g0 (θ ) using the intensity measurements collected by
the multimode fiber, and present the experimental photon-statistics interferogram in Fig. 4.5a. We obtain
(2)

a tuning-range of g0 spanning ≈ 1.7 to 2.4 – from sub-thermal (g(2) < 2) to super-thermal (g(2) > 2).
Numerical simulations for an ensemble size of 105 are in good agreement with the measurements except
(2)

for a small vertical offset in the value of g0 . The origin of this discrepancy can be traced to two effects: the
finite size of the measurement ensemble and a mismatch between the excitation values at the two input
waveguides (which is deduced from the unequal output intensities at x = 0 and 1, Fig. 4.4b; Appendix C).
(2)

We have simulated the probability distribution of g0 for a small ensemble size (30 samples; shown in
gray scale) and our experimental result falls within this region. The mean intensity remains approximately
constant with θ throughout this procedure (Fig. 4.5b). The remaining variation in the measured intensity is
attributed solely to the finite measurement ensemble size.
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Figure 4.5 | Photon-statistics interferometry.
a, The normalized intensity correlation g(2) is deterministically tuned by varying the input relative phase θ. Simulations (solid line)
are in agreement with the data (squares). The gray shading is the calculated probability distribution of the expected g(2) values
assuming a small ensemble size of 30 realizations (the size of the experimental ensemble), while the solid line is the average
value of g(2) for an ensemble size of 105 realizations. The red-dashed line corresponds to the edge of the photonic thermalization
gap and separates the sub- and super-thermal regimes. The dotted line at g(2) = 2.35 is the value produced at the output when
only one input lattice site is illuminated (and no tuning is available). b, The mean intensity as a function of θ. The small-amplitude
oscillation in the simulation (solid line) is due to the finite array length. The gray shading is the probability distribution of the mean
intensity calculated for a small ensemble of 30 realizations, while the solid line was calculated for an ensemble of 105 realizations.
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4.7 Conclusion
We have developed a new interferometric methodology in which photon statistics (quantified by g(2) )
is modulated deterministically – while maintaining a fixed mean intensity – by varying a relative phase
between two coherent fields entering a finite disordered photonic network. In the process, we have
confirmed the first observation of the predicted ‘photonic thermalization gap’ in disordered lattices by
virtue of their chiral symmetry 92 – the disorder-immune feature that lays the foundation for coherent
control of photon statistics. By exploiting the thermalization gap associated with off-diagonal disorder,
we coherently activate and de-activate the excitation-symmetry of the chiral-mode pairs to produce light
whose statistics span the subthermal and superthermal regimes across the edge of the thermalization gap.
Further modification of the input excitation can enable tuning the value of g(2) across all the output
lattice sites simultaneously. This requires illuminating the lattice with uniform intensity and phase
differences of ±(π/2) between neighboring lattice sites 80. Our strategy can be extended to other on-chip
implementations, such as coupled-resonator chains in which applied random voltages can modulate the
couplings between resonators 95 to realize a versatile platform for dynamical control of photon statistics in
a compact device.
Our experiment poses a fundamental question: what classes of disordered systems permit tuning
the output statistics via deterministic and coherent control over the excitation without altering the system
itself? Such systems generalize traditional interferometric paradigms to statistical quantities that are
critical for energy transport. Because the principle behind coherent control of g(2) is the existence of a
disorder-immune symmetry (the occurrence of chiral-mode pairs), one can ask whether the approach
outlined here may be implemented in free space to tune the contrast of ‘chiral-like’ speckled light. Such a
tunable source could present a powerful tool for imaging through turbid media 28,29,32,33,35,36,90. Finally,
our results pave the way to deterministically tuning the photon-number distributions 3 for low-intensity
classical coherent light and non-classical light such as entangled photon pairs 41–43,96 or Fock states 2.
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CHAPTER 5: TOPOLOGY DICTATES PHOTON STATISTICS∗

Propagation of coherent light through a random network is accompanied by randomization and possible
conversion into thermal light. We examine this process for one-dimensional array of coupled waveguides
with random propagation constants or random coupling coefficients in two different topologies, namely,
the line and the circle. In arrays with random couplings, the light statistics is dictated by the lattice
topology: for even-sited ring and linear lattices, the electromagnetic field evolves into a single quadrature
component, so that the field takes discrete phase values and it is non-circular in the complex plane. As a
consequence, the statistics becomes mainly super-thermal. For odd-sited ring lattices, the field becomes
random in both quadratures resulting in sub-thermal statistics. However, this effect is suppressed due to
the transverse localization of light in high disordered lattices. For the arrays with random propagation
constants, the lattice topology does not play a role and the transmitted field always acquires random
components in both quadratures, so that the phase distribution is uniform in the steady state.

∗ This

chapter is reproduced from Kondakci, H. E. et al. “Topology dictates photon statistics in disordered one-dimensional
lattices,” submitted manuscript.
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5.1 Introduction
Topology has entered optics and photonics in several guises 97. Inspired by the development of topological
insulators in condensed matter physics 73, the corresponding concepts have now been explored in a photonics context. Specifically, the topological features of photonic bands associated with carefully constructed
– typically periodic – optical structures 63,64,98,99. In an altogether different vein, topological features of the
optical field itself are currently being pursued, such as the knottedness of optical wavefronts 100–102. More
recently, Mobius structures have been observed in the polarization vector distribution of a tightly focused
beam carrying orbital angular momentum 103. A lesser-studied impact of topology on optics is that due to
the interaction of light with a photonic structure featuring non-trivial topology in physical space. Many
biological molecules, such as DNA, are characterized by such non-trivial topological structures, and it is
conceivable that optical scattering from such media may have detectable signatures. An early prescient
study examined optical scattering off knotted structures 104.
There have been no studies – to the best of our knowledge – of the behavior of bound optical states
confined to photonic lattices with non-trivial topological structure. The fabrication of such systems has
been challenging. Nevertheless, recent advances in micro-fabrication have led to constructing arrays
of coupled waveguides with exquisite control 94, leading to the demonstration of an optical analog of
topological insulators 63,64,98,99. Other avenues could be the use of optical propagation in modulated fiber
loops 105,106, nanophotonic resonators 39,95, photonic crystal waveguides 40, and transversly disordered
fibers 38,107,108. We investigate here the distinguishing features of an optical field that arise due to its
interaction with disordered lattices having different underlying topologies. The physical platform we
take as our model is that of a photonic lattice consisting of an array of parallel optical waveguides
with nearest neighbor evanescent coupling 47. We confine ourselves to one-dimensional (1D) lattices,
in which case there are two distinct topologies: the line and the circle (Fig. 5.1a). We specifically
examine the statistical characteristics of the propagating light when a single lattice site is excited with
monochromatic coherent light. We focus on the field statistics mainly at the excitation waveguide and its
neighbors, where the mean intensity is relatively higher due to the transverse localization of light 25–27,37,46,80.
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Figure 5.1 | Conceptual summary.
a, Evolution of intensity in one-dimensional disordered linear and ring photonic lattices for single random configurations.
b,c, Disorder classes and 1D lattices with different topologies. b, Diagonal disorder is introduced by generating random
propagation constants β x for each lattice site with an average β̄, while keeping coupling coefficients constant (Cx,x+1 = C̄).
c, Off-diagonal disorder is introduced by generating random coupling coefficients Cx,x+1 between lattice sites x and x + 1 with
an average C̄ and fixed propagation constants β̄ for each lattice site. d, The coupling matrix for diagonal disorder, regardless
of the lattice topology, cannot be rearranged to give block off-diagonal matrix form. Only even-sited ring lattices and linear
lattices with off-diagonal disorder have coupling matrix forms that can be rearranged to block off-diagonal form. e, Probability
distribution function of circular (complex) and non-circular (real) Gaussian fields. f, Probability distribution function of the amplitudes
corresponding to the circular and non-circular Gaussian fields.

We find that in linear and even-sited ring photonic lattices, whether periodic or disordered due to random
coupling coefficients, two field quadratures do not overlap and they are perfectly interleaved even if there
is substantial amount of disorder. As a result, the output field statistics becomes super-thermal. Whereas
in odd-sited ring lattices, they can overlap hence we get random field in both quadratures. In this case,
however, the transverse localization of light may suppress the overlap depending on the disorder level
and lattice size. In waveguides with random propagation constants, the lattice topology does not play a
role and two field quadratures always appear together resulting in mainly sub-thermal statistics.
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Thermal light is characterized by a complex optical field with quadrature components that are statistically independent and identically distributed Gaussian random variables; the phase is random with
uniform distribution, and the statistics exhibit circular symmetry in the complex plane 3,5. The ubiquity
of thermal statistics is a consequence of the Central Limit Theorem of probability theory and under
generally common conditions, coherent light scattered from a random surface, or diffused through a
disordered medium, acquires thermal statistics. However, there are situations for which such light exhibits
non-Gaussian or non-circular statistics 109,110 and it is also possible for the quadrature components of the
light field to be Gaussian, but not circularly symmetric; light is then Gaussian but non-thermal 111.

5.2 Lattice Model
Propagation of coherent optical field in disordered waveguide arrays is described by the first-order
differential equation 25,47
i

dEx
+ β x Ex + Cx,x−1 Ex−1 + Cx,x+1 Ex+1 = 0,
dz

(5.1)

where Ex (z) is the complex optical field in the xth waveguide at the axial position z, β x is the propagation
constant, and Cx,x+1 = Cx+1,x is the coupling coefficient between waveguides x and x + 1. If β̄ is the
mean propagation constant and β x = β̄ + ∆β x , substituting Ex (z) = Ax (z) exp(i β̄z) into equation (5.1),
we obtain matrix equation idA/dz + HA = 0, where H is the coupling matrix, A = { Ax (z)}x and Ax (z)
is the complex field envelope (see Appendix D for the matrix forms of 1D linear and ring lattices). Then,
the output light is best described in terms of the eigenvectors {φn (x)}x and corresponding eigenvalues bn
of the coupling matrix H, which are both real valued for real β x and Cx,x+1. If the array is illuminated by
a field of complex amplitude A(0) = { Ax (0)} at z = 0, the field component Ax (z) at waveguide x as a
function of z may be expressed as
Ax (z) = ∑ cn φn (x)eibn z ,

(5.2)

n

where cn = ∑x φn∗ (x) Ax (0) is the amplitude of the nth mode – the projection of the input excitation on the
nth eigenvector.
In our study, we consider two types of disorder classes, diagonal and off-diagonal disorder. For
diagonal disorder 15,27, we assume that the random component of the propagation constants β x have a
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uniform probability distribution with zero mean and half width ∆β, while the coupling coefficients have a
deterministic value C̄ (Fig. 5.1b). For off-diagonal disorder 37,53,93, we take the random coupling coefficients
Cx,x+1 to be uniformly distributed with mean C̄ and half width ∆C, with the propagation constants fixed
at the value β̄ (Fig. 5.1c). We report the coupling coefficients and propagation constants in units of C̄, and
the propagation distance z in units of the coupling length ` = 1/C̄. In these normalized units, we consider
various disorder level ∆β ranging from 0 to 3 in the diagonal case, and ∆C ranging from 0 to 1 for the
off-diagonal case. In all simulations, ensembles of disorder realizations are produced with 105 samples.
The coupling matrix H can be rearranged to block off-diagonal form only when there is off-diagonal
disorder in the linear and even-sited ring photonic lattices (Fig. 5.1d). This is a signature of the chiral
symmetry 56,70,91 and results in real eigenvectors and eigenvalues satisfying the symmetry conditions:
φ−n (x) = (−1)x φn (x),

b−n = −bn ,

(5.3)

regardless of the probability distribution of the random parameters Cx,x+1 or the level of disorder. We will
show that such symmetry is responsible for the non-circularity in the complex optical field (Fig. 5.1e) and
the corresponding amplitude probability distributions (Fig. 5.1f).
In photonic lattices exhibiting chiral ensembles, when a single lattice site is excited from x = x0 , then
Ax (0) = δx,x0 and we have cn = c−n = φn (x0 ), so that
Ax (z) = ∑ φn (x0 )φn (x)[eibn z + (−1)(x−x ) e−ibn z ],
0

(5.4)

n

from which
A x (z ) =




2 ∑ φn (x0 )φn (x) cos(bn z),

x − x0 even,



2i ∑ φn (x0 )φn (x) sin(bn z),

x − x0

n

n

(5.5)
odd.

The complex envelope Ax (z) therefore alternates between real and imaginary random values at even and
odd number of waveguide separations from the input waveguide, respectively. The transmitted light for
every waveguide is randomized but is clearly non-circular. Because the symmetry condition (equation
(5.3)) is not applicable to arrays with diagonal disorder and odd-sited ring lattices with off-diagonal
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disorder, the circularity of the randomized light transmitted through such arrays cannot be analytically
established. However, with reference to equation (5.2), since the eigenvalues bn are random with a finite
variance, at a sufficiently large z the phase bn z can be greater than 2π, so that, barring any inherent
symmetries, the sum phasor in equation (5.2) is expected to be circularly symmetric.
With regard to gaussianity, one might invoke the Central Limit Theorem to conclude that the quadrature components of the field should be approximately gaussian. If this approximation holds, the full
statistics of the transmitted light can be assessed and the remarkable differences between lattices with
and without chiral ensembles highlighted. For lattices without chiral symmetry, the light is thermal,
with gaussian quadrature components <[ Ax ] and =[ Ax ], uniform random phase φ, Rayleigh distributed
magnitude A = (<2 [ Ax ] + =2 [ Ax ])1/2, and exponentially distributed intensity I = <2 [ Ax ] + =2 [ Ax ] with
normalized variance Var( I )/h I i2 = 1. For lattices exhibiting chiral symmetry, the light is gaussian but
non-thermal, with one of the quadrature components vanishing while the other has gaussian distribution.
The intensity I = <2 [ Ax ] or I = =2 [ Ax ] has a chi-square probability distribution with one degree of
freedom P( I ) = exp(− I/2h I i)/(2πh I i I )1/2 with normalized variance Var( I )/h I i2 = 2. Note that the
exponential distribution is a chi-square distribution with two degrees of freedom 3.

5.3 Field Statitistics
Our simulation results confirm that the statistics of the random field are markedly different for the
two types of disorder. For arrays with diagonal disorder, regardless of the lattice topology, the real
and imaginary components <[ Ax ] and =[ Ax ] have identical distributions and the phase φ is uniformly
distributed over the range [0, 2π], so that the field phasor is indeed circularly symmetric. Figure 5.2a-d
shows these calculated distributions for a linear lattice when excited from the center, along with distribution
of the magnitude Ax of the envelope, for separations x − x0 = 0, 1, · · · , 3 at a disorder level ∆β = 1. The
results for ring lattices with diagonal disorder are similar but not shown here.
In the off-diagonal linear lattice case, as shown in Fig. 5.2e-h, the field emerging from each waveguide
is either real or imaginary, alternating from one waveguide to the next as predicted by equation (5.5).
Consequently, the probability distribution of the phase is no longer uniform, but takes discrete values,
with even- and odd-indexed displacements, always differing in phase by π/2. As expected, the complex
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field is not circularly symmetric. This is an example where underlying symmetries impact the nature of
the statistics of the output.

Figure 5.2 | Probability distributions of the field components, amplitude and phase in linear lattices with diagonal and
off-diagonal disorder.
a-d, Probability distributions of the real component (a), imaginary component (b), amplitude (c), and phase (d) of the optical field
transmitted through a photonic lattice with diagonal disorder (∆β = 1). c, Amplitudes of the fields take Rayleigh-like distributions.
d, Circularly distributed field phasor results in flat probability distribution in phase. e-h, Same plots as in a-d for a photonic lattice
with off-diagonal disorder (∆C = 0.5). Real component of the field (e) is always zero in the odd sites while imaginary component
(f) is always zero in the even sites. g, Amplitudes of the fields take half bell-shaped distributions. h, The phases take binary values
with equal probability: 0, π, for even positions, and ±π/2 for odd positions.

Next, we consider even- and odd-sited ring lattices with off-diagonal disorder. In this case, chiral
symmetry is exhibited only in even-sited ring lattices. However, odd-sited ring lattices also show the
fingerprints of chiral symmetry depending on the disorder level. Figure 5.3a-d depicts the probability
distributions of the field components, amplitude and phase for lattice size Nt = 23 and medium disorder
level (∆C = 0.5) at z = 50. Here, a transient feature is seen in the phase distribution taking a form between
uniform and discrete phase distribution. This distribution implies a deviation from circular distribution in
the field quadratures and it is a consequence of the transverse localization of light. In the low disorder
limit, the phase distribution becomes closer to a uniform distribution, while in the high disorder limit, it
is almost identical to the discrete form when the lattice size is sufficiently large. This can be interpreted
such that when the disorder level is high, the ring lattice in effect is similar to a linear lattice since the
coupling coefficient between some lattice sites approaches to zero. The simulation results for even-sited
ring lattices with off-diagonal disorder confirms our predictions such that the field quadratures do not mix
with propagation and we obtain discrete phase distribution (Fig. 5.3e-h).
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Figure 5.3 | Probability distributions of the field components, amplitude and phase in odd- and even-sited ring lattices
with off-diagonal disorder.
a-d, Probability distributions of the real component (a), imaginary component (b), amplitude (c), and phase (d) of the optical field
transmitted through an odd-sited ring photonic lattice with (∆C = 0.5). c, Amplitudes of the fields take Rayleigh-like distributions.
d, Phase distributions reflects both binary and flat probability distribution characteristics. This transient distribution is a result of
localization of the field around the excitation site. e-h, Same plots as in a-d for an even-sited ring photonic lattice. Real component
of the field (e) is always zero in the odd sites while imaginary component (f) is always zero in the even sites. g, Amplitudes of the
fields take half bell-shaped distributions. h, The phases take binary values with equal probability: 0, π, for even positions, and
±π/2 for odd positions.

5.4 Circularity of the Field
To further analyze the field circularity in off-diagonal disordered ring lattices, following ref. 112 we first
give the circularity quotient cir(w1 ) of a random variable w1 as the ratio between the pseudo-variance and
the variance
cir(w1 ) =

cov(w1, w1∗ )
,
cov(w1, w1 )

(5.6)

where cov(w1, w2 ) = hw1 w2∗ i. Then, we define the circularity coefficient of field envelope Ax (z) in
waveguide x at propagation distance z as ox (z) = 1 − |cir( Ax (z) − h Ax (z)i)|. Dependence on the disorder
level of circularity for the field in odd-sited ring lattice with off-diagonal disorder and Nt = 23 is depicted
in Fig. 5.4. Insets of the figure shows examples of the field probability distribution in the complex plane.
It is clear that when the disorder level is maximum, the field becomes maximally non-circular, a clear
signature of the transverse localization of light in disordered photonic lattices. With this, we conclude
that there are two main reasons for ring lattices to produce non-circular field statistics. First is the pure
chiral symmetry in even-sited ring lattices. The field quadratures never mix regardless of the disorder
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level. Second is the level of disorder in the lattices. In this case, even if the odd-sited ring lattice does not
exhibit chiral symmetry, a high disorder level, provided that the lattice size is also large enough, prohibits
the mixing of the field quadratures.

Figure 5.4 | Circularity in odd-sited ring lattices with off-diagonal disorder.
Increasing the disorder level reduces the circularity of the output field at the excitation waveguide. The circularity below ∆C = 0.2
is omitted from the plot, because it reflects the transient characteristics at that region and the field is not stationary. The field
probability distribution in the complex plane are given in the insets for selected disorder levels. Bright colors represent higher
probability.

5.5 Intensity Statistics
The numerical simulation for the intensity probability distribution show deviations from the simple
gaussian model, strictly depending on the lattice topology, type and level of disorder. In linear lattices
with low disorder, only the low intensity portion of P( I ) is similar to the exponential and chi-square
distributions for the diagonal and off-diagonal cases, respectively (Fig. 5.5a,b). Deviations in the tail of the
distribution are more pronounced at high levels of disorder. Non-gaussian statistics especially for high
disorder levels implies non-validity of the central limit theorem. This behavior can be explained with
simple argument: terms in the summations for the field components become more dependent to each
other with disorder and this violates the independence condition of the theorem. In addition, the number
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of eigenvectors contributing to the field at a given lattice site decreases with the increase of disorder level,
in effect, reducing the number of random variables contributing to the resulting field to a few, whereas
central limit theorem is applicable for high number of random numbers added. Dependence specifically
arises from normalization of eigenvectors where any increase in one of the components of eigenvectors
should reduce other components, hence they are dependent.

Figure 5.5 | Probability distributions of the intensity at the output of the excitation waveguide.
a,b Linear lattices with diagonal (a) and off-diagonal (b) disorder. c,d, Off-diagonal disordered ring lattices with odd (c) and even
number of sites (d).

In ring lattices with off-diagonal disorder, the probability distribution of the intensity crucially depends
on the lattice size and level of disorder. For odd-sited ring lattices, the low intensity portion of P( I )
is similar to the exponential distribution when the disorder is low (Fig. 5.5c). However, increasing
disorder, in effect breaking the lattice into independent linear sections, makes the probability distribution
similar to a chi-square distribution, except the tail of the function. For even-sited ring lattices, the
probability distribution is similar to the linear lattice with off-diagonal lattice case as shown in Fig. 5.5d.
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Same arguments for the deviation from gaussian distribution for a single quadrature follows that for linear
lattices with high disorder.

5.6 Effect of the Lattice Size
Finally, we investigate the effect of lattice size in off-diagonal disordered ring lattices. For this purpose, we
take the normalized intensity correlation, g(2) = h I 2 i/h I i2 = Var( I )/h I i2 + 1, as a single descriptor for
the field randomness. Figure 5.6 depicts g(2) for every lattice site for selected disorder levels and lattice
sizes. A marked distinction highlighting the distinct topology of even- and odd-sited ring lattices with
off-diagonal disorder is clearly seen when the disorder level is low (first row in Fig. 5.6). In this case,
odd-sited lattices have sub-thermal statistics (white-red color scheme), whereas the even-sited ring lattices
result in super-thermal statistics (blue-black color scheme). In addition to the clear demarcation of the light
statistics depending on the evenness/oddness of the ring lattice, the lattice size also effects the limit of the
thermalization. As the lattice size increases, the amount of thermalization increases as highlighted by the
darker colors in the both color schemes.
As a consequence of the localization of light, occurring inherently in disordered photonic lattices, there
are a few critical observations. One of which occurs when the disorder level is high and the lattice size
large. For example, g(2) at the excitation waveguide in a ring lattice with Nt = 23 and ∆C = 1 takes
super-thermal statistics and the statistics is almost identical to that with Nt = 24 and ∆C = 1. This is a
clear signature that an odd-sited ring lattice, in-effect, behaves like an even-sited ring lattice exhibiting
chiral mode-pairs, which is also the case in linear lattices with off-diagonal disorder. Another observation
is in regards to the lattice sites away from the excitation waveguide. In this case, the normalized intensity
correlation g(2) is dramatically affected by the disorder level as such g(2) takes very high values, especially
when the lattice site is further away from the excitation waveguide and disorder level is high. These lattice
sites are collectively denoted by green color in Fig. 5.6 for g(2) > 3.
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Figure 5.6 | Normalized intensity correlation in odd- and even-sited ring lattices with off-diagonal disorder.
a, Evolution of intensity in a ring lattice for a disorder realization. The arrow shows the input point. At the center, a legend
explaining the plots. Each circles are the lattice points with color depicting the normalized intensity correlation g(2) . Red arrow
shows the excitation point. The gray shading shows the lattice sites with the mean intensity is above 5 percent of input intensity. b,
g(2) in odd-sited ring lattices without chiral symmetry. The field statistics is mainly sub-thermal. In the off-set waveguides the
statistics may become super-thermal, but this comes with a reduction in intensity. c, g(2) in even-sited ring lattices with chiral
symmetry where mainly take super-thermal statistics. Likewise, off-set waveguides may take very high values in the expense
of low intensity. b,c, When the disorder level is low (first row), g(2) takes similar values at all lattice sites since the intensity is
evenly distributed. As the disorder level increases (second and third rows), transverse localization of light dominates and statistics
become non-uniform across the lattice.
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5.7 Conclusion
In this chapter we described the statistics of light in linear and ring lattices under various conditions when
the input is from a single lattice and coherent. We have specifically showed that there are significant
differences in the light statistics between the lattices which exhibit chiral mode-pairs or those which do
not. However, the characteristics of the light statistics in off-diagonal disordered lattices also depends
on the illumination configuration critically as shown by the present authors in a recent paper 92. For
example, in an even-sited ring lattice with low disorder level, the statistics becomes super-thermal if a
single waveguide excited coherently. Instead, if all the waveguides are excited with equal amplitude and
zero relative phase, then the statistics would take sub-thermal form. If there were ±(π/2) phase shift
between each consecutive waveguides, then the statistics would become super-thermal again. This is due
to symmetric excitation of the each eigenmode pairs, |cn | = |c−n |, and results in couple useful features.
First, one can control the statistics of light from sub- to super-thermal statistics by deterministically altering
the input’s relative phase only. Second, using an extended input produces a uniform intensity distribution
at the output regardless of the disorder level and a uniform randomness across the lattice, in contrary to
the high disorder case with the illumination is from a single site.
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CHAPTER 6: SUMMARY

I studied the statistics of monochromatic coherent light traversing disordered photonic lattices – known to
exhibit transverse localization of light – and its dependence on the disorder class, the level of disorder
and the excitation configuration at the input. Throughout my dissertation, I considered two disorder
classes, namely, diagonal and off-diagonal disorders. The latter is characterized by disorder-immune chiral
symmetry in the eigenmodes of the disordered lattice model, and I demonstrated that this feature has
some counter-intuitive outcomes in the statistics of coherent light.
First, I investigated the statistical properties of discrete speckle in disordered lattices upon extended
illumination with coherent light. The emerging light creates discrete speckle that is statistically stationary
in space and randomly redistributed on the lattice sites for each disorder realization. In this case, the
mean intensity at the output is uniform and independent of disorder level. Therefore, there is no apparent
signature of localization in the mean intensity, while the coherent excitation from a single lattice site
results in the transverse localization of light around the excitation point. I showed that the fingerprint
of localization is indeed embedded in the fluctuations of the emerging light and thus revealed in the
transverse coherence function. Also, beyond a critical distance, the speckle grain size ‘freezes’ upon
subsequent propagation along the lattice. In addition, the axial coherence depth is independent of the axial
position, thereby resulting in a coherence voxel of fixed volume independently of position.
I reported a surprising optical phenomenon manifested in the intensity fluctuations and the photon
statistics when coherent light traverses disordered photonic lattices with chiral symmetry. Instead of the
expected gradual loss of coherence with increasing disorder, detailed numerical calculations and analytical
modeling reveal that an abrupt transition occurs in intensity fluctuations for vanishingly small values
of off-diagonal disorder when the steady state is reached: from coherent light to super-thermal light. In
other words, there is a thermalization gap – the sub-thermal range is inaccessible regardless of the disorder
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level by virtue of chiral symmetry. This gap does not exist in systems lacking chiral symmetry. These
phenomena are robust and emerge in finite lattices with even a few sites.
In an experimental study, I demonstrated deterministic tuning of normalized intensity correlation in
disordered photonic lattices with chiral ensembles. Specifically, I excited two neighboring waveguides
with a coherent optical field and measured the transmitted light at one of the waveguides. I showed that
by only controlling the input’s relative phase, the strength of intensity fluctuations at the output is altered,
while the average intensity over an ensemble remains constant.
Finally, I investigated the statistical features of coherent optical field traversing disordered lattices
having different topologies and disorder classes. I considered two distinct topologies: the line and the
circle. I found that diagonal disorder in all cases results in a circular field with a uniform phase distribution,
whereas off-diagonal disorder results in non-circular fields with a discrete phase distribution in linear
and even sited ring lattices. Odd sited ring lattices with off-diagonal disorder result in a field with
non-circular characteristics for low disorder levels. However, increasing the disorder level, the statistics
become gradually circular as the transverse localization of light takes place.

Future Work
While I studied the statistical outcomes of optical coherent field only in evanescently-coupled waveguide
arrays with disorder, the results are applicable in other embodiments, such as coupled resonators, photonic
crystals, or photorefractive arrangements. In addition, since all of the effects presented in my dissertation
are universal and due to random interference of waves, similar statistical outcomes are expected to be
observed in random systems ranging from Bose-Einstein condensates to acoustic lattices, where the
Hamiltonian of the system is equivalent to the ones considered here.
Furthermore, there are many questions to investigate in the context of disordered lattices exhibiting
constrained symmetries. For instance, what would happen to the evolution of non-classical light such
as spatially entangled biphoton and Fock states in diagonal and off-diagonal disordered lattices? As
the latter case exhibits chiral symmetric mode pairs, one would wonder what the implications of this
symmetry might be on the statistics of non-classical light. Another intriguing question, in regards to the
disorder-immune chiral symmetry, might be if it is exhibited in time-varying potentials or in other lattice
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models such as quasicrystals and incommensurate lattice models and what are the statistical consequences
of it?
Another direction for future work might be the investigation of deterministic tuning of speckle from an
arbitrary source. I showed a technique to alter the statistics of light in disordered lattices and the question
is if this is applicable in free space. Can one create ‘chiral-like’ speckled light and control the statistics? The
answer to this question should have a significant impact in the imaging community and may result in a
powerful tool for imaging through turbid media.
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APPENDIX A: DISCRETE ANDERSON SPECKLE
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In this chapter, we provide additional computational results for Chapter 2. Specifically, we carry out
a computational study to support the key results reported in the main text, but applied to 1D and 2D
waveguide arrays with diagonal disorder. Throughout, disorder level ∆β ranges from 0 to 2, and the lattice
size is Nt = 151 for 1D and Nt × Nt = 101×101 for 2D (hexagonal honeycomb) lattices (Nt = 2N + 1). The
sizes are chosen such that reflections from the array boundaries do not affect the conclusions. Statistical
averages are taken for an ensemble with 106 and 104 realizations for 1D and 2D simulations, respectively.
Unless otherwise stated these parameters are identical to those used for the calculations in the off-diagonal
disorder case presented in Chapter 2 unless otherwise stated.

A.1 Anderson Localization
We first report the spatial distribution of the mean output intensity for single-waveguide excitation in 1D
and 2D waveguide lattices for selected disorder levels in Fig. A.1 and Fig. A.2a, respectively. In both cases,
ballistic spread in periodic arrays leads to extended output states and gradually introducing disorder
results in Anderson localization. The spatial width σs of the mean output intensity as a function of disorder
level is depicted for 1D and 2D arrays in the inset of Fig. A.1b and Fig. A.2b, respectively.

Figure A.1 | Anderson localization in 1D waveguide lattices with diagonal disorder.
a, PSF I (xo ) = |h(xo , 0)|2 at z = 10 for a 1D periodic array with single-waveguide excitation at xi = 0. Inset is a schematic of the
configuration. b, Mean PSF h I (xo )i = h|h(xo , 0)|2 i for disordered 1D arrays. Insets show the localization length σs as a function of
∆β and z. For the values of σs in the insets, 21 points for ∆β and 200 for z are chosen.
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Figure A.2 | Anderson localization in 2D waveguide lattices with diagonal disorder.
a, Mean PSF h I (xo , yo )i = h|h(xo , 0; yo , 0)|2 i for 2D hexagonal (honeycomb) arrays with increasing disorder (from left to right)
at z = 10. For clarity, each panel is normalized separately and convolved with a gaussian function of width 1.6 for visualization.
b, Localization radius σs as a function of disorder level ∆β. For the values of σs shown, 11 points for ∆β are chosen.
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A.2 Discrete Anderson Speckle – Transverse Coherence
The focus in Chapter 2 is on the case of coherent uniform illumination extending across the whole array –
in diagonally disordered Anderson lattices here. Examples of individual realizations for 1D and 2D lattices
are shown in Fig. A.3 and Fig. A.4, respectively. Similar behavior in these discrete-speckle realizations is
observed in the case of off-diagonal disorder.

Figure A.3 | Discrete speckle in 1D waveguide lattices with diagonal disorder.
a, Realizations of the intensity distribution of discrete Anderson speckle at various disorder levels (z = 10) for extended uniform
coherent input light. The speckle grain size decreases with disorder. The dotted lines are ensemble averages that confirm the
statistical homogeneity. b, Same as a except that z = 20.
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Figure A.4 | Discrete speckle in 2D waveguide lattices with diagonal disorder.
Individual realizations of discrete Anderson speckle at various disorder levels corresponding to the panels in Fig. A.2(a). The
excitation is extended uniform coherent light. Note that the speckle grain size decreases with disorder. Insets are magnified by a
factor of 2. Speckle contrasts are 0, 0.67, 1.17, 1.53 with increasing disorder level.
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Next, we calculated the magnitudes of g(1)(x) and g(1)(r) for 1D and 2D lattices, respectively, revealing
a non-zero pedestal |g(1)(∞)| riding on which is a finite-width distribution. The results are presented in
Figs. A.5. From these results we obtained the long-range-order pedestal |g(1)(∞)| for 1D and 2D lattices,
which are plotted in Fig. A.5c. Finally, we present the axial evolution of the long-range-order coherence
pedestal |g(1)(∞)| for different diagonal disorder levels in a 1D lattice in Fig. A.5d.

Figure A.5 | Transverse coherence for 1D and 2D discrete Anderson speckle in diagonal disordered lattices.
a,b, Magnitude of the degree of the normalized transverse coherence function |g(1)(x)| for 1D (a) and |g(1)(r)| for 2D (b) arrays at
various disorder levels at z = 10. c, The long-range-order coherence pedestal |g(1)(∞)| for 1D and 2D arrays. The circles in a
correspond to those in c for 1D lattices. Similarly, the hexagons in b correspond to those in c for 2D lattices. In c, 21 and 11
points for ∆β are taken for 1D and 2D arrays, respectively. d, |g(1)(∞)| as a function of propagation distance z at various disorder
levels for 1D waveguide arrays.
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A.3 Axial Coherence
Figure A.6a depicts the axial evolution of the intensity along individual realizations of 1D lattices with
different disorder levels. The normalized axial coherence function |g(1)(∆z)| for different disorder levels
and its width σa are given in Fig. A.6b,c.

Figure A.6 | Axial coherence in 1D discrete Anderson speckle in diagonal disordered lattices.
a, Axial evolution of the intensity along individual realizations of 1D lattice with different disorder levels. b,c, The normalized axial
coherence function |g(1)(∆z)| for different disorder levels (b) and its width σa (c). a,b, For z, 200 points are taken. In c, 11 points
are taken for ∆β.
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A.4 Dephasing
Here, we present the probability distributions for the phase of the output field due to extended coherent
illumination for both disorder classes in Fig. A.7. The probability distribution depends on the propagation
distance and disorder level. In all cases, the probability distributions evolve into a uniform distribution as
the propagation distance increases. This transition happens quicker for higher disorder levels. Figure A.8
depicts the transverse coherence function calculated for the magnitude and phase of the field separately for
both disorder classes. The results confirm that the statistical fluctuations of the field is in fact due primarily
to dephasing, not due to fluctuations of the magnitude of the field. Similar behavior can also be observed
in the axial coherence function as shown in Fig. A.9.

Figure A.7 | Probability distribution function of the phases.
a,b, Probability distribution function of the phases ϕ of the of the field in off-diagonal (a) and diagonal 1D disordered (b) arrays at
z = 10. For periodic arrays, the phase has a constant (z-dependent) value (black vertical line at ϕ = −0.372π at z = 10). In this
case, the distribution is simply a delta function of height 1.
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Figure A.8 | Dephasing in the transverse coherence function.
a-d, Transverse coherence function Γ1 (x) = h|E(0)||E∗ (x)|i for the field magnitude in off-diagonal (a) and diagonal (b) 1D
disordered arrays at z = 10. Transverse coherence function Γ2 (x) = h ϕ(0) ϕ(x)i for the field phase in off-diagonal (c) and diagonal
(d) 1D disordered arrays at z = 10.

Figure A.9 | Dephasing in the axial coherence function.
a-d, Axial coherence function Γ1 (∆z) = h|E(0)||E∗ (z)|i for the field magnitude averaged over all transverse positions x in
off-diagonal (a) and diagonal (b) 1D disordered arrays. Axial coherence function Γ2 (∆z) = h ϕ(0) ϕ(∆z)i for the field phase in
off-diagonal (c) and diagonal (d) 1D disordered arrays also averaged over all transverse positions x.
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A.5 Conclusion
As we have seen, the qualitative behavior of the field statistical characteristics for 1D and 2D lattices with
diagonal disorder is similar to those with off-diagonal disorder. The main quantitative difference that we
observed is that we usually double the amount of disorder when going from off-diagonal to diagonal
disorder. That is, the quantitative results presented here approach those in the main text most when we set
∆β = 2∆C. We conclude that discrete Anderson speckle produced in waveguide arrays with diagonal and
off-diagonal have the same qualitative statistical characteristics.
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APPENDIX B: A PHOTONIC THERMALIZATION GAP
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B.1 Theoretical Model
In this section, we set forth the optical lattice model that we make use of in our calculations and analysis,
and also define the notations that will be used throughout this Supplementary Information document.
Consider an array of Nt = 2N + 1 parallel waveguides arranged on a 1D lattice with evanescent
nearest-neighbor-only coupling. The propagation of the optical field along the array is described, in
general, by the evolution equation

−i

dEx
= β x Ex + Cx,x+1 Ex+1 + Cx,x−1 Ex−1,
dz

(B.1)

where Ex (z) is the complex field amplitude in the xth waveguide at the axial position z, the waveguide
index runs symmetrically with x = − N...N, β x is the propagation constant at waveguide x, and Cx,x±1 are
the coupling coefficients between adjacent waveguides. We define β x = β̄ + ∆β x , where β̄ is the average
value of the propagation constants, and substitute Ex (z) = Ax (z)eiβ̄z into equation (B.1), where Ax (z) is
the complex field envelope. The evolution equation for the complex envelope Ax (z) may be written in
N
matrix the form −i dA
dz = ĤA, where A = { Ax (z)}x=− N is a vector containing the values of the complex

field envelope at all the lattice sites and Ĥ is a coupling matrix characterizing the lattice,
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(B.2)

For photonic lattices with no loss or gain, Ĥ is a real, symmetric matrix with Cx,x±1 = Cx±1,x .
We take as our point of departure, ordered, periodic lattices in which identical waveguides all have
equal coupling coefficients; that is, β x = β̄ and Cx,x+1 = C̄, for all lattice sites x except at the boundaries
where we set C−N,−N−1 = C−N−1,−N = 0 and CN,N+1 = CN+1,N = 0. We consider two distinct classes of
disordered lattices, those with so-called diagonal disorder 15 and off-diagonal disorder 53.
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1. Lattices with diagonal disorder: Such lattices are characterized by fixed coupling between the waveguides Cx,x+1 = C̄, ∀x, and random propagation constants β x = β̄ + ∆β x . We assume that β x has a
uniform probability distribution of mean β̄ and half width ∆β.
2. Lattices with off-diagonal disorder: Such lattices are characterized by fixed propagation constants
β x = β̄, ∀x, and random coupling coefficients Cx,x+1. We assume Cx,x+1 has a uniform probability
distribution of mean C̄ and half width ∆C.
By writing the propagation constants and coupling coefficients in units of C̄, and the distance z in units
of the coupling length 1/C̄, we obtain equations written in terms of dimensionless variables. Using this
normalization scheme, the maximum value for ∆C is unity, while ∆β may, in principle, be indefinitely
high (although this is not usually realizable in practice).
The complex envelope of the propagating field can be written as a superposition of eigenmodes of the
disordered system. Let {φn (x)}nN=−N and {bn }nN=−N be the Nt eigenmodes (referred to hereafter simply as
modes) and eigenvalues of the coupling matrix Ĥ, respectively,

Ĥφn = bn φn .

(B.3)

The eigenvalues of Ĥ are real since Ĥ is Hermitian. The modes of Ĥ are also real – since all the elements in
the matrix are real – and are orthonormal, such that

∑ φn∗ (x)φm (x) = δn,m.

(B.4)

x

Using this set of modes, we decompose the complex envelope Ax (z) as follows,
Ax (z) = ∑ cn φn (x)eibn z ,

(B.5)

n

where the coefficient cn is the complex amplitude of the nth mode subject to the input excitation Ax (0),
cn = ∑ φn∗ (x) Ax (0).
x
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(B.6)

Since the optical field is Ex (z) = eiβ̄z Ax (z), and by imposing the condition that the input power has
unity value, ∑x |Ex (0)|2 = 1, then the coefficients cn are normalized such that ∑n |cn |2 = 1. We can now
write expression for the mean intensity h Ix (z)i =i|Ex (z)|2 i and mean squared-intensity h Ix2 (z)i for the xth
waveguide at axial position z in terms of lattice modes,

h Ix (z)i =

∑

hc∗n cm φn∗ φm cos[(bn − bm )z]i,

(B.7)

∑

hc∗n cm c∗k cl φn∗ φm φk∗ φl cos[(bn − bm + bk − bl )z]i,

(B.8)

n,m

h Ix2 (z)i =

n,m,k,l

where h·i denotes averaging over realizations of different disorder configurations and the x-dependence
from the modes has been dropped for brevity. Using the definitions in equations (B.7) and (B.8), we
evaluate the normalized intensity correlation function for the xth waveguide at axial position z as
(2)

gx (z) = h Ix2 (z)i/h Ix (z)i2,

(B.9)

which we take as a quantitative measure for the strength of fluctuations in the field resulting from lattice
disorder.

B.2 Intensity Statistics
In this section, we briefly describe the evolution of the mean intensity h Ix (z)i in disordered lattices when
the input excitation is coherent at the center site (Fig. B.1). In a periodic lattice, the intensity distribution
evolves into a carpet-like pattern with no steady state even for a very large propagation distance z
(Fig. B.1b). However, the slightest disorder in the photonic lattice eventually produces a steady-state,
mean-intensity distribution (Fig. B.1c). The transition to a steady state occurs sooner in lattices with higher
disorder (Fig. B.1d). The transverse localization of the mean intensity around the excitation point is also
apparent in photonic lattices with high disorder, whether diagonal or off-diagonal. Here, we provide
numerical results for h Ix (z)i in off-diagonal disordered lattices (Fig. B.1d); the corresponding results in
diagonal disordered lattices show no qualitative differences for the mean-intensity distributions, despite
the underlying differences we will report on the next sections.
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Figure B.1 | Evolution of mean intensity in disordered photonic lattices.
a, Coupled potential wells representing periodic, diagonal disordered and off-diagonal disordered waveguide arrays (see text
for the details). b,c, Schematic of photonic waveguide arrays for (b) periodic and (c) disordered arrays. Color represents mean
intensity in logarithmic scale. d, Numerical results illustrating the dependence of the mean intensity h Ix (z)i for a lattice size of
2N + 1 = 21. Periodic lattice (first row) and off-diagonal disordered lattices (second-to-fourth rows). For asymptotic propagation
distances, the mean-intensity distributions become stationary with z in the disordered arrays. Bar plots are the mean-intensity
distributions at z = 104 + 10.

B.3 Properties of the Lattice Modes
B.3.1 Periodic Photonic Lattices
(0)

In the absence of disorder (β x = β̄ and Cx,x+1 = C̄), the lattice modes {φn (x)}nN=−N and the corresponding
(0)

eigenvalues {bn }nN=−N are deterministic and may be obtained in closed form 113,
(0)
φn (x) =

 

π
xn
1
√
cos
+x+n+N ,
2 N+1
N+1
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(B.10)

with the corresponding eigenvalues
(0)

bn = −2 sin



π
2



n
N +1


.

(B.11)

In this case, we obviously have g(2) = 1 since the intensity is a deterministic function of the transverse
position x and the propagation distance z. We plot in Fig. B.2 (middle panel of each row) the modes
and the corresponding eigenvalues of an ordered lattice consisting of Nt = 51 waveguides. Note that
the eigenvalues follow a sinusoidal curve and are thus anti-symmetric with respect to the central value,
(0)

(0)

bn = −b−n (equation (B.11)). The modes come in pairs with φn (x) = (−1)x φ−n (x), such that their
(0)

(0)

envelopes are equal |φn (x)| = |φ−n (x)|. This anti-symmetric form of the eigenvalues is typically referred
to as chiral symmetry 70,72.
B.3.2 Disordered Photonic Lattices
In disordered lattices, the modes can no longer be expressed in closed form; instead, we evaluate them
numerically. Nevertheless, in the case of off-diagonal disorder, the modes and eigenvalues retain some
of the symmetries that occur in the ordered lattice. Specifically, the modes also appear in pairs such
(0)

(0)

that φn (x) = (−1)x φ−n (x) and the eigenvalues are anti-symmetric bn = −b−n for all values of disorder
0 < ∆C ≤ 1. Crucially, these symmetries are retained for the modes and eigenvalues in every realization
of the disorder configuration 70. Consequently, the averaged eigenvalues and modes, also retain these
symmetries. Figure B.2 shows the averaged modes and eigenvalues for two different off-diagonal disorder
levels ∆C in a lattice consisting of Nt = 51 waveguides. An example of a pair of modes, φ21 (x) and φ−21 (x),
from a single realization show that φ21 (x) = (−1)x φ−21 (x). As the disorder level increases, the modes
become more localized (compared to the extended modes in the ordered lattice) 57, but the symmetry of
the modes and eigenvalues remains.
The situation is markedly different in lattices with diagonal disorder. Here, the eigenvalues are no longer
antisymmetric in the individual realizations of an ensemble. Furthermore, the modes in individual realizations
no longer come in pairs with equal envelopes. Nevertheless, once averaged over an ensemble of realizations,
the mean eigenvalues are antisymmetric hbn i = −hb−n i. That is, the mean values of the eigenvalues (Fig. B.2b)
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display chiral symmetry, while their values in individual realizations do not. Moreover, the corresponding
pairs of modes have equal amplitudes once averaged h|φn (x)|2 i = h|φ−n (x)|2 i, as seen in Fig. B.2c, where
we depict the averaged modes of a lattice consisting of Nt = 51 waveguides. This is to be contrasted with
Fig. B.2a where we show an example of a pair of modes from an individual realization, φ21 (x) and φ−21 (x),
whereupon no such symmetry appears, |φ21 (x)| 6= |φ−21 (x)|.

Figure B.2 | Characteristics of the eigenvectors and eigenvalues of disordered photonic lattices.
a, Single realizations of modes for a periodic lattice (center column) and selected disordered lattices with off-diagonal disorder (two
columns on the left) and diagonal disorder (two columns on the right). In the periodic and off-diagonal disordered lattices, modes
appear in pairs with equal envelopes, φn (x) = (−1)x φ−n (x), and corresponding eigenvalues have opposite sign, bn = −b−n .
b, (top) Mean eigenvalues as a function of mode index and (bottom) corresponding standard deviations σn . c, Mean modeamplitude squared h|φn (x)|2 i as a function of transverse position x and mode index n.
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Introducing disorder gradually morphs the lattice dispersion relation from a sinusoidal to a linear
relationship while increasing the span of the eigenvalues. The standard deviation of the eigenvalues σn
increases with disorder, with one exception the eigenvalues of the mode n = 0 in the off-diagonal-disorder
case remains deterministic 65.
We emphasize that in ordered arrays, all the modes are extended across the lattice. In disordered arrays
(both diagonal and off-diagonal), the modes become progressively narrower and more localized as the
disorder level increases. The center positions for the modes in the disordered arrays are random and are
not correlated with the mode index n (see Fig. B.10).

B.4 Constraints on the Modal Coefficients
B.4.1 General Constraints
For unit power excitation, we have shown that ∑nN=−N |cn |2 = 1, where |cn |2 is the contribution of the nth
mode to the total power. From this condition it is clear that the values of |cn |2 are constrained such that
0 ≤ |cn |2 < 1 for all n.

(B.12)

B.4.2 Constraints in the Off-diagonal Case
In lattices with off-diagonal disorder, an additional constraint follows from chiral symmetry of the
lattice modes. Note that the coefficients cn depend on both the input field and the lattice modes cn =
∑x φn∗ (x) Ax (0). In the off-diagonal-disorder case, the symmetric modes are related through φn (x) =

(−1)x φ−n (x). Therefore, in the event that the input field is a Kronecker delta excitation (single lattice site),
it is straightforward to show that |cn | = |c−n |, for all values of n, so that
cn = ∑ φn (x)δx,0 = φn (0).

(B.13)

x

That is, the weight of the nth mode excited by this input field is nothing but the value of that same mode at
x = 0. This is the input that we considered in our calculations for Figs 3.2-3.4 in the main text, Ax (0) = δx,0.
In this case, the sum of the modal power contributions takes the form |c0 |2 + 2 ∑nN=1 |cn |2 = 1. Therefore,
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under this combined symmetry condition (a lattice with off-diagonal disorder and single- waveguide
excitation) an additional constraint emerges, namely
0 ≤ |cn |2 < 1/2 for all n 6= 0, and 0 ≤ |c0 |2 < 1.

(B.14)

We have evaluated the mean-power contribution of each mode h|cn |2 i and the mean cross- correlations
of the modes h|cn |2 |cm |2 i in periodic and disordered lattices (see Fig. B.3). For the periodic case (Fig. B.3a),
the mode power is given by (equation (B.10))



(0) 2
|cn |2 = φn
=




1/( N + 1),

n odd



0,

n even

,

(B.15)

when the total number of lattice sites Nt = 2N + 1 is odd. Figures B.3b,c give the mean-power contribution
of each mode h|cn |2 i and power cross correlations h|cn |2 |cm |2 i for selected disorder levels in lattices having
off-diagonal and diagonal disorder, respectively. A significant distinction emerges between the two
disorder classes as the disorder level increases. The cross-correlations between modes with opposite-sign
indices m = −n are equal to the auto-correlations m = n in the case of off-diagonal disorder. This
cross-shaped modal correlation in Fig. B.3b is a direct consequence of disorder-immune chiral symmetry;
that is, |φn (x)|2 = |φ−n (x)|2 in individual realizations. No such cross-shaped- correlation emerges in
lattices with diagonal disorder since |φn (x)|2 6= |φ−n (x)|2 in individual realizations, despite the fact that

h|φn (x)|2 i = h|φ−n (x)|2 i . Note that all the results in this Section characterize the modal weights and are
independent of axial position z.
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Figure B.3 | Mean mode contribution h|cn |2 i and cross correlations h|cn |2 |cm |2 i when only the central lattice site is
excited at the input.
a, Periodic lattices. Here |cn |2 is a constant independent of n for odd n, and is zero for n even. Consequently, |cn |2 |cm |2 has the
checkerboard distribution shown; here Nt = 51. b, Off-diagonal disordered lattices. c, Diagonal disordered lattices. In off-diagonal
disordered systems only, cross correlations between the symmetric mode pairs emerge with increasing disorder.

B.5 Approximations in the Asymptotic Axial Limit
We have provided so far exact results for the field and intensity in periodic and disordered photonic lattices
in terms of lattice modes. We now proceed to deriving a set of approximations that are valid at asymptotic
axial positions z after which a steady state is reached. These approximations apply to the mean intensity
(2)

h Ix (∞)i, mean squared-intensity h Ix2 (∞)i, and the normalized intensity correlation gx (∞), in which case
these quantities take simpler analytical forms, thereby allowing us to make some general conclusions.
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The z-dependence of the mean intensity at lattice sites enters through the cosine factor cos((bn − bm )z)
in equation (B.7) and in the mean squared-intensity through the cos((bn − bm + bk − bl )z) factor in equation
(B.8); all other factors in equations (B.7) and (B.8) are independent of z. Once disorder is introduced into
the lattice, the eigenvalues bn have a random component. Therefore, at sufficiently large distances z, one
may achieve the condition std(bn )z  2π for all n and disorder levels (except n = 0 for off-diagonal
disorder); std(·) stands for the standard deviation. This is clear in Fig. B.4 where we plot std(bn )for all n in
lattices with off-diagonal and diagonal disorder while varying the disorder level. This directly implies
the following: std(bn − bm )z  2π and std(bn − bm + bk − bl )z  2π for finite values of bn − bm and
bn − bm + bk − bl , respectively. Figure B.5 depicts the standard deviation of the difference between pairs of
lattice eigenvalues std(bn − bm ) for both classes of disorder.

Figure B.4 | Impact of disorder on the standard deviation of lattice eigenvalues.
a, Plot of the standard deviation of the lattice eigenvalues std(bn ) for different modes in an Nt = 51 lattice having off-diagonal and
(b) diagonal disorder.
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Figure B.5 | Impact of disorder on the difference between pairs of lattice eigenvalues.
a, Plots of the standard deviation of the difference between pairs of lattice eigenvalues std(bn − bm ) for mode pairs in an Nt = 51
lattice having off-diagonal and (b) diagonal disorder.

With this in mind, we proceed to examine the impact of disorder and propagation distance on the
modulation functions hcos((bn − bm )z)i and hcos((bn − bm + bk − bl )z)i in equations (B.7) and (B.8). We
plot hcos((bn − bm )z)i for various diagonal disorder levels and propagation distances in Fig. B.6; similarly
for off-diagonal disorder in Fig. B.7. For both disorder classes, bn − bm is zero only when n = m. At
asymptotic distances, defined as std(bn − bm )z  2π, we can approximate hcos((bn − bm )z)i ≈ δn,m .
Assuming the cosine term is a rapidly varying function when z is very large, we can write
large z

hc∗n cm φn∗ φm cos((bn − bm )z)i −−−→ hc∗n cm φn∗ φm ihcos((bn − bm )z)i → hc∗n cm φn∗ φm iδn,m .

(B.16)

With this identity, we can simplify equation (B.7) to

h Ix (∞)i = ∑h|cn |2 φn2 (x)i

(B.17)

n

where we omitted the conjugation from the modes for simplicity since their elements are real. This result
applies to both classes of disorder and reinforces the fact that there are no qualitative differences between
the off-diagonal and diagonal disorder classes when the mean intensity is considered.
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Figure B.6 | Plots of the modulation function mean hcos((bn − bm )z)i in lattices with diagonal disorder.
a, Plots of hcos((bn − bm )z)i at z = 10 and various levels of disorder ∆β. b, Plots hcos((bn − bm )z)i for combinations of z and ∆β
where std((bn − bm )z)  2π.

Figure B.7 | Plots of the modulation function mean hcos((bn − bm )z)i in lattices with off-diagonal disorder.
a, Plots hcos((bn − bm )z)i at z = 10 and various levels of disorder ∆C. b, Plots of hcos((bn − bm )z)i for combinations of z and
∆C where std((bn − bm )z)  2π.
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For diagonal disorder, bn − bm + bk − bl is exactly zero only when

(I) n = m, k = l or (II) n = l, m = k.

(B.18)

Implementing these conditions in the asymptotic limit, we can simplify the cosine factor in equation (B.8)
as follows,
large z

hcos((bn − bm + bk − bl )z)i −−−→ δn,m δk,l + δn,l δm,k − δn,m,k,l .

(B.19)

For off-diagonal disorder, chiral symmetry offers more opportunities for bn − bm + bk − bl to be exactly
zero, which are enumerated as follows:

(I) n = m, k = l or (II) n = l, m = k or (III) n = −k, m = −l.

(B.20)

The latter condition is a consequence of the chiral symmetry of the eigenvalues in individual realizations.
We thus obtain
large z

hcos((bn − bm + bk − bl )z)i −−−→ δn,m δk,l + δn,l δm,k + δn,−k δm,−l − 3δn,m,k,l + δ0,0,0,0.

(B.21)

We can now reduce the four-fold summations in the intensity-squared averages to double and single
summations using the approximations given above for the cosine terms:
Diagonal disorder
2
h Ix2 (∞)i = 2 ∑ h|cn |2 |cm |2 φn2 (x)φm
(x)i − ∑h|cn |4 φn4 (x)i,
n,m

(B.22)

n

Off-diagonal disorder
2
2
h Ix2 (∞)i =2 ∑ h|cn |2 |cm |2 φn2 (x)φm
(x)i + ∑ hc∗n c∗−n cm c−m φn2 (x)φm
(x)i
n,m

n,m

−3∑
n

h|cn |4 φn4 (x)i + h|c0 |4 φ04 (x)i.
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(B.23)

B.5.1 Single-waveguide Excitation
The results we have discussed so far are applicable for any input distribution. From now on, we will focus
on a specific input configuration, namely, single-waveguide excitation from the center lattice point with a
coherent optical field Ax (0) = δx,0. In this case, the nth mode amplitude becomes the coefficient of the nth
eigenvector at x = 0, i.e., cn = ∑x φn (x)δx,0 = φn (0). It is also straightforward to show that due to chiral
symmetry, in the off-diagonal case, the single- waveguide excitation setting results in
c∗n c∗−n cm c−m = |cn |2 |cm |2.

(B.24)

This equality is the main condition that leads to the large values of g(2) and the super-thermal light statistics
achieved in lattices with off-diagonal disorder. Also note that, when equation (B.24) holds, it is trivial to
show that

|cn | = |cm |;

(B.25)

that is, symmetric mode-pairs are excited with equal strength in each realization. Finally, we can rewrite
equation (B.23) as
2
h Ix2 (∞)i = 3 ∑ h|cn |2 |cm |2 φn2 (x)φm
(x)i − 3 ∑h|cn |4 φn4 (x)i + h|c0 |4 φ04 (x)i.
n,m

(B.26)

n

B.6 Low-disorder Limit
In this Section we account for the abrupt jump in the asymptotic value of g(2) that occurs for low values of
disorder in both classes of disordered lattices, i.e., ∆C → 0 or ∆β → 0, at asymptotic axial distances (using
the criterion described above). In this low-disorder case, we make use of perturbation analysis 65. We write
the Hamiltonian of the system as a sum of a deterministic component corresponding to a periodic lattice
(the unperturbed Hamiltonian) and a random perturbation, Ĥ = Ĥ(0) + eV̂, where e is the perturbation
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parameter. We express the perturbed modes to first order in e in terms of the periodic lattice modes
(0)

{φn (x)} from equation (B.10) in the form
(0)

(1)

φn (x) ≈ φn (x) + eφn (x),

(B.27)

(1)

where {φn (x)} are first order corrections. In the case of a single-waveguide excitation, the mode
contributions are

2
(0)
(0)
(1)
|cn |2 ≈ φn (0) + 2eφn (0)φn (0) + O(e2 ),

(B.28)


2
(0)
(0)
(1)
φn2 (x) ≈ φn (x) + 2eφn (x)φn (x) + O(e2 ).

(B.29)

and

Substituting these relations and equation (B.10) into equation (B.17), and taking e → 0, we obtain

h Ix (∞)i =






1
N +1 ,

x=0





1
,
2( N +1)

x 6= 0

.

(B.30)

Using similar arguments, we calculate the mean intensity-squared. The normalized intensity correlation at
the excitation waveguide (x = 0) for diagonal disorder then becomes
(2)

g0 (∞) = 2 −

1
.
N+1

(B.31)

For off-diagonal disorder, on the other hand, the normalized intensity correlation is

(2)
g0 (∞)

=




3 −

3
N +1



3 −

3
N +1 ,

+ − (N+1 1)2 ,

N even

.

(B.32)

N odd

Here we only presented analytical expression for x = 0 (Fig. 3 in the main text), but the formalism can
(2)

be readily extended to all x. When the lattice size Nt is large, gx goes to 2 and 3 for all x in lattices with
diagonal and off-diagonal disorder, respective (Fig. B.8). Thefore, at asymptotically low levels of disorder,
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there is an abrupt thermalization transition: from 1 to ≈ 2 in the case of diagonal disorder, and from 1 to

≈ 3 in the case off-diagonal disorder.

Figure B.8 | Intensity correlation as a function of lattice size and transverse position for asymptotic propagation distances in the low-disorder limit.
Normalized intensity correlations for lattices with (a) off-diagonal (∆C = 0.01) and (b) diagonal (∆β = 0.05) disorder. For large
(2)
(2)
N, gx (∞) = 3 and gx (∞) = 2 in the off-diagonal and diagonal cases, respectively. The color-maps of the mean-intensity
(2)
distributions are depicted in the second row below the corresponding gx plots. The distributions for the mean intensity are
identical for both disorder classes. Ensemble size is 106 and z = 104 .

It is also important to note the sequence of approximations followed to reach these conclusions. Here,
we take a finite, small disorder level and consider propagation for asymptotic distances. After making
the approximations for the cosine terms, we let the finite disorder level approach zero. Instead, if we
take a very large propagation distance z first and subsequently let the disorder level go to zero, then the
approximations for the cosine terms are not valid. In this case, the solution becomes that of the periodic
lattice and g(2) = 1. This sequence of approximations is depicted in Fig. B.9.
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Figure B.9 | Sequence of two approximations used in deriving low-disorder limits.
Different sequences of the approximations result in different normalized intensity correlations.

B.7 High-disorder Limit
Obtaining approximate asymptotic limits for g(2) in the case of lattices with high disorder levels is more
involved since a perturbation analysis is no longer appropriate. However, in this regime, Anderson
localization occurs, thereby allowing us to adopt a new set of approximations arising from the exponential
decay in the modes 15. Once again, the differences in the characteristics of the underlying modes for lattices
with diagonal and off-diagonal disorder do not result in qualitative distinctions in the mean- intensity
distribution. When higher-order statistics such as those involved in g(2) are probed instead, dramatic
departures in behavior between the two classes of disorder are readily observed.
We start by using the same limits of the cosine factors in equations (B.7) and (B.8) that we used earlier
in the low-disorder limit. Indeed, these approximations are achieved at shorter axial distances since the
standard deviation of the eigenvalues is larger. Next, we assume that the central lattice site x = 0 is excited,
in which case |cn |2 = φn2 (0) = un , and we observe g(2) at that same site at the output. In this scenario, the
asymptotic mean and mean squared-intensities are given by,

h I0 (∞)i = ∑hu2n i,

(B.33)

n

Diagonal disorder:

h I02 (∞)i = 2 ∑ hu2n u2m i − ∑hu4n i = 2
n,m

n
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∑ hu2n u2m i + ∑hu4n i,

n6=m

n

(B.34)

Off-diagonal disorder:

h I02 (∞)i = 3 ∑ hu2n u2m i − 3 ∑hu4n i + hu40 i = 3
n,m

n

∑

|n|6=|m|

hu2n u2m i + 3 ∑hu4n i + hu40 i.

(B.35)

n

To evaluate these expressions, we need the probability distribution functions for the random variables un
and the joint probability functions for un and um .
To construct these probability distribution functions, we first examine closely the behavior of the lattice
modes in the high-disorder limit (see Fig. B.10). In disordered lattices whose sizes are much larger than the
localization width, the lattice modes are localized and have on average an envelope with exponentially
decaying tails 15. The location of the center of each mode, however, is not determined by the mode index
. In other words, any mode, regardless of its eigenvalue, is equally probable to have its center at any
lattice site (except near the lattice edges) from one realization to the next in an ensemble. Therefore, the
probability of finding the center of a mode at any given lattice site is uniform across the lattice.
We confirm these statements in the case of lattices with Nt = 51 for both diagonal and off-diagonal
disorder. We first determine the mean squared-intensity of the lattice modes; see Fig. B.10a for off- diagonal
disorder with ∆C = 1 and Fig. B.10c for diagonal disorder with ∆β = 4. To obtain these mean distributions,
despite the above-mentioned randomization of the mode center locations xn0 from one realization to the
next, we average over the realizations defined over the shifted coordinate ξ = x − xn0 . We also obtain the
probability distribution of the mode centers xn0 , which are plotted in Fig. B.10b for off- diagonal disorder
and Fig. B.10d for diagonal disorder. As expected, these distributions are flat except at the lattice edges.
Finally, we plot in Fig. B.10e,f the localization length ξ n for the modes in the cases of off-diagonal and
diagonal disorder, respectively. We obtain these localization lengths by fitting the tails of each mode to an
0

exponential of the form e−|x−xn |/ξn .
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Figure B.10 | Lattice modes and their locations across disordered lattices.
a, Mean squared-amplitude of selected modes (indices n = 25, 13, 0, 13, 25) in a Nt = 51 lattice with off-diagonal disorder ∆C = 1.
b, The probability distribution of the center of each of the modes in (a). c,d, Same as (a) and (b) for a Nt = 51 lattice with diagonal
0
disorder ∆β = 4. e,f, Localization length ξ n of the localized lattice modes having exponential tails of the forme−|x−xn |/ξ n for the
lattices with off-diagonal and diagonal disorder used above.
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Now, we assume that not only the mean mode intensity hun i but also un itself has the exponential
form un ∝ exp(−|x − xn0 |/ξ n )– an approximation that becomes increasingly appropriate at high disorder
levels. We can now move on to determining the probability distributions of un = φn2 (0). One may look at
this problem in two ways. First, we fix the point of observation x = 0 and the mode index n, and observe
the various values of un as the mode centers move randomly across the lattice from one realization to
the next, as depicted schematically in Fig. B.11a. However, since the mode center is equally probable
to be anywhere along the lattice in the high-disorder case, we can equivalently view the problem in the
shifted coordinate system x − xn0 as such: the nth mode has a fixed center at xn0 = 0, while the observation
point ξ moves across the lattice from realization to the next with equal probability of being at any site.
This equivalent way of viewing the problem is depicted in Fig. B.11b. Algebraically, P(ξ ) = 1/Nt, since
P (ξ )

dξ
dxn0

= P(xn0 ) and P(xn0 ) = 1/Nt.

Figure B.11 | Obtaining the probability distribution function of un .
a, For a mode of fixed index n in a highly disordered lattice whose center is random from one realization to the next, we obtain un
at the fixed position x = 0. b, An alternative view for the configuration in (a) is to consider the mode fixed at the lattice center while
varying the observation point ξ across the lattice randomly with a uniform distribution. c, Graphical depiction of the transformation
of the probability distribution of ξ to that of un via their relationship un ∝ exp(−|ξ |/ξ n ).
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We will now exploit the above-described characteristics of the lattice modes in the high-disorder
limit to obtain the probability distribution of un . This can be done by transforming the probability
distribution function of the observation points ξ (which has a uniform probability distribution) to that of
un (which has an unknown probability distribution) through knowledge of the relationship between them,
un ∝ exp(−|ξ |/ξ n ). Using the transformation rule

P (un )

dun
= P(ξ ),
dξ

(B.36)

we find that the probability distribution function for un is

P(un ) = αn /un ,

(B.37)

where αn is a normalization constant. The limits of un (from the lower limit `0 to the upper limit `1) in this
distribution are determined as follows. The lattice constraints introduced in Section 4 imply that `1 = 1 for
diagonal lattices and `1 = 1/2 for off-diagonal lattices. In the high-disorder limit, since the localization
width is of the order of only a few lattice sites (Fig. B.10e,f), this upper limit is approached, a scenario
that does not arise at lower disorder values. We can then immediately determine the lower limit of un ,

`0 ≈ `1 e−Nt /2ξn , since we have approximated the modes by an exponential form. These conclusions are
borne out by the numerical simulations depicted in Fig. B.12.
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Figure B.12 | Probability distribution function of un .
a, P(un ) in off-diagonal disordered lattices with ∆C = 1 for selected modes. The vertical dashed lines correspond to the upper
limit `1 = 1/2. Here u0 = 0 since Nt = 51. b, P(un ) in diagonal disordered lattices with∆β = 4 for selected modes. Here the
upper limit is `1 = 1. c,d, Probability distribution functions for lattices with (c) off-diagonal and (d) diagonal disorder when all the
mode are combined. The dotted-red lines are for the ideal 1/un distributions.
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We can now show that un and P(un ) are in fact independent of n. This may be appreciated from noting
that all the lattice modes are localized with center positions independent of n in the high-disorder limit.
Therefore, on average, all the modes are equally likely to be excited when the central waveguide is excited
at the input (Fig. B.3). When the total input power is unity, we can then write

h|cn |2 i = hφn2 (0)i = hun i ≈

1
.
Nt

(B.38)

The independence of the probability distributions P(un ) → P(u) of n implies that αn → α, so that

hu i =

Z `1
`0

P(u)udu ≈ α`1 =

1
,
Nt

(B.39)

where we ignore `0 since `0  `1. Then, we can evaluate the following integrals needed for calculating
the mean intensity and the mean intensity-squared,

hu2 i =

hu4 i =

Z `1
`0

Z `1
`0

P(u)u2 du ≈

`1
,
2Nt

(B.40)

P(u)u4 du ≈

`31
22 Nt

(B.41)

After establishing the probability distribution P(u) and its moments, we proceed to determining the
joint probability distribution of the mode intensities for two different modes, which we denote P(u, v). It is
known that in highly disordered lattices different modes are not likely to overlap spatially, that is, hu, vi ≈ 0.
This observation suggests that we can write P(u, v) as a product of P(u) and P(v), P(u, v) = β/uv with
β = α2. However, the constraints described in Section 4 imply that u + v < `1, which modifies the limits
of integration forP(u, v) and also introduces a different normalization constant β0 (however, β ≈ β0 for
high disorder values). See Fig. B.13 for plots of P(u, v) for both cases of lattices with off-diagonal and
diagonal disorder. One exception to the rule hu, vi ≈ 0 is, of course, the case of symmetric mode pairs
(with indices n and m = −n) in lattices with off-diagonal disorder. We carefully account for this exception
in our calculations.
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Figure B.13 | Joint probability distribution of the mode contributions.
a, P(u, v) for lattices with off-diagonal disorder after excluding |n| = |m|, and (b) for lattices with diagonal disorder after excluding
n = m.

We can now compute the integral needed for evaluating the mean squared-intensity (equation (B.35)),

hu2 v2 i =

Z `1 Z `1 −u
`0

`0

P(u, v)u2 v2 dudv ≈

`21
.
3 × 23 Nt

(B.42)

The mean intensity is

h I0 (∞)i = Nt hu2 i =

`1
,
2

(B.43)

and the mean intensity-squared for diagonal disorder is

h I02 (∞)i = 2Nt ( Nt − 1)hu2 v2 i + Nt hu4 i,

(B.44)

h I02 (∞)i = 3Nt ( Nt − 2)hu2 v2 i + 3Nt hu4 i + hu40 i.

(B.45)

and for off-diagonal

(2)

It is straightforward to evaluate the normalized intensity correlation at asymptotic distance, g0 (∞), in
the case of diagonal disorder,
(2)

g0 (∞) = 1 +

1 2N
, N = 1, 2, 3, · · · .
3 2N + 1
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(B.46)

Chiral symmetry in lattices with off-disorder disorder, in addition to the anomaly at n = 0, both require
careful handling. In this case, we distinguish between lattices with N odd (Nt = 3, 7, 11, · · · ) or N even
(2)

(Nt = 5, 9, 13, · · · ), which have slightly different g0 (∞),

(2)

g0 (∞) =




2 −

1
2N ,



2 − 1 +
2N +1

N even
24
,
(2N +1)4

.

(B.47)

N odd
(2)

This difference diminishes as expected for large lattices (N  1). When the lattice size is large, g0 reaches
a minimum value of 2 when disorder reaches a maximum value of ∆C → 1. Therefore, a thermalization
gap emerges between 1 and 2 in off-diagonal disorder.
(2)

The numerical results for gx (∞) at offset waveguides (x 6= 0) are given in Fig. B.14 for ∆C = 1 and
∆β = 4 in photonic lattices with off-diagonal and diagonal disorder, respectively. For both disorder classes,
(2)

unusually high values of gx occur at locations for which the mean intensity is low.
The results in this section apply to the high-disorder limits ∆C → 1 and ∆β → 4. This is the upper
limit for off-diagonal disorder, but lattices with diagonal disorder may be realized with ∆β > 4. In extreme
cases when ∆β  4, g(2) eventually returns to the coherent limit of 1 when the coupled lattice model
breaks down and the sites become isolated from each other. We can introduce a modification to our model
to capture this limit. We assume that the probability distribution P(u) acquires a new feature resulting
from the lattice sites that are particularly decoupled from their neighbors, which appears in the form
of a delta function at u = 1 (the maximum value of u) in addition to the original reciprocal probability
distribution, P(u) = α/u + βδ(u − 1), where α and β are normalization constants. We define r = β/α as
the strength of the new deterministic contribution of this extremely disordered lattice. The normalized
intensity correlation then becomes
(2)

g0 (∞) = 1 +

1 2N
1
r
+
.
2
3 2N + 1 (1 + 2r)
(1 + 2r)2

(B.48)

When r → 0, we regain the result in equation (B.46), while the opposite limit when r → ∞ (or β → 1), we
(2)

obtain g0 (∞) → 1. Therefore, there is no thermalization gap in the case of lattices with diagonal disorder.
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Figure B.14 | Intensity correlation as a function of lattice size and transverse position for asymptotic propagation
distances in the high-disorder limits.
a, Normalized intensity correlation for ∆C = 1 in off-diagonal disordered photonic lattices . Shaded surface highlights the
thermalization gap as a function of the lattice size. b, Normalized intensity correlation for ∆β = 4 in photonic lattices with diagonal
(2)
disorder. For both disorder classes, unusually high values of gx occur at locations for which the mean intensity is low. The
color-maps of the mean-intensity distributions are depicted in the second row. Ensemble size is 106 and z = 104 .

B.8 Tuning the Photon Statistics
In the previous sections, we described the normalized intensity correlation g(2) of the output field when
the disordered lattice is coherently excited at the center waveguide. The physical parameters of the lattice,
namely the number of sites, length, and disorder level and type, all combine to fix the value of g(2) . In the
main text we proposed two techniques to deterministically tune g(2) in lattices with off-diagonal disorder
(and thus chiral symmetry) without changing the lattice parameters that exploit a multiple-waveguideexcitation scheme. Specifically, we excite two neighboring lattice sites coherently and control either the
relative amplitude or phase.
In Sections 3 and 4, we described the differences between the characteristics of modes in diagonal and
off-diagonal disordered lattices and showed that super-thermal light is a result of disordered lattices with
symmetric mode pairs (off-diagonal disorder). The origin of super-thermal light in the off-diagonal setting
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is the equal contribution of the symmetric mode pairs in each realization, |cn | = |c−n | (equation (B.25)).
Therefore, a gradual breaking of the mode-excitation symmetry ( |cn | 6= |c−n |) results in deterministically
tuning g(2) .
The first technique to achieve this tuning is to modulate the relative phase between the two inputs while
maintaining equal amplitudes, E0 (0) = eiθ E1 (0). For this excitation configuration, from equation (B.6) we
find c±n ∝ φn (0) ± eiθ φn (1), and the requirement |cn | = |c−n | is thus satisfied only when θ = ±(π/2).
Hence, a relative phase results in gradual chiral-symmetry-breaking (Fig. 4c in the main text). Figure B.15a
(top row) depicts the mean mode-power h|cn |2 i for selected relative phases. For θ = 0, there is no modeexcitation symmetry, while we get maximum symmetry for θ = π/2. These two phases correspond to the
minimum and maximum values of g(2) , respectively, that are shown in Fig. 4c in the main text. Figure B.15a
(second row) represents the mean mode-correlation h|cn |2 |cm |2 i where the cross-shape appears as a result
of symmetry in the mode-excitation at the single-realization level.
Alternatively, we can first excite the modes symmetrically in a single point excitation configuration
(Fig. B.15b, (top row, first panel)). Introducing a secondary input to its first-neighbor with zero relative
phase (θ = 0) breaks the mode-excitation symmetry. In this case, η = E1 (0)/E2 (0) results in c±n ∝
φn (0) ± ηφn (1) and the only condition for the symmetric mode-excitation is when η = 0. The minimum
symmetry, here, is obtained when the two inputs have equal amplitude, E0 (0) = E1 (0). Therefore, a
continuous increase in the amplitude ratio η gradually reduces g(2) (Fig. 4d in the main text).
In both techniques, the limits of the intensity correlations at the excitation waveguide are pre- determined by the lattice parameters, namely the propagation distance, lattice size and disorder level. However,
it is also possible to find much higher intensity correlations with similar tuning properties at the offset
waveguides (x 6= 0) at the expense of low intensity at the output.
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Figure B.15 | Mean mode contribution h|cn |2 i and cross correlations h|cn |2 |cm |2 i when two neighboring central lattice
sites are excited at the input in lattices with off-diagonal disorder.
a,b, Mean mode contribution (first row) and cross correlations (second row) tuned by (a) relative phase, E0 (0) = eiθ E1 (0) and (b)
relative amplitude. Nt = 2N + 1 = 51, ∆C = 0.5.

The excitation of the two neighboring waveguides is not the only way to equally excite the symmetric
mode-pairs. When equation (B.24) holds for any given input excitation Ax (0) with a phase θx at lattice site
x, we obtain the maximum value of g(2) at that specific disorder level. Using equation (B.6) in (B.24), we
obtain

= | Ax0 || Ax00 |φn (x0 )φk (x00 )(cos(θx0 − θx00 )),
∑
0 00

x0 − x00 odd,

(B.49)

= | Ax0 || Ax00 |φn (x0 )φk (x00 )(sin(θx0 − θx00 )),
∑
0 00

x0 − x00 even,

(B.50)

x ,x
x ,x
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Since the modes are random, the cosine and sine terms should always be zero for these relations to hold
leading to the following condition to satisfy mode-excitation symmetry:

θx0 − θx00 =




±(π/2),

x0 − x00 odd,



0, π

x0

− x00

(B.51)

even.

B.9 Photon-number Statistics
For coherent light, the photon number distribution is Poissonian,

Pn (µ) =

µn e−µ
,
n!

(B.52)

where n is the photon number and µ is the mean photon number, which is proportional to the optical
intensity 3. In our numerical simulations, we start with a set of R realizations of the input intensity
(r)

Ii

generating output intensities I (r) that correspond to a mean photon. The resulting photon number

distribution is then given by the average

Pn (µ) =

1
(r)
Pn (µ(r) ).
R∑
r

(B.53)

The result is a doubly stochastic Poisson distribution. The photon number distributions depicted in the
main text Figs 3.3b, 3.5d,e and 3.6d,e are calculated using equation (B.53) for the parameters given in the
text.
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B.10 Mapping of the Schrödinger-like Equation to the Discrete Model
In the first section, we described the discrete model that we studied in detail. However, a more general
equation, for the continuum, that describes the evolution of wave is the Schrödinger-like equation (equation
(3.1) in the main text) that is derived from the Helmholtz wave equation in the paraxial limit 25. Here, we
derive the relation between the Schrödinger-like equation and the coupled wave equations in the discrete
limit starting from the Helmholtz wave equation for a monochromatic wave in a medium homogenous
along the propagation direction z;

∇2 E(x, y, z) + k20 n2 (x, y)E(x, y, z) = 0,

(B.54)

where k0is free-space wave number, n(x, y) is refractive index and E(x, y, z) is the time independent
R
solution of the wave equation. Introducing an average n0 = ( S1 S n2 (x, y)dS)1/2 and assuming E(x, y, z) =
A(x, y, z)eik0 n0 z , for the paraxial limit one can easily reach the Schrödinger-like equation 25;

2ik0 n0

∂A
+ ∇2T A + k20 (n2 (x, y) − n20 ) A = 0,
∂z

(B.55)

where the axial propagation coordinate z plays the role of time, ∇2T is the transverse Laplacian along
the x and y coordinates, A(x, y, z) is the slowly varying envelope. Defining a refractive index change
∆n(x, y) = n(x, y) − n0 and assuming ∆n(x, y)  n0, one can easily reach to equation (3.1) in the main
text 26.
Now, we write the slowly varying envelope in terms of individual lattice modes ei (x − xi , y − yi ) with
amplitudes ai (z) corresponding to lattice site i such that,
A(x, y, z) = ∑ ai (z)ei (x − xi , y − yi )ei∆βi z .
i
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(B.56)

Here, the transverse mode ei (x − xi , y − yi ) has a propagation constant given by βi = ∆βi + k0 n0. For an
isolated lattice site with refractive index ni (x, y), we can rewrite equation (B.55) for the amplitude Ai in the
ith lattice site as
2i(k0 n0 + ∆βi )

∂A
+ ∇2T Ai + k20 (n2i (x, y) − n20 ) Ai = 0.
∂z

(B.57)

Since the amplitude in an isolated lattice site is independent of z (∂ai /∂z = 0), we substitute Ai =
ei (x − xi , y − yi )ei∆βi z into equation (B.57) and obtain the following;

∇2T ei (x − xi , y − yi ) = (2k0 n0 ∆βi + 2∆β2i − k20 (n2i (x, y) − n20 ))ei (x − xi , y − yi ).

(B.58)

Finally, by using equations (B.56) and (B.57) in equation (B.55) and projecting the field onto ei (x − xi , y − yi ),
we obtain

∑i
i

∂ai (z) i∆βi
e
∂z

ZZ

ei (x − xi , y − yi )ej (x − xj , y − yj )dxdy


+ ∑ ai (z)e

i∆βi

i

Here, if we assume

RR

1
2k0 n0

(2∆β2i

ZZ






+ k20 n2 (x, y) − k20 n2i (x, y))

×ei (x − xi , y − yi )ej (x − xj , y − yj )

ej±1 (x − xj±1, y − yj±1 )ej (x − xj , y − yj )dxdy 

RR

(B.59)

 dxdy = 0.

e2j (x − xj , y − yj )dxdy implying

that the evanescently overlapping part of the modes is much smaller than the mode themselves and there
are only nearest-neighbor interactions, we get the coupled equations in a discrete form given by

i

∂aj (z)
+ κ j,j+1 aj+1 + κ j,j−1 aj−1 = 0,
∂z

where
i(∆βi −∆β j

κi,j =

e

2k0 n0



)z

ZZ


2
2 2
2 2
(
2∆β
+
k
n
(
x,
y
)
−
k
n
(
x,
y
))
0
0 i
i



 dxdy.
×ei (x − xi , y − yi )ej (x − xj , y − yj )

(B.60)

(B.61)

Note that, when the refractive index perturbation is fixed for all lattice sites, the perturbation in the
propagation constants for the individual lattice modes is also fixed. As a result, coupling coefficients κ j,j±1
only depends on the separation of the lattice points resulting in off-diagonal disorder.
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One can also further simplify equation (B.61) by assuming refractive index modulation consists of
spatially non overlapping step functions with heights ∆ni on top of background index n0, as is done
commonly in the literature 114,115, and reach the following;
k (n2
i(∆β j±1 −∆β j )z 0 j±1

κ j,j+1 = e

− n20 ) ZZ

2n0

ei (x − xi , y − yi )ej+1 (x − xj±1, y − yj±1 )dxdy

(B.62)

for the coupling coefficients and

κ j,j =

∆β2j ZZ
k0 n0

ei2 (x − xj , y − yj )dxdy

for the propagation constant.
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(B.63)

APPENDIX C: PHOTON-STATISTICS INTERFEROMETRY
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C.1 Data Analysis
Since the inter-waveguide separations in a lattice with off-diagonal disorder are random, the separation
between the two input beams must in turn be varied accordingly for optimal coupling as the array is
translated along x. It is therefore critical to obtain a reliable reference for the relative phase θ across all the
realizations. To explain our approach, we consider the same excitation scenario examined in the main text,
namely E0 (z = 0) = eiθ E1 (0), but generalize the result to the output fields at x 6= 0 and not average over an
ensemble. In general, the output field amplitude at x,

Ex (z) =




iEx,0 (z) + eiθ Ex,1 (z),

x odd,



Ex,0 (z) + ieiθ Ex,1 (z),

x even,

receives contributions

Ex,0 (z) =

and
Ex,1 (z) =






∑nN=1 φn (x)φn (0) sin(bn z),

x odd,



∑nN=1 φn (x)φn (0) cos(bn z),

x even,




∑nN=1 φn (x)φn (1) cos(bn z),

x odd,



∑nN=1 φn (x)φn (1) sin(bn z),

x even,

from input sites 0 and 1, respectively. The output intensity is

Ix (z; θ ) = Ix,0 (z) + Ix,1 (z) − 2p sin θ

q

Ix,0 (z) Ix,1 (z),

(C.1)

where Ix,0 (z) = |Ex,0 (z)|2 and Ix,1 (z) = |Ex,1 (z)|2, and p = ±1 varies randomly for different realizations. The
third term in equation (C.1) washes out after ensemble averaging, but is retained in individual realizations,
such as those shown in Fig. 4.4c-e. What this interference term entails is that along each waveguide in the
individual realizations (not necessarily only x = 0) an intensity interferogram emerges with θ. Since the
lattice coupling matrix H is real and symmetric, then the eigenvectors { ϕn (x)} are all real. The third term
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in equation (C.1) is real and there is no offset in the phase of the interferograms with θ. The maxima and
minima of these interferograms in all waveguides and all realizations can then be ’lined up’ to ensure that
θ is calibrated with respect to the same origin. There remains the factor p in equation (C.1) which shifts
the interferogram along theta by π randomly from one realization to another, so that our phase reference
in actuality modulo-π. Although further symmetries in the individual realizations can be exploited to
resolve this final ambiguity, we have found that it does not affect the value of g(2) resulting from averaging
over the statistical ensemble.

C.2 Chi-squared Distribution
In probability theory, the sum of the squares of k independent random variables all of which have Gaussian
probability distributions is a random variable characterized by a chi-squared probability distribution with
k-degrees of freedom 116. For Gaussian distributions with zero mean and unity variance, the chi-squared
distribution has a variance of 2k and mean of k. Consequently, the normalized intensity correlation is given
by
2
g(2) = 1 + , k = 1, 2, · · · .
k
When the excitation-symmetry condition is satisfied (θ = ±π/2) in a lattice with off-diagonal disorder, the
phase constraint described in the main text dictates that the resulting field in any waveguide depends
on a single random variable, k = 1, and thus g(2) = 3 (super-thermal statistics). Alternatively, when
the eigenmode-pairs are excited anti-symmetrically (θ = 0 or π), the field is complex and the real and
imaginary components have identical probability density distributions. In this case, the intensity is the
sum of the amplitude-squared of these two random variables, k = 2, which entails that g(2) = 2 (thermal
statistics) 5.
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For linear and ring lattices, the propagation of an optical field is described by the first-order differential
equation 25,47
i

dEx
+ β x Ex + Cx,x−1 Ex−1 + Cx,x+1 Ex+1 = 0,
dz

(D.1)

where Ex (z) is the complex optical field in the xth waveguide at the axial position z, β x is the propagation
constant, and Cx,x+1 = Cx+1,x is the coupling coefficient between waveguides x and x + 1. If β̄ is the
mean propagation constant, β x = β̄ + ∆β x , and Ax (z) is the complex field envelope, then substituting
Ex (z) = Ax (z) exp(i β̄z) into the evolution equation produces the matrix equation

i

dA
+ ĤA = 0,
dz

(D.2)

where A = { Ax (z)}x and Ĥ is the coupling matrix or the system’s Hamiltonian.
A signature of the matrices with chiral ensembles is that they can be transformed into block off-diagonal
form 70,91, so that the eigenvalues appear in pairs with opposite signs and the corresponding eigenmodes
are skew-symmetric. The transformation can be performed by grouping even-indexed sites at one side of
the matrix and the odd-index sites at the other. Examples of the matrices and their transformed versions
for various cases are given below:
Example 1 – Linear lattices with diagonal disorder and lattice size Nt = 5:


∆β0



 C̄


Ĥ = 
 0


 0

0

C̄

0

0

∆β1

C̄

0

C̄

∆β2

C̄

0

C̄

∆β3

0

0

C̄

0





∆β0






 0
0 




0 →
 0




 C̄
C̄ 


∆β4
0
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0

0

C̄

∆β2

0

C̄

0

∆β4

0

C̄

0

∆β1

C̄

C̄

0

0





C̄ 


C̄ 



0 

∆β3

(D.3)

Example 2 – Linear lattices with off-diagonal disorder and lattice size Nt = 5:


0

C0,1

0

0



0



0

0

0

C0,1

0












C1,0 0 C1,2 0

0 
0
0 C2,1 C2,3 

 0








Ĥ =  0 C2,1 0 C2,3 0  →  0
0
0
0 C4,3 









 0
C1,0 C1,2 0
0 C3,2 0 C3,4 
0
0 




0
0
0 C4,3 0
0 C3,2 C3,4 0
0

(D.4)

It is apparent from the first example that the coupling matrix for lattices with diagonal disorder cannot
be transformed into a block off-diagonal matrix, while in the off-diagonal case given in example 2, the
matrix can be transformed into block off-diagonal form. In these two cases, the lattice size Nt does not
play any role in the transformation. Ring lattices with diagonal disorder (not shown) also exhibit similar
feature and chiral ensembles are not exhibited.
Example 3 – Odd-sided ring lattices with off-diagonal disorder and lattice size Nt = 5:


0

C0,1

0

0

C0,4





0

0

C0,4 C0,1

0











C1,0 0 C1,2 0
 0
0 
0
0 C2,1 C2,3 










Ĥ = 
0
0 C4,3 
 0 C2,1 0 C2,3 0  → C4,0 0









 0
C1,0 C1,2 C1,4 0
0 C3,2 0 C3,4 
0 




C4,0 0
0 C4,3 0
0 C3,2 C3,4 0
0

(D.5)

Example 4 – Even-sided ring lattices with off-diagonal disorder and lattice size Nt = 6:








0
0 C0,5 
0
0 C0,1 0 C0,5 
 0 C0,1 0
 0




C

 0

0
C
0
0
0
0
0
C
C
0
2,3
1,2
2,1
 1,0











0 
0
0
0 C4,3 C4,5 
 0 C2,1 0 C2,3 0
 0




Ĥ = 
→

 0
C1,0 C1,2 0
0 C3,2 0 C3,4 0 
0
0
0 








 0


0
0 C4,3 0 C4,5 
0
0 

 0 C3,2 C3,4 0





C5,0 0
0
0 C5,4 0
C5,0 0 C5,4 0
0
0
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(D.6)

In the ring lattice cases, however, the outcome surprisingly depends on the lattice size Nt even if the
disorder is only in the off-diagonal elements of the matrices. In example 3, the off-diagonal blocks in the
matrix are interacting through matrix elements C4,0 and C0,4, which are equal. However, in example 4, the
coupling matrix takes block off-diagonal form and hence the eigenmodes come in chiral symmetric pairs.
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