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ABSTRACT

In this Ph.D. thesis, we study regular and embedded solitons and generalized and
degenerate Hopf bifurcations. These two areas of work are seperate and independent
from each other. First, variational methods are employed to generate families of both
regular and embedded solitary wave solutions for a generalized Pochhammer PDE
and a generalized microstructure PDE that are currently of great interest. The tech-
nique for obtaining the embedded solitons incorporates several recent generalizations
of the usual variational technique and is thus topical in itself. One unusual feature of
the solitary waves derived here is that we are able to obtain them in analytical form
(within the family of the trial functions). Thus, the residual is calculated, showing
the accuracy of the resulting solitary waves. Given the importance of solitary wave
solutions in wave dynamics and information propagation in nonlinear PDEs, as well
as the fact that only the parameter regimes for the existence of solitary waves had
previously been analyzed for the microstructure PDE considered here, the results

obtained here are both new and timely.
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Second, we consider generalized and degenerate Hopf bifurcations in three dif-
ferent models: i. a predator-prey model with general predator death rate and prey
birth rate terms, ii. a laser-diode system, and iii. traveling-wave solutions of two-
species predator-prey /reaction-diffusion equations with arbitrary nonlinear/reaction
terms. For specific choices of the nonlinear terms, the quasi-periodic orbit in the
post-bifurcation regime is constructed for each system using the method of multi-
ple scales, and its stability is analyzed via the corresponding normal form obtained
by reducing the system down to the center manifold. The resulting predictions for
the post-bifurcation dynamics provide an organizing framework for the variety of
possible behaviors. These predictions are verified and supplemented by numerical
simulations, including the computation of power spectra, autocorrelation functions,
and fractal dimensions as appropriate for the periodic and quasiperiodic attractors,
attractors at infinity, as well as bounded chaotic attractors obtained in various cases.
The dynamics obtained in the three systems is contrasted and explained on the basis
of the bifurcations occurring in each. For instance, while the two predator-prey mod-
els yield a variety of behaviors in the post-bifurcation regime, the laser-diode evinces
extremely stable quasiperiodic solutions over a wide range of parameters, which is

very desirable for robust operation of the system in oscillator mode.
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INTRODUCTION



CHAPTER 1
INTRODUCTION

1.1 Variational Methods for Regular and Embedded Solitons

In Part II of this thesis, variational methods are employed to generate families of
both regular and embedded solitary wave solutions for a generalized Pochhammer
PDE and a generalized microstructure PDE that are of great interest. The technique
for obtaining the embedded solitons incorporates several recent generalizations of the
usual variational technique and is thus topical in itself. One unusual feature of the
solitary waves derived here is that we are able to obtain them in analytical form
(within the family of the trial functions). Thus, the residual is calculated, showing
the accuracy of the resulting solitary waves. Given the importance of solitary wave
solutions in wave dynamics and information propagation in nonlinear PDEs, as well
as the fact that only the parameter regimes for the existence of solitary waves had
previously been analyzed for the microstructure PDE considered here, the results

obtained here are both new and timely.



1.2 Bifurcation of Limit Cycles

In the rest of the dissertation we study a seperate and independent problem. Many
physical systems exhibit self-sustaining oscillatory behavior with no external peri-
odic forcing; for example, a beating heart, a vibration in an airplane wing, or the
interacting populations of several species. This type of behavior is modeled in by
limit cycle solutions of the corresponding nonlinear dynamical systems. A limit cycle
is an isolated periodic orbit, meaning that no other periodic orbits exist sufficiently
close to it in state space. Every nearby trajectory approaches the orbit as t — oo
or as t — —oo. Limit cycles are pervasive throughout physics, biology, chemistry
and economics, and limit cycle theory has consequently grown into a popular and

interesting field of research.

From the point of view of dynamical system theory, limit cycles are generated
through four kinds of bifurcations: multiple Hopf bifurcations from a center or focus,
separatrix cycle bifurcations from homoclinic or heteroclinic orbits, global center bi-
furcations from a periodic annulus, and limit cycle bifurcations from multiple limit
cycles. Bifurcations involving separatricies or global bifurcations are within the realm
of global bifurcation theory and are usually studied with theories such as Poincaré-

Pontrayagin-Andronov or higher-order Melnikov function analysis. Limit cycles bi-



furcated from a focus, center, or other limit cycles are called local bifurcations and

are studied by normal form and other local bifurcation theories [1, 2].

While there have been a very large number of studies of regular Hopf bifurcations,
generalized and degenerate Hopf bifurcations are far less widely studied. Among
recent comprehensive treatments, we may list the monograph by Huseyin [3], the
thesis by Planeaux [4], and the recent review by Yu [5]. The first named is reasonably
comprehensive at the analytical end but employs the little-used generalized Harmonic
Balance asymptotic analysis technique. By contrast, [4] is a comprehensive numerical
analysis in the context of chemical reactor dynamics. Ref. [5] uses a mix of analytic
techniques, together with limited numerical simulations, to consider the dynamics

resulting from generalized and degenerate Hopf bifurcations.

In Part III of this thesis, we consider generalized and degenerate Hopf bifur-
cations comprehensively, using the established and widely-accepted multiple-scales
asymptotic technique for the analysis, as well as a variety of numerical solutions and
diagnostics. To operate on a broad platform, we consider three different models: i. a
predator-prey model with general predator death rate and prey birth rate terms, ii.
a laser-diode system, and iii. traveling-wave solutions of two-species predator-prey/

reaction-diffusion equations with arbitrary nonlinear/reaction terms.



For specific choices of the nonlinear terms, the quasi-periodic orbit in the post-
bifurcation regime is constructed for each system with the method of multiple-scales
using the following steps. After expansions in several progressively slower time scales
are substituted into each variable and parameter, equations are separated by time
scales. Motion on each time scale can be represented by a differential operator for
each equation, and each operator is the same at each scale. These general operators
can be combined algebraically to eliminate all but one variable, giving a higher
order composite differential operator that holds information from all the general first
order differential equations for any time scale. This process creates a homogeneous
equation for the first time scale (we assume that appropriate changes of variable have
already been made to translate the system into one with a fixed point at the origin).
Sources for the other equations at slower time scales are only functions of equations

with faster time scales.

The composite operator can be solved one scale at a time. The first order (fastest
time scale) operator is homogeneous and so an ansatz can be imposed to give a
solution with the desired behavior. In our case we chose the ansatz to be a sum
of exponential functions. The same equations that we used to create the composite
operator before can now be used to find solutions for the other first order space

variables based on our chosen ansatz.



Now that the first order operators are known, they can be plugged into the second
order equation’s source to fully determine it. If any term in the newly determined
source satisfies the homogeneous operator, then, following a standard undetermined
coefficients approach, a particular solution would involve a multiple of that term mul-
tiplied by the time variable to at least the first power. This would be unacceptable,
as it would cause an otherwise oscillating term to have an amplitude that approaches
infinity with time. The types of motion we desire need to be localized in space near
some fixed point. The elimination of these secular terms is a necessity that we use to
determine the second order normal form, which is the system of differential equations
in the coefficients of each term of the second order ansatz. This process is repeated as
many times as necessary. For our three-dimensional system, we found the required
normal form after eliminating secular terms in the second order source. For our
four-dimensional system, the normal form was found after eliminating secular terms

in the third order source.

Once the normal form is found, standard fixed point analysis allows us to find
appropriate parameter values, that when plugged into the first order ansatz, yields
the post-generalized Hopf periodic orbits. Their stability is usually analyzed with
standard phase plane analysis. However, in our two systems, the standard anal-

ysis fails since the eigenvalue of the Jacobian of the normal form at the origin is



zero. These predictions are replaced and supplemented by numerical simulations,
including the computation of power spectra, autocorrelation functions, and fractal
dimensions as appropriate for the periodic and quasiperiodic attractors, attractors
at infinity, as well as bounded chaotic attractors obtained in various cases. The re-
sulting post-bifurcation dynamics provide an organizing framework for the variety of
possible behaviors. The dynamics obtained in the three systems is contrasted and
explained on the basis of the bifurcations occurring in each. For instance, while the
two predator-prey models yield a variety of behaviors in the post-bifurcation regime,
the laser-diode evinces extremely stable quasiperiodic solutions over a wide range of
parameters, which is very desirable for robust operation of the system in oscillator

mode.

Next, secondary bifurcations are investigated. Static bifurcations of a periodic
orbit can cause quasiperiodic behavior and a secondary Hopf bifurcation of a periodic
orbit can create a three-dimensional torus in space. Both of these scenarios may
lead to chaotic motion under further parameter variation. This work will lay out
exact regions of parameter space for which changes in second order deviations of two

particular parameters lead to each of the aforementioned system behaviors.



1.3 Organization of the Dissertation

The remainder of this dissertation is organized as follows. In Part II (Chapters 2-3),
we use a Rayleigh-Ritz variational technique to create regular solitons in two widely
used PDEs: a generalized Pochhammer-Chree PDE and a generalized microstruc-
ture PDE. Then we extend the method in a way which incorporates several recent
generalizations of the usual variational technique to obtain analytical expressions for
embedded solitons. In part III (Chapters 4-5), we investigate the effects of second-
order parameter deviations on the dynamics of three systems whose parameters sat-
isfy conditions for the existence of a generalized Hopf bifurcation. In Chapter 4 we
examine a laser diode system, and in Chapter 5 we examine a predator-prey model
with delay terms. In Part IV (Chapter 6), we examine nonlinear dynamics resulting

from double-Hopf bifurcations in a fourth-order population model.



Part 11

VARIATIONAL METHODS FOR REGULAR AND
EMBEDDED SOLITONS



CHAPTER 2
REGULAR AND EMBEDDED SOLITONS IN A
GENERALIZED POCHHAMMER PDE

2.1 Abstract

In this chapter, variational methods are employed to generate families of both regu-
lar and embedded solitary wave solutions for a generalized Pochhammer PDE that
of great interest. The technique for obtaining the embedded solitons incorporates
several recent generalizations of the usual variational technique and is thus topical in
itself. One unusual feature of the solitary waves derived here is that we are able to
obtain them in analytical form (within the family of the trial functions) and calculate
their residuals. Given the importance of solitary wave solutions in wave dynamics
and information propagation in nonlinear PDEs, as well as the fact that only the
parameter regimes for the existence of solitary waves had previously been analyzed
for the microstructure PDE considered here, the results obtained here are both new

and timely.
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2.2 Introduction

The propagation of longitudinal deformation waves in elastic rods is governed [6-§]

by the Generalized Pochammer-Chree Equation:

Ug — Uptge — (01U + U + a3u®) e = 0 (2.2.1)

Here, aq, as, and a3 are dimensionless parameters, and x and ¢ denote space and

time coordinates, respectively.

References [6-8] include derivations and applications of these equations in var-
ious fields. In addition, motivated by experimental and numerical results, there
are derivations of special families of solitary wave solutions by the extended Tanh
method [6], and other ansatzen [8]. These extend earlier solitary wave solutions given
by Bogolubsky [9] and Clarkson et al. [10] for special cases of (2.2.1). In addition, [7]

generalizes the existence results in [11] for solitary waves of (2.2.1).

An analytical method for finding regular and embedded solitons with a variational
approach was given in [12]. The method for finding regular solitary waves variation-
ally is long-standing and widely used. By contrast, that for finding the so-called
embedded solitons is of very recent vintage. The embedded solitons are embedded
both in the continuous spectrum in spectral space and in a continuum of so-called

delocalized solitary waves with oscillatory tails of exponentially small amplitude. In

11



this chapter, we shall construct regular solitary waves of (2.2.1) variationally and
follow the extensions of that method in [12] to construct embedded soliton families

of (2.2.1).

Towards that end and since both types of solitary wave solutions will be traveling-
waves, we first derive the traveling-wave reduced ODE corresponding to (2.2.1).
First, we transform to the traveling-wave variable z = x — c¢t. The derivatives are

transformed as below.

d d dz d

d d dz d

Now the PDE is an ODE:

CQUzz - CQUzzzz - (alu + O-/QUQ + O[3U3)ZZ =0 (224)

After and integrating twice, we have the following ODE (2.2.5) governing 1-D longi-
tudinal wave propagation, with parameters defined by (2.2.6). Boundary conditions
are not taken into account. The solitons constructed for this equation correspond to

homoclinic orbits.

(1 —a))u — axu® — azu® —u”" =0 (2.2.5)

a; = a;/c?, 1<i<3 (2.2.6)

12



2.3 The linear spectrum

As mentioned above, embedded solitary waves exist within a continuum of delocalized
solitary waves with oscillating tails, as opposed to the exponentially decaying tails
of regular solitary waves. This distinction may be used, together with an analysis
of the tail region, to identify the disjoint parameter regimes where each of the two

types of solitary waves may exist.

First, we perform a Taylor analysis of the tail of the potential soliton to find
parameter regions where regular or embedded solitons could exist. Regular solitary
waves have a vanishing amplitude for large |z|, and embedded solitary waves will have
oscillating tails. These two behaviors can be modeled by an exponential function
with either a negative or imaginary argument. We use the simple exponential ansatz

below.
¢ = Aexp(Az). (2.3.1)

This is plugged into the linearized ODE to find the behavior of the tails. Note that the
solution and its derivatives are very small in the tail for both types of solitary wave
solutions. This is true even for embedded solitary waves since the tail oscillations

have exponentially small amplitudes. Hence, the linearized ODE may be used.

(1 —a1)Ae — N2Ae* =0 (2.3.2)

13



Solveing for\ reveals the eigenvalues

A=+vVI—aq. (2.3.3)

Therefore, parameter regimes with a; < 1 correspond to regular solitary waves with
exponentially decaying tails, while parameter regimes with a; > 1 support embedded

solitons with oscillatory tails.

2.4 Variational formulation

2.4.1 The variational approximation for regular solitons

The procedure for constructing regular solitary waves with exponentially decaying
tails is well-known. It is widely employed in many areas of applied mathematics and
goes by the name of the Rayleigh-Ritz method. In this section, we shall employ it

to construct regular solitary waves of (2.2.5).

For this purpose, we first require the corresponding Lagrangian. The Lagrangian

having equation (2.2.5) as its Euler-Lagrange equation is

(1 —a))u?/2 — ayu®/3 — azu® /4 — u,.u/2 (2.4.1)

This may be found by comparison with similar examples. It may also be found

more systematically by matching the Euler-Lagrangian equation to (2.2.5), equating

14



coefficients of corresponding terms, and integrating the resulting equations in Lie-

algebraic fashion.

The localized regular solitary wave solutions will be found with a Gaussian trial
function (2.4.2). Note that it is standard to use such Gaussian ansatzén for analytic
tractability. This is true even for simpler nonlinear PDEs where exact solutions may

be known and have the usual sech or sech? functional forms.

¢ = Aexp (—%) (2.4.2)

Next, substituting the trial function into the Lagrangian and integrating over all

space yields the ‘averaged Lagrangian’ or action (2.4.3):

A2
T\f(—wp? +9V2(2 + p?) — 8V3Ap%ay) (2.4.3)

The next step is to optimize the trial functions by varying the action with respect to
the trial function parameters, viz. the core amplitude, A, and the core width, p. This
determines the optimal parameters for the trial function or solitary wave solution,
but within the particular functional form chosen for the trial function ansatz. The
resulting variational Euler-Lagrange equations, by varying A and p respectively, are

the system of algebraic equations:

p*(3V2a; + A(2V/3ay + 3Aas)) = 3V2(1 + p?) (2.4.4)

p*(18V2a; + A(8V3ay + 9Aaz)) = 18V2(—1 + p?) (2.4.5)

15



Given their relative simplicity, and assuming a; = 1/2, a3 = 1, a nontrivial solution

to these equations is

4(10 — p*)ay
3v/3(p? — 6)
L 8063 + 2v/2(81 — 4y/81v/%a3 + 50ad)

_ 2.4.7
P 27v/2 + 1643 (24.7)

A= (2.4.6)

The optimized variational soliton for the regular solitary waves of the traveling-wave
equation (2.2.5) is given by the trial function (2.4.2) with the above A and p. The
following plots show the resulting regular solitary wave solution for various values of
the parameter as. Note that the tail analysis revealed the need for a; < 1 in regimes

with regular solitary waves.

Figure 2.1 shows the residual of the variational regular solitary waves obtained
above. We are able to find this since our variational solution for the regular solitary
waves given by (2.4.2), (2.4.6), and (2.4.7) is, unlike for most variational solutions,
an analytical one. Inserting this variational solution (2.4.2) (with (2.4.6) and (2.4.7))
into the traveling-wave ODE (2.2.5), the deviation of the left-hand side of (2.2.5)

from zero gives a direct measure of the goodness of the variational solution.

Figure 2.2 shows this left-hand side for a; = 1/2,a3 = 1. For small values of as,
the residual is small for all values of z. Greater values of a, create a greater residual

for small values of z, but it approaches 0 for any particular a, as z — oo.

16
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Figure 2.1: The regular soliton plotted for a; = 1/2,a3 = 1
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Figure 2.2: Residual of the regular soliton
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2.4.2 The variational approximation for embedded solitons

In the very recent and novel variational approach to embedded solitary waves, the
tail of a delocalized soliton is modeled by (2.4.8). Our embedded solitary wave will be
embedded in a sea of such delocalized solitons. The cosine ensures an even solution,
and the arbitrary function k(c) will, as shown below, help to ensure the integrability

of the action.
Prail = @ cos(k(c)z) (2.4.8)

Our ansatz for the embedded soliton uses a second order exponential core model plus
the above tail model.

2

¢ = Aexp (-%) ¥ ol (2.4.9)

Plugging this ansatz into the Lagrangian (2.4.1) and reducing the trigonometric
powers to double and triple angles yields an equation with trigonometric functions
of the double and triple angles, as well as terms linear in z. The former would make
spatial integration or averaging of the Lagrangian divergent. However, it is possible to
rigorously establish, following a procedure analogous to proofs of Whitham’s averaged
Lagrangian technique [13], that such terms may be averaged out, so we shall set them

to zero a priori.

19



The terms linear in z would also cause the Lagrangian to be non-integrable.

Hence, we set x(c) as below to force these linear terms to equal 0.

_ :I:\/_S + 8a; + 3aas

2v/2

a; = a;/c? (2.4.11)

k(c) (2.4.10)

Note that this step, and the preceding step of averaging out trigonometric functions
of the higher angles are novel ones for the variational approximation of embedded
solitary waves. They are not part of the traditional Rayleigh-Ritz method used for

the construction of regular solitary waves.

Next, the rest of the Lagrangian can be integrated over all space to give the action

— A7
2p

<—18\/§A(1 + ) + p2f(ay, s, a3)> (2.4.12)
flay, az,a3) = 8V/3A%ay + 3602ay 4+ 9A%as + 9V2A(2a; + 302as) (2.4.13)

a; = a;/c? (2.4.14)

As for the regular solitary waves, the action is now varied with respect to the core

amplitude (A), the core width (p), and the small amplitude («) of the oscillating tail
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to give the following system of equations (2.4.15), (2.4.16), and (2.4.17):

0 (4\/§A2a2 + 602ay + 6A%as + 3vV2A(2a1 + 3a2a3)> = 6vV2A(1 + p?)

(2.4.15)

8V3A2p2ay + 3602 pag + 9A° pPas + 9V2A(2 — 2% + p*(2a1 + 302az)) =0

(2.4.16)

4ay + 3v2Aas = 0 (2.4.17)

For strictly embedded solitary waves, which occur on isolated curves in the parameter
space where continua of delocalized solitary waves exist, the amplitude of the tail is
strictly zero. Once again, this is an extra feature not encountered in the standard
variational procedure. Hence, we set a = 0 in the above equations in order to recover

such embedded solitary waves, yielding

P2 <2\/§Aa2 +3A%; + 3\/§a1) = 3v2(1 + p?) (2.4.18)
P2 (18\/§a1 + A(8v/3ay + 9Aa3)) = 18v2(p* — 1) (2.4.19)
4ay + 3V2Aaz = 0 (2.4.20)
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Arnplitude

Figure 2.3: The embedded soliton plotted for a; = 2

If we set a; = 2, a nontrivial analytical solution to these equations can be found.

202
_2v20 (2.4.21)
3&3

A=
27v/2
PP = V2, (2.4.22)
12a3 — 8v/6a3 + 27+/2as
_ —18a% + 10v/6a3

Qa
’ 272

(2.4.23)
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As for the regular solitary waves, our embedded solitary waves (2.4.9) (with o = 0
and (2.4.21), (2.4.22), (2.4.23)) are somewhat unusual for the variational approach,
being available in analytic form. Hence, as done for the regular solitary waves, they
could be inserted into the left-hand of side of (2.2.5), which could then be plotted
for various ranges of z and as. Then, the left-hand side of (2.2.5) again remains very
small over all ranges of z and as, thus attesting to the goodness of the variational

embedded solitary waves constructed here.

2.5 Conclusion

We have found both regular and embedded solitons in a generalized Pochhammer
PDE using a variational method. While both types of solutions are important and
relevant in themselves, the approach used for the construction of the embedded
solitary waves is novel. It employs several extensions of the conventional Rayleigh-
Ritz variational technique, which is a widely used and most versatile technique for

the construction of regular solitary waves of important nonlinear PDEs.
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CHAPTER 3
REGULAR AND EMBEDDED SOLITONS IN A
GENERALIZED MICROSTRUCTURE PDE

3.1 Abstract

In this chapter, variational methods are employed to generate families of both regular
and embedded solitary wave solutions for a generalized microstructure PDE that is
of great interest. The technique for obtaining the embedded solitons incorporates
several recent generalizations of the usual variational technique and is thus topical in
itself. One unusual feature of the solitary waves derived here is that we are able to
obtain them in analytical form (within the family of the trial functions). Thus, the
residual is calculated, showing the accuracy of the resulting solitary waves. Given the
importance of solitary wave solutions in wave dynamics and information propagation
in nonlinear PDEs, as well as the fact that only the parameter regimes for the
existence of solitary waves had previously been analyzed for the microstructure PDE

considered here, the results obtained here are both new and timely.
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3.2 Introduction

One-dimensional wave propagation in microstructured solids is currently a topic of
great interest, given the potential applications of such materials in diverse areas. This
phenomenon has recently been modeled [14] by equation (3.2.1) with complicated

dispersive and nonlinear terms.

(btt - b(bxm - g(¢2>x:p - 5(ﬁ¢tt - ’y(bmc)mc = 0 (321)

Here, b, pu, B, 0, and v are dimensionless parameters, ¢ denoting the macroscopic
deformation of the material, and = and ¢ denoting space and time coordinates, re-
spectively.

Equation (3.2.1) is derived by using the so-called Mindlin model in [15-17]. Tt
is a non-integrable PDE. However, necessary analytic conditions for the possible
existence of solitary waves of (3.2.1) have been derived in [17, 18]. The last-cited
papers also numerically construct asymmetric, pulse-shaped traveling-wave solutions

of (3.2.1), where the spatial and temporal coordinates occur in the combination x—ct.

More recently [14, 19, 20], pulse trains in (3.2.1) have been numerically patched

together.

An analytical method for finding regular and embedded solitons with a varia-

tional approach was given in [21]. The method for finding regular solitary waves
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variationally is long-standing and widely used. By contrast, that for finding the
so-called embedded solitons is of very recent vintage. The embedded solitons are
embedded both in the continuous spectrum in spectral space and in a continuum
of so-called delocalized solitary waves with oscillatory tails of exponentially small
amplitude. In this paper, we shall construct regular solitary waves of (3.2.1) vari-
ationally and follow the extensions of that method in [21] to construct embedded

soliton families of (3.2.1).

Towards that end and since both types of solitary wave solutions will be traveling-
waves, we first derive the traveling-wave reduced ODE corresponding to (3.2.1).
First, we transform to the traveling-wave variable z = x — c¢t. The derivatives are

transformed as below.

d d dz d

d d dz d

Now the PDE is an ODE:

(02 - b)¢zz - g(¢2)zz - 6(ﬁc2¢zz - '7¢zz)zz =0 (324)

After integrating twice, the PDE becomes the following ODE (3.2.5) governing 1-
D longitudinal wave propagation, with parameters defined by (3.2.6) and (3.2.7).

Boundary conditions are not taken into account. The solitons constructed for this
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equation correspond to homoclinic orbits.

)
q= m (3.2.6)
= —5(B52 e (3.2.7)

3.3 The linear spectrum

As mentioned above, embedded solitary waves exist within a continuum of delocalized
solitary waves with oscillating tails, as opposed to the exponentially decaying tails
of regular solitary waves. This distinction may be used, together with an analysis
of the tail region, to identify the disjoint parameter regimes where each of the two

types of solitary waves may exist.

First, we perform a Taylor analysis of the tail of the potential soliton to find
parameter regions where regular or embedded solitons could exist. Regular solitary
waves have a vanishing amplitude for large |z|, and embedded solitary waves will have
oscillating tails. These two behaviors can be modeled by an exponential function with

either a negative or imaginary argument. We use the simple exponential ansatz

» = Aexp(Az). (3.3.1)
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This is plugged into the linearized ODE to find the behavior of the tails. Note that the
solution and its derivatives are very small in the tail for both types of solitary wave
solutions. This is true even for embedded solitary waves since the tail oscillations

have exponentially small amplitudes. Hence, the linearized ODE may be used.

N AeM — gAe =0 (3.3.2)

Solving for A\ reveals the eigenvalues

A= +,/7. (3.3.3)

Therefore, parameter regimes with ¢ > 0 correspond to regular solitary waves with
exponentially decaying tails, while parameter regimes with ¢ < 0 support embedded

solitons with oscillatory tails.

3.4 Variational formulation

3.4.1 The variational approximation for regular solitons

The procedure for constructing regular solitary waves with exponentially decaying
tails is well-known. It is widely employed in many areas of applied mathematics and
goes by the name of the Rayleigh-Ritz method. In this section, we shall employ it

to construct regular solitary waves of (3.2.5).
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For this purpose, we first require the corresponding Lagrangian. The Lagrangian

having equation (3.2.5) as its Euler-Lagrange equation is

_ 4 T 1
L= 2¢ 6¢ +2¢¢zz- (3.4.1)

This may be found by comparison with similar examples. It may also be found
more systematically by matching the Euler-Lagrangian equation to (3.2.5), equating
coefficients of corresponding terms, and integrating the resulting equations in Lie-

algebraic fashion.

The localized regular solitary wave solutions will be found with a Gaussian trial
function (3.4.2). Note that it is standard to use such Gaussian ansatzén for analytic
tractability. This is true even for simpler nonlinear PDEs where exact solutions may

be known and have the usual sech or sech? functional forms.

¢ = Aexp (—%) (3.4.2)

Next, substituting the trial function into the Lagrangian and integrating over all

space yields the ‘averaged Lagrangian’ or action (3.4.3):

A2 In (/1 A% [r
—7 5 (; + qp) — F\/;T,O (343)

The next step is to optimize the trial function by varying the action with respect to

the trial function parameters, viz. the core amplitude, A, and the core width, p. This
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Figure 6.1: Bifurcation lines of system C

Figure 6.2: A stable fixed point exists in the region between the first two bifurcation
lines L1 and L2.
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Figure 6.4: A stable periodic orbit is created during the first Hopf bifurcation.

Figure 6.5: A stable quasi-periodic orbit is created during the first Hopf bifurcation.
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Figure 6.7: The solution in the region after L4 is unstable.
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and the quasi-periodic orbit is now unstable. Trajectories fly to infinity soon after

the interesting behavior shown in Figure 6.8.

6.6 Conclusion

We have comprehensively analyzed the wavetrain dynamics resulting from Hopf and
double-Hopf bifurcations in two-reactant reaction-diffusion (or two-species predator-
prey) systems with general nonlinearities. For general functional forms of the non-
linear prey birthrate/prey deathrate or reaction terms, regular/double-Hopf bifurca-
tions are shown to occur at various critical values of the traveling wave speed. The
post-bifurcation dynamics is investigated for three different functional forms of the
nonlinearities. The normal forms near the double Hopf points have been derived us-
ing the method of multiple scales. The post bifurcation dynamics resulting from the
normal form include stable limit cycles and two-period tori corresponding to periodic
and quasiperiodic wave trains. In principle, subcritical Hopf bifurcations may yield
more complex behavior, although none has been observed. The diverse behaviors
predicted from the normal forms in various parameter regimes have been validated
using numerical simulations and diagnostics. In general, the dynamics changes be-
tween analytically predicted regions of phase space separated by stability boundaries

derived from the the normal form.
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6.7 Appendix A

For systems A-C, the source terms are

S11=512=513=514=0

S2,1 = - DlNl
_F()Gooég G%ZQQ G(Z)OZQQ G(Z)QQ 0

Soo = — — N?
22 Diaf D222 Dizaf? + D, zp3? * Dz 1
a
— NP, —D M
+ D, 111 1My
Sp3=—Di1 P

_ FGofy  Gipa NiPiB Dosqov  qovs
Sop = — o Tt
Dg()éﬁ DQZO(/B D2 D2 DQ

- DlQl

S31=—DaN; — DNy

F()Ozg ZGOZQQ G()Oégg 2D1G0(92 — D12G00
Sz2 =N - 5 + 5
Do Diz?8 Dizaf Dizp

2N29 + PQCYZ DlgGoa G()Oég NQCY
Ny | ——————— P -
+ 1< Dz >+ 1( D23 +D1@+D1

D12U (%)
M| ——— - — | —DsM, — DM
+ 1<D% Dl) 2Vl 14Vl

S33=—DyP, — D P,

B Dy o8 Fofa  Gofall  DxnGod P
S34 =N Do + Y -
e Dya Dyzaf Ds3za D,

+ P1 (_ G052 B NLﬁ) + DQQQlU Q

D2 D,
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(6.7.2)

(6.7.3)
(6.7.4)

(6.7.5)

(6.7.6)

(6.7.7)

(6.7.8)

(6.7.9)



For systems A-C, the composite operator is

L, =
DQOf DQG()O[ G()O[ DQGQO./
Dsza Goo Doz zo

For systems A-C, the composite source is

_v*BDeSiu n vBD;Sin n D1vBD;Sia n DyvBDyS; 2

FZ =
DQGoOé G()Oé DQG()O( DQG()O[
DlﬁDgS,Ll Dl/BD[%SzQ ’USz‘g
: : : DyS; S;
+ Goot + Goot + Dy + Dooiz + Oia
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Figure 6.8: The stable quasiperiodic orbit created at line L3 has become unstable

after the secondary Hopf bifurcation at L5.
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