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ABSTRACT

Consider a sequence of random variables which obeys a first order autoregressive model
with unknown parameter alpha. Under suitable assumptions on the error structure of the model,
the limiting distribution of the normalized least squares estimator of alpha is discussed. The
choice of the normalizing constant depends on whether alpha is less than one, equals one, or is
greater than one in absolute value. In particular, the limiting distribution is normal provided that
the absolute value of alpha is less than one, but is a function of Brownian motion whenever the
absolute value of alpha equals one. Some general remarks are made whenever the sequence of

random variables is a first order moving average process.
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INTRODUCTION

Consider a sequence {Y;}, t = 0 of random variables defined on a probability space
(Q,3, P) that obey the first order autoregressive model Y; = aY;_; + & , where a isan
unknown parameter. The error structure {¢,} is assumed to be I1D, independent individually
distributed, with E(g;) =0 and 0 < vare; = 02 < oo. No specific distribution of the errors

is assumed.

This leads to using the least squares procedure to estimate . Let &,, denote the least
squares estimator (LSE) of a, which is a function of Y, Y, ..., Y,,. In addition to estimating «, the
limiting distribution of &,,, whenever properly normalized and centered, can lead to a test of
hypothesis for a. If the limiting distribution is unknown, then a simulation study can be used to

estimate tail probabilities for a test of hypothesis.

The LSE &, is the value of @ which makes Q,, (@) = ¥7=,(Y; — a¥,_;)? aminimum. In

_ XYY

particular, @,, = ARG substituting the model assumption Y; = aY;_; + & gives:

&~ Yieq(aYegter)Yeq

= ,and
n Yhe1(Ye—1)?
P _ Xtea(Ye-18e)
&, —aq=="0—ms 1.1
n 1 (Ye-1)? (1.1)

The purpose of this work is to show that {c, (@, — a« )} converges in distribution



whenever the normalizing c,,’s are properly chosen. The choice of ¢, varies according to the
cases: |a| <1, a =1,and |a| > 1. Thecase |a|] <1, (a =1, |a| <1)isstudied in chapter 2

(chapter 3, chapter 4), respectively.

The Martingale Central Limit Theorem is the primary tool used to show that whenever
|a| <1, the limiting distribution is normal. Whenever a =1 the limiting distribution is shown to
be a function of Brownian motion. Donsker’s Functional Central Limit Theorem is essential

here. Order in probability techniques are utilized in the |a| > 1 case.

The results presented here are known. However, this work collects them into one
resource with detailed proofs. It is hoped that a convenient comparison of the three cases of the
AR (1) model is of interest to the reader. Each case requires uniquely different methods for
proof. Excellent references on the theory of Time Series are the books written by Brockwell and
Davis [2] and Fuller [4]. Hasza [3] investigated the case whenever |a| > 1 in his Ph.D.

dissertation.

Finally, an outline of the primary ideas used in proving that the Gauss-Newton estimator

is asymptotically normal for the order one moving average model is given in the last section.



AR (1)-CASEI: |a| <1

It is assumed throughout this section that {Y;},t > 0 is a sequence of random variables

defined on the probability space (Q, 3, P) that obeys the model:

Vi =aY_y + &, |a| <1, (2.1)
where & ,t = 0,%+1,12,... are lID random variables with E(e;) = 0 and
0 < vare; = 02 < oo. Recall that the least squares estimator (LSE) of « is given by:

& — Z?:l(ytyt—l) (22)

YR (Ye-1)?

Using the model assumption (2.1), &,, = 2f=1(ffyf(‘;+g§§yf‘1, and thus,
t=1\1t-1

~ _ Xt (Ye—a8e)
—a == 2.3
=@ Yio1(Ye—1)? 3)

Recall that a sequence {V},} of random variables defined (Q, 3, P) converges in
distribution to V provided that F,, — F pointwise except possibly at values where F is

discontinuous. Here F, is the distribution function of 1}, and F is the distribution function of V.

D
The above is denoted by V,, —» V. Moreover, 1, = V in probability if for each § > 0,

P
P{|V,, =V|>6} >0 ,as n— oo, denoted by V, - V. Also, {V},} convergesto V in L?,p >

Lp
0, , provided E|V,, = V|? - 0 asn — o , denoted by /, - V. Listed below are some basic



properties of these convergence notions.

Theorem 2.1 Assume that {I},} and {W,,} are sequences defined on (£, J, P). Suppose that

f:R — R is continuous except for a set of PV measure zero. Then:
. LP P D
Q) V,-V =V-V=V,-V,p>0
. D P :
@)  V, > ViffV, -V whenever V isaconstant rv, a.s.
P P P
@ v,-w,->0andW,-W=V, -W
. P D D
(iv) V,—W,—-0and W, - W=V, -W
P P
V) W=V -fV)

Vi) VSV F) DY)

D
(vii) W, - Viff ¢, — ¢y pointwise, where ¢, denotes the characteristic function of V.

The two results stated below are used to show that {% Lo Ytz} converges in probability.

These results can be found in Proposition 6.3.9 and Proposition 6.3.10 of Brockwell and Davis

[2]



Theorem 2.2 Suppose that {V,,} n = 1,{W,;,} 1 < k < n,{W,}, kK = 1,and W denotes random

variables defined on (Q, 5, P). If:

D
Q) Wy = W, as n — oo, for each fixed k > 1.

D
(i) W, —->Was k - oo.

(iii) limy_ o limsup,, P{|V,, — Wy | > 6} = 0 , for each fixed § > 0. Then

D
V,>Was n—- oo,

The next result is called the “Weak Law of Large Numbers for Moving Averages.”

Theorem 2.3 Let{Z, : t =0,+1,+2, ...} be a sequence of 11D random variables defined on

(Q,3, P), where E|Z;| < . If {¢;},j = 0 is a sequence of real numbers with 3%o|p;| < oo,
. o 1 P o
define v, = ¥72 (Pth—j. Then ;Z?ﬂ Ve = ZjZo 9)EZY).

Assume that {Y;}t > 0 obeys model (2.1), then:

Yl = aYO + El’YZ = aYl + €y, = af(aYO + 61) + €y, = a2Y0 + aeq + €y ,Y3 = aYZ + €3 =

a(a?Yy + ae; + €,) + €3 = a3Yy + a’e, + ae, + €3

In general, an induction argument shows that:



Y, =atYy + Yl at~le, forall t > 1. (2.4)

Theorem 2.4 Suppose that {Y;}t > 0 obeys model (2.1), then:

1¢n 2 a?
- Yoo .
n t=171 1-a?

Proof: Since only asymptotic results are needed, one can assume that Y, = 0 and thus,
Y, =XYi,a" . Notethat Y, = Y5 g a’ €,_;, and hence Y? = ¥f71  a'al €,_;€,_;. Define

ij=

_ Vo i j _ 2i 2 R TS i .
U, = Zi,j:o atal €€, Vy = Yicoater_;, Wy = Zi,jzo,iij a‘al €,_j€,_j; then

U =V, +W,. Observethat E(V,) =Y2,a%0c? ==

1-a?

and

E|W,| € X0 izjlal'lal’ (E(€1))* < oo. Hence, V, and W, are finite a.s.

Observe that:
[e%) t—-1
E|U, —Y?| =E z alal €€, j — ala’ €€
ij=0, ij=0
oo oo
< Z lat||a’|o? + Z lat||a’|o? < M]al® > 0 as t - oo.
i=0,7=t i=67=0

L
It fOIIOWS that Ut - Ytz _1) 0, and thUS, E |%Z?=1(Ut - Yt2)| S %Z’{:l ElUt - Ytzl +

Lyn . E|U, — Y2|. Given, § > 0, choose T such that E|U, — Y2| <g forall t > T.



Moreover, choose N > T for which Z L ElU —Y2| < g for all n > N. Hence,

L
E % " (U, —YA| < éforallm = N, and thus % n_ (U, —Y2) 50.

Next, it is shown that % Ut . It follows from Theorem 2.3 that oV

P . P
>YyRoatta? = faz . It remains to use Theorem 2.2 to verify that % *_, W, — 0. Note that
i1
—Z" W = Xi=0izja‘a ';Z?ﬂ €—i€—; . Observe that cov(es_ies_j, Et_iet_j) =0
whenever s # t. Indeed, if s—i=t—jands—j =t —i,i=j,whichis contrary to the
P . . 1 n 1 n 4 __ 0'4
definition of W,. It follows that for i # j, var (;thl Et—ift—j> =—=2=10" = and thus

P ..
by Chebyshev’s inequality, %Z?:l €c-i€—j > 0asn — co.Denote T, = ¥i%-g @'’ -

1
~Yier€i€jy Tk = Efj=oinja’a! Zt 1 €c—i€.—j, and note that T, 5 T, = 0asn — oo,

Observe that: [T, — Tl < X iy pq|a?||@!| = Tty leeil|ecs| +

Zi=k+1,j=0|“l||a]|;Z?=1|Et—i||€t—j| + Z?,'}:kﬂ,ile“l”aj , and thus,
| k+1 | k+1| | k+1|2
E|Ty — Tl _—ElellElezI +—EI61IEI62I TN Ele|Ele,]|
T A= al)? (1 - lal)? (1 - lal)?

P
Then limy_,. limsup, . E|T, — Tyi| = 0, and thus by Theorem 2.2, T,, — 0. However,
P 2
T, = X, W, and Z LU ==Y Ve + %Z?zl W, = . It was shown above that

L P
n_ (U, — Y2) 50, and thus by Theorem 2.1 (i), % *_ (U, —Y?) - 0. Since %Z?ﬂ U



2

P
it follows from Theorem 2.1 (jii) that %z’gzl V22— =m

1-a?

—a?

Yie1(Ye—1€e)
—q)= ;

Recall from (1.1) that vVn(&,, i)
=1Ut-1

It remains to show that the limiting

distribution of {%z’gzl Yt—16t} is normal. The Martingale Central Limit Theorem is used to

verify this. The notion of uniform integrability of a sequence of random variables is used in the
proof. In particular, a sequence {V;, t = 1} of random variables defined on (Q, 3, P) is said to be
uniformly integrable provided that for each § > 0 there exists a real number ¢ such that for all
t> 1,E[|Vt| . 1{|Vt|>c}] < §. Observe that uniform integrability implies uniform boundedness,

that is, sup 1 E|V;| < oo.

Lemma 2.1 Let{V,,t > 1} be a sequence of random variables defined on (€, 3, P) satisfying

supes1E|V:|P = K < oo, where p > 1. Then, {V,, t = 1} is uniformly integrable.

i = 400, and thus, there exists ¢ > 0 such that for all

Proof: Given § > 0, note that lim,Hoo

IxI

xI EIthp

6

x| > ¢, >— Then forall x| > ¢ , |x| < X2

-§,and thus E|V, - 1y, sq] <

< ¢, forall t > 1. Hence {V;,t = 1} is uniformly integrable. |

A basic ingredient of the Martingale Central Limit Theorem is the concept of conditional



expectation. More precisely, let X denote an integrable random variable defined on (£,J, P). Let
%) € F be asub o - field of F. The condition expectation of X is defined by E (X|9) := Y such
that Y is 9 -measurable and fAXdP = fAYdP for each A € 9). The existence and uniqueness
(almost surely) of Y is based on Radon-Nikodym Theorem. A list of some basic properties of
conditional expectation is given below. Let o(X) denote the smallest ¢ -field such that X is

measurable, that is, (X) = {X~1(B): B € B(R)}, where B(R) denotes the Borel o-field on R.

Theorem 2.5 Assume that X, Y are integrable random variables defined on (£, J, P), and let

PSS H SF sub-o-fields of F. The following results are valid a.s:

Q) E(X|9) = X whenever X is %) -measurable

(i)  E[EXID] =EX)

@iii)  E((aX +bY)|Y) = aE(X|Y) + bE(Y|Y) , where a, b are real numbers
(iv) X <Y implies E(X|9) < E(Y|D)

(v) E(XY|9) = YE(X|Y) , whenever Y is Y -measurable and XY is integrable
(vi) EEXIH)ID) =EXID)

(vil)  E(X|9) = E(X) provided that (X) and 9) are independent o-fields.

Note: The Martingale Central Limit Theorem suited for our context is stated below.

Theorem 2.6 Let {S,,, n = 0} be a sequence of mean zero square integrable random variables



defined on (Q, 3, P). Assume that {S,,,3,, ,n = 1} is a martingale, where{J,,,n = 0}is an
increasing sequence of sub- o-fields of 3. Suppose that S, = 0 and X,, == S,, — S,,_;. Denote
0f = EX3|Sn-1), V2 = X107, and sz = E(2) = E(S?) . Assume that:

i -1

.. . 1
(ii)  Foreachd > 0,lim,,_ QZ}LE(X;Z . 1{|Xj|>6sn}) =0,

D
Then j—“ 5Z ~N(0,1).

Theorem 2.7 Suppose that {Y;, t = 0} obeys model (2.1); moreover, assume that

Vi-a? 1

D
E|€;|**" < oo for some r > 0.Then — \/—ZZ?ﬂ Y16, > Z ~ N(0,1).

Proof: The Martingale Central Limit Theorem is used to verify this. Denote o?= vare,
Sy =Y. Y, 16 , of = E(YA €E|Fe_y), s2 = E(V2) = E(S2),and fix § > 0. Here F, =

o{€1, €,, ... €:}, that is, the smallest ¢ -field such that each g;, 1 < i <t is measurable.

NOte that, E(Sn+1|'7:n) = E((Sn + Yn6n+1)|Tn) = Sn + E(Yn€n+1|Tn) = Sn + YnE(€n+1|Tn) =

S, + Y,E(e,) = S,,. Hence {S,,F,,n > 1} is a martingale. Denote 67 = E(Y2 ,€?|F,_,) =

10



Y2 E(e?|F_y) = Y2, E(e?) = Y2 0% where Fy = {¢,Q}and Y, =0 is F,-measurable.
Define V2 = Yo 0f = 02X, Y2, andsi = E(2) = E(S2) = 02X, varY,_,. Note that
since Y, = aY_; +6&,t=>0,Y, =a¥y+ X, at~le = alYy + Y23 ale,_;. Sincela| < 1,
one can select Y, = 0 since we are interested in asymptotic results. Let Y, = Y!Z a‘e,_;, then

2 (1_a2t)0.2 1_a2t _ 0.4- (1_a2n)a2

varY, = ¥iZga*'o? = =———. Then sf = o* ¥, — = — | — 1. It follows
21yvn 2 _a*_
V2 o= Ni=q Vi P — 2 . v2 P
from Theorem 2.4 that = = —2=——— 52 =135 n—> o, i.e. 2> 1asn - .
s o* . as(1-a“™) a Sz
1-a2! n (1-a?)

Next, it is shown that é " E[YZ €l Liy,_ es>8s,3] = 0 for & > 0 fixed. First it is
shown that {Y,2,€2},., is uniformly integrable. According to Lemma 2.1, it is sufficient to show

that for r > 0, given in the hypothesis, sup;»,E|Y2,€2|*"z = sup;»1 E|Y2 €227 < oo, Let

— g’ gq=2+r;thenp>1, g > 1, and % + i = 1. Then using Holder’s inequality,
=1 2+4r t—1 ) 1 2+r
Y4 [2*7 < Z|a|i|6t—i| < Z(lali)p(lali)qlft—il S
i=0 =0

. ﬂ _ . L 2+r
EiZolalDzr Eisolal e )z

= ZiSlal)MT iz lal e |*T.
Then, E|Y,_1€.|**" = Ele;|>TE|e, |21 (Xi25|a]H?™ = 0(1), and thus {V;2 1 €2}5 S

uniformly integrable. Hence, given § > 0 there exists Mg > 0 such that

E'[Yt-z_]_etZ " 1{|Yt—1€t|>M5}] < 6 fOI’ a” t 2 1

11



Since s2 = 0(n), choose n, such that for all > n,, §s,, = Ms. Then for all n > n,,

1
E[Ytz_letz . 1{|Yt—16t|>55n}] < § and thus, - ?zno E[Ytz_l E? . 1{|Yt—15t|>55n}] < §forall n > n,.

4
Choose n, such that for all n > n, %z’gzl E[YZ1 € Ly, e 585, < 6. However, sf~

2

as n — oo and thus, Siz " LE[YZ, €l Ly,_ e >se,3] < 6, for n sufficiently large. Hence:
n

limy, e éﬂ;l E[YZ, € Liy,_ e >se,3] = 0. It follows from Martingale Convergence

Vi- a21

Theorem that Zt 1 Yi_1€t —>Z~N(0 1).Again si~—, implies that Z" 1Y 1€
D
- Z. [

Theorem 2.8 Suppose that the hypotheses of Theorem 2.7 are satisfied and let &,, denote the

D
LSE of a. Then +n(&, — a) - N(0,1 — a?).

IE
Proof: It follows that vn(&,, — a) = Lm , and by Theorem 2.4 and Theorem 2.7 above,

tltl

1
\/_ﬁZ?ﬂ Yt—let \/—

Vi@, —a) ovVI—aZZ=NO1—-a?). =

12



AR (1)-CASEIl: & = 1

Suppose that {Y; ,t > 0} is a sequence of random variables defined on (£, S, P) which

obeys the model:
Yt = aYt_l + Et (3.1)

where a = 1, and €,,t = 1 are 11D mean zero with 0 < vare; = 02 < oo, Since a = 1, it follows

from (1.1) that the LSE of a obeys

n
G, — 1 =2z las (3.2)

)
t=1Yi21

If « =1thenY; =Y,_, + €, and the time series{Y;} is called a random walk. Many
papers have been written about when the process is a random walk. This is of interest to

economists. Testing the hypothesisH,: a = 1 vs. Hy: |a| < 1 is discussed below.

Lemma 3.1 Assume that {Y; };s, is a time series obeying the model Y; = Y;_; + €, ,t = 1,

and that {e,} is an 11D sequence with E(e;) = 0 and vare; = 62 < . Then

1

no?

D 72
PN AP Z; - % asn — oo, where Z~N(0,1).

PI’OOfZ Iterating on Yt == Yt—l + Et ,t 2 1 ,Yl = YO + 61, Yz = Y1 + 62 = YO + 61 + 62, Y3 =

13



Yz + €3 = YO + €1 + €y + €3, etc. Then Yt—l = YO + Zf;il €, and thUS Z?=1 Yt_let =
_ _ 1 1

te1 (Yo + Zf:% €)€ = Yo Xt € + 211 f=11 €€ =Yg Xi=1 6 + > Xt=1 Et)z - 52?:1 €t2-
Using Strong Law of Large Numbers and Central Limit Theorem, #Z’;l Yi_1€6 =

Yo

no?

1 € 1 D YE(E) 1 1 1 1
n n t \2 n 2 0 1 2 2\ — 2 —
€ +_ —_— —_ € _)—+_Z __Ee 0+_Z J—
t=1-t Z(Zt 1 TlO') 2no? t=1"-t o2 2 202 ( 1 ) 2 2

1 1
=72 _-- asn—oo. m
2 2

A stochastic process{X,: t € T} defined on a probability space(f, S, P) is called a
Gaussian process provided that foreach t; < t, < -~ < ¢, InT, (X, X¢,, - , X))
isa k -dimensional normal random vector, that is, Zﬁ‘zlﬂiXti is a one —dimensional normal
random variable, for each I’ = (1;,1,,---, 1) € R¥. This includes the degenerate case, where
Yk A; X, is constant almost surely Moreover, a stochastic process{W,:t € T} is called a Wiener

process or Brownian motion provided:

0] {W,} is a mean zero, Guassian process.

ii cov(W.,,W,) = (s At)a?,s,t €T.
(ii) Ws, W) = ( )

Here o2 is a parameter. The index set T is chosen to be I = [0,1] in our context.

14



Lemma 3.2 A stochastic process{W;:t € I} is a Wiener process if and only if:

Q) W, = 0 almost surely
(i) W,—W,~N(0,(t—s)o?) whenever s <t
(iiiy W, —-W, Wy, — W, , W, —W,_. areindependent random variables for

0<t; <t, <tz <t <1.

Proof: Assume that {W;: t € I} obeys (i), (ii), and (iii). It is shown that the process is Gaussian.

Let us check this for k = 3 since the idea extends. Suppose that:
0<t;<t;<tz<1and} = (1,4, 43) € R’ Then, LW, +L,W,, + A3 W,, =
MW, + LWy, + (W, =W )]+ AW, + (W, =W, ) + (W, —W,,)] =
A3[We, + (W, =W ) + (W, —W)] =

M+ + AW, + (A + A3) (W, — We,) + A3 (W, — W) is normal since
W, — Wy , Wy, — W, , W, — W,, are independent random variables by (iii) and W, = 0 by (i).
This idea extends to any k, and thus {W;: t € I} is a Gaussian process. Also, if 0 <s <t <1,

then cov(W;, W;) = cov(W, We+(W—W;)) = cov(W;, Wy) + cov(Wg, W—W;) = varW + 0.

Since W,, W,—W, are independent random variables. Hence, cov(W,, W,) = sa? by (i) and (ii)

and thus {W,: t € I} is a Wiener process.

Conversely, assume that {W,: t € I} is a Wiener process. Since it is Gaussian and

15



cov(Wy, W) = 0-02 = 0, that is,. E(WE) = 0, it follows that W, = 0 a.s. and (i) is satisfied.
Moreover, since {W,: t € I} is a Gaussian process it follows that W,—W is normally distributed

with mean zero. If 0 < s < t < 1, then var(W,—W;) = varW; + varW; — 2cov(W,, W;) =

to? +so2 —2(s At)o? = o?(s +t — 25) = (t — s)o2. Hence W,—W, and thus (ii) is
fulfilled.

Next,if 0<t; <t, <tz <t <1, W, =W Wy, =W, W, —W,_,,are
independent if and only if they are uncorrelated since each random variable is normal. Note that
if i <j,cov(W, —W;,_,, Wy, — Wt]._l) = cov(Wy, — Wy,_,, W, — Wt,-_l) = cov(W, Wtj) —
cov(Wy,_,, Wy;) — cov(Wy,, Wy, ) + cov(Wy,_, Wy,_) = tio? — t;_ 10 —tjo® + 1,102 =0

Hence (iii) is satisfied.

Remark 3.1 Condition (ii) in Lemma 3.2 is called stationary. Condition (iii) is referred to as

independent increments.

A function space Central Limit Theorem is used to show that the normalized numerator
of &, —1 converges in distribution. The function space is the set of all right continuous maps
defined on I = [0, 1] whose left — hand limits exist. This set is denoted D(l). A suitable topology

for D(I) has been defined by A.V. Skorohod (for example, see [1], p.112). This space is

16



separable. Moreover, there exists a complete metric p that induces the Skorohod topology (see

[1], p.112). Further, if f,,, f,n = 1, are continuous elements in D(1), then f, £>f if and only if

fn — f uniformly on 1.

Let B denote the Borel o-field on D(I), and assume V,,,V : (Q, 3, P) = ( D(l), B),

n > 1, are random elements (measurable functions). Define 1, 2 IV if and only if for each
bounded, continuous map h : ( D(I), p )= R, E(h(V}, ) )= E (h(V)). The following fundamental

result, known as the Continuous Mapping Theorem, is needed ([1], Theorem 5.1).

Theorem 3.1 Assume that 1}, 3 ¥ in D(l), h: (D(1), B) = (R, B(R)) is measurable and

PV{f € D(I): his discontinuous at f}=0. Then h(V},) g h(V).

M. Donsker proved the following Central Limit Theorem for a sequence of random elements in

(D(I),B) . (See [1], Theorem 16.1).

Theorem 3.2 Let {¢,} be a sequence 11D, mean zero, with variance 0 < ¢ < oo. Denote

X, (t) = ﬁz?zgﬂ €; Where t € I and [nt] is the greatest integer which is less than or equal to

17



D
nt. Then X, —» W in (D(I), B), where {W (t),t € I} is a Wiener process on I.

Quite often one wants to prove that a sequence {Z,,} of random variables converges in
D
distribution. Assume there exists a sequence V;, = V' in D(l), and a function h : ( D(I),P)—» R

D
that is continuous almost surely [PV]. If Z,, = h(V,), then by Theorem 3.1, Z,, = h( V).

In our use below, 1}, = X,, and V = W, where Wdenotes a Wiener process on 1.

Lemma 3.3 Assume that the time series {Y;};»o Obeys Y; =Y;_; + €, t =1, and {¢,} are

11D, E(¢;) = 0, and vare; = a2 < oo. Then:

1
n2g2

s v2, 5[ wi(t)dtasn - oo
t=11t21 I .

D
E[nt]] €;, 0 <t < 1. According to Theorem 3.2, X,, - W in

Proof: Define X,,(t) = —1

1
Vi 2
D([0,1]), where D([0,1]) is the set of all right-continuous maps on | with left-hand limits and W

is a Wiener process on |. Define h : D([0,1]) = R by h(f) = f,fdx.Then h is continuous almost

surely [P"] on D([0,1]), and thus by Theorem 3.1, h(X2) hd h(W?). Moreover,

2 2 2
h(XP) = [ XAt = T+ CoT o S

o2 n2g2 n2g?

D
- e Cizie)* - fIWZ(t)dt.

n2g?

18



As shown in Lemma 3.1, Y,_; = Y, + X[_1 ¢;, and thus,

1 n 2

n YZ — 2Yo n
t=11t-1 _nzaz 0

t—1
+ —12.i=1 €i
n2q2 t=14i=1"%1

n,(Xi1g;)?. Observe that

n2g2

( ) ( n—1)
f,xn(t)dt=n%+%+ : +%—>j W (t)dt since X,, - W and h(f) = [ fdt

D
is continuous almost surely[P" ]. That is, ﬁzgl Yile - fIW(t)dt asn — oo. Hence,

D
noyile e 0, and thus it follows that nz—lchZ?:l Y2, - f, W2(t)dtasn »> . =

nzcrz

Theorem 3.3 Assume that {Y;:t > 0} is a time series that obeys model (3.1). Then

D 2_
n(@, — 1) _)m , Where @&, Iisthe least squares estimator of «a as defined in (3.2).
1
Since a = 1, according to (3.1), @, — 1 = Zf,jL;‘;et , and thus
t=1"t-1
122? 1Yt-1€¢ D —ZZ—l Z%-1
n(@,—1) =< - = by Lemma 3.1 and 3.3. ]

UzZt 1YEq fIWZ(t)dt 2f,w2(t)dt

Remark 3.2 The above shows that {n(&,, — 1)} converges in distribution. However, the

zZ%2-1

distribution of m

is not known (like normal or chi-square), and thus for the needed

sample size must be approximated using simulation of n(&,, — 1), before testing Hy: a = 1.
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AR (1)-CASEIIL: |a| > 1

Consider the time series {Y;};so defined on (Q, 3, P) which obeys the model:
Yt = aYL—_l + et ) t = 0, (4.1)

where {¢,} are 11D random variables with E(e;) = 0,0 < vare; < oo, and |a| > 1. Recall from

(1.1) that the LSE &,, of « satisfies &,, — a = Z%Lty‘;et Utilizing order in probability
t=1"t-1

techniques, it is shown in Theorem 4.1 that @,, — a = Op(Ja|™).

Recall that if {a,} is a sequence of real numbers, then a,, = 0(1) means that there exists
M such that |a,| < M Vn =1, thatis, the sequence is bounded. Further a,, = o(1) means that

a, = 0 asn — oo. Note that a,, = o(1) implies a,, = 0(1). More generally, if b, > 0,n > 1,

then a,, = 0(b,,) means that |-2| = 0(1) and a,, = o(b,,) means that - — 0 as - co,
1 2 3 2 3 2
Example 4.1 Let a,, = 1—(1—£)(1—;),n2 1.Then a, = 1—(1—;+§) =-—=.

Hence an=%+0(—)and an=%+o(%) ,0<r<2. m

1
n2

Let {X,,} be a sequence of random variables defined on (Q, 3, P) and {a,,} a sequence of

positive real numbers. Then X,, = 0p(a,) means that for each e > 0 there exists M, such that
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P
P{'X”| > M.} < e Vn > 1. Further, X,, = op(a,) means that ;& -0 as n — oo, and
n

X, =X + op(a,) isdefinedby X,, — X = op(a,,) .

Lemma4.1 Assume that {X,,}, {Y;,} are sequences of random variables defined on (Q, S, P)

and let {a,}, {b,,} be sequences of positive real numbers. Then:

(i) Xy = op(ay) and Y, = 0p(by) = X,,Y,, = op(ayby)
(i) Xn = op(ay) and Yy, = op(by) = Xy + ¥, = 0p(a, V by)
@iy X, =op(ay)and r > 0= |X,|" = op(ay).

(iv)  (i),(ii),and (iii) hold with op replaced by Op.

P
Vv) X,»X=>X,=0(1).
Proof:

Q) Fix e > 0, note that for M > 0, {M > e}

anbn

{'Y"'<M'§—”'> } {@>M'X”Y"'>e}g{%>ﬁ} {%>M} Given § > 0

bn bn TLbTL n

|Xn|

choose M such that P {'Y"' M} — for each n > 1. Since == nl -0, P{ —} <2
b an an M 2

n

for n sufficiently large. Hence, P {'a:;:' e} <P {'i:' M} +P {'Y:' } < §forn

sufficiently large, and thus X,,Y,, = op(a,b,,).
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(i)  Givene >0, {M>e}g{ﬂ>f}u{ﬂ>§}g{@>§}u

anVby anVby 2 anVby an

{@ > g} and thus P {'X”+:”| } <P {'X:| } + P {'Ynl 2} —0asn - oo,

by anVbn by

Hence X,, +Y,, = op(a, V b,).

an”

(i) Given € > 0, {'X:V > e} = {'Z—:I> e%} P{ﬁ> e} = P{%> e%} -0,
and thus |X,|" = op(al).
|Xn|

(iv)  Assumethat X, = Op(a,).Given € >0 choose M such that P{

an

[ Xn|"

an”

1
MF} < eforallm>1.Then P{ > M} < e foralln > 1, hence, | X,|" =

Op(ap).

(v) Fix e > 0. Since{|X| = n} | ¢, there exists M, such that, {IXI > %} < g :
p . . . Me €
Moreover, X,, — X implies that there exists n, such that P {an -X| = 7} <3
for n > n. Note that, {|X,| > M.} < {1X, — x| > 2} U {|x| > %€}, and thus

P{IX,| > M} < P{IX, — X| > 2l 4 P{1x| > 2} <S4 S = eforn > ny . One

can choose N, > M, such that foralln > 1, P{|X,| > N,.} < €, and thus

X,=0p(1). m

Lemma4.2 Let{X,}, {¥,} be sequences of random variables defined on (Q,, P) and let {a,,}
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be a sequence of positive real numbers. Then:

(i) EXZ) = 0(a?) implies X,, = Op(a,)
(i) E(X,]) = 0(a,) implies X,, = Op(a,) . Also (i) implies (ii)

(iii) X, = 0p(a,) and a,, = 0 implies X;, = 0p(1).
Proof:

2
(i)  Choose K such that L)in) < K. Given € > 0, using Markov’s inequality,
a

n

= eforalln > 1.

p{M>M}SE("")2 <%.LetM=\/§ ;thenP{%ZM}S

an azm?2 —

m x| X

Hence X,, = O0p(a,).

(i)  Choose K such that 22l < k¢ for all n > 1. Then
P{'i—zl > M} < if;' < % < e when M =§ ,n = 1. Hence X,, = Op(a,,) according

to Liapounov’s inequality,E | X,,| < (Eanlz)% . Then %ﬂ"' < [%?]% and thus
E(X2) = 0(a2) implies that E|X,,| = 0(a,,).

(iii) Given € > 0, it must be shown that P{|X,,| = €} > 0as n—> . Fixd >0.
Since X, = Op(a,) , there exists Mg > 0 such that P {% > M(g} < §foralln = 1.

However, a,, — 0 and thus Msa,, < € for all n > n,. Hence for all n > n,,

P{IX,] 2 €} < P{IX,| = Mya,} = P {22l > M,} < 5, and thus X, = 0,(1).  m

an
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Lemma4.3 Assume that{X,},{Y,} are sequences of random variables defined on (£, J, P).

Then:

P P P

(i) X,—»X,Y,->YimpliesX,+Y,>X+Y
. P P P

(i) X, - X,Y, - Yimplies X,,Y,, » XY

P P P
(iii) X, > X,Y, > Y implies 2252 provided P{Y = 0} = 0
Yo Y

P D D
(iv) X, —Y,— 0impliesX,, —» X ifandonlyif Y, - X .
D D D x, D x .
V) X,Y)-XY)=X,+Y,-X+Y,X,Y, > XY,and y—” i provided
P{Y =0} = 0.
. D D D
(vi) X,,—»X,Y,—-a€ Rimplies (X,,,Y;,) » (X, a).

(vii) ¥, = X,, + 0p(a,,) =Y if and only if X, = Y, provided a,, - 0.

Given the model Y; = aY,_; + €;, where |a| > 1 and {¢,} are IID, E(e;) = 0,
and 0 < vare; = 0% < ,t > 1. Let Y, be the initial random variable. Recall that

n
A~ —1 Y
@, —a= ZeaYeoi€e  ong hys:

Y
t=1Yi21

-ny\yn
a " Y= Y16t

n"({. — =
“ (an CZ) a2y YR,

(4.2)

Iterating the model Y, = a¥,_; + €, gives Y, = a'Yy + Yt at Ve Let X =Yy + Yi a7 Ve .
0 j=1 J t 0 Jj=1 ]
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Since var(Z?"zl ale) = Y a g% < oo, it follows from one of Kolmogorov’s theorems

a.s. ¢ —j t n 2 n 2(t-1) y2
that X, =Yy +X;-;a7/¢; =: X . Note that Y, = a'X, andthus i, Y2, =Y« Xt 4.
Then a " Y, Y2, = Ny a?EW72X2 | = 3?72 (X + (Xe_y - X))Z =

Yhoq @M 2 4 23 @Y (X — X) + i @2 TEX (X, — X)? . Let

j=n—t then ¥, a?¢"M"2x2 = x2 311 =20+1) Hence:

n n—1 n
a2 Z Y2, = X? Z a~20+D 4 2 Z a?tM2x (X, — X) +
t=1 j=0 t=1

Y a?Emm2X (X, — X)?, (4.3)

Lemma4.4 Suppose that the sequence {Y,} obeys the model and assumptions listed in (4.1).

Then:

(i) X2¥0_0a™20) = (a? — 1)71X2 + 0, (la| ™)
(i)  EXer—X)?=0(lal™")
(iii)  Xfo, a®M2 Xy — X)? =0, (nla] )

(iv) Y, a?E2X(X,y — X) = 0p(lal™)
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(v) a Yy Ve = (@ = 17X+ 0,(lal™)

(vi) a=2"Y, - (a? — 1)~1X?2 almost surely.
Proof:

) e _ . o 1—qg—2m+1) 1—q—2m+1)
()  Notethat¥},a 20+ =23 ja™? =a 2 ——Vm—=""——=

1
a?-1

+ 0(Ja]™2™) Since X2 = 0p(1), it follows from Lemma 4.1 (iv) that
X2¥0_oa™20 = (¢ - D7IX2 + X?0(Ja| ™) = (a? - 1)7'X% +
Op (|| ™2™) .

(i)  Since X,_; —X =X, a /¢, it follows that E(X,_, — X)* = var(X,_, — X) =

Z;‘;t a2ig? = g 2tg2 Z;ozo a2 = g2 1_0:_2 — 0(|a|—2t)_

(iii)  According to (i), E[X%, a2t ™-2(X,_, — X)?] =¥, a?CV2E(X,_, —
X2 < MYE, a?tM"2q72t = Mg~2""2 30 1 = O(n|a|~?™). It follows from
Lemma 4.2 (ii) that 37, a2 =2(X,_, — X)?] = 0p (n|a|~?").

(iv)  Applying Cauchy’s inequality and (ii) above,

E|SI, a20D2X (X, — X)| < i, P 2(EIX2E|X, — X]2)2 <

1 1
(E|X|2)5 ?=1 az(t_”)_z(ElXt —X|2)5 < MZ?=1 az(t‘”)‘zlal‘t —

_ - —(n— —n— 1—|a|™ —
@ 2Ma| " Bl "0 = |a| M () = 0(lal ™).

1—-|a|™1
It follows from Lemma 4.2 (ii) that Y7, a2¢™M-2X (X, — X) = 0p(|a|™) .

(V) It follows from (4.3), Lemma 4.4 (i), and parts (i),(iii), and (iv) above that
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a Y, YA = (@ = D)7TX% 4+ 0p(lal™).

(vi)  Given é§ > 0, employing (4.3), (i), (v), and the expectations calculated in (iii) and
(iv), Zozi P{la™®" X V2, — (@ — 1)7IX?| > 6} < M X lal ™ < oo, for
some M > 0. It follows from the Borel-Cantelli Lemma that

a Yy YA, - (a? — 1)71X?2 almost surely. m

Next, consider the numerator of a™ Y, Y;_,€; from (4.2). Note that:

a Y Y =a Tt Y af T X e =T B at_l(X + (Xe—1 _X))Et =

Xt a_(n_tﬂ)et + X1 a_(n_t+1)(Xt—1 — X)€;. (4.4)

Lemma 4.5 Given that the sequence {Y,,} satisfies the model and assumption listed in (4.1)

then:

() X1 —X=0p(la|™)
(i) Y, a WYX, — X)e, = Op(nlal™)

(i) Y, a DX, — X)e, — 0 almost surely.

Proof:

Q) Recall X,_; — X = X%, a‘fej . Then by Lemma 4.2 (i) and Lemma 4.4 (ii)

Xe—1 — X = 0p(la]™).
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(i)  According to Lemma 4.4 (ii), E(X,_, — X)? = 0p(Ja|~?%). Hence

B[Sty (X, — e < lal™ Bialal= O (EK,, — X2E(D)): <
la|"toM 7 |a|~ @ O]t = 0(n|a|™). Then by Lemma 4.2 (ii),
Y a @I — X)e = Op(nlal™).

(i) As shown in the proof of (ii) above, Yy, E [Sie; a ™D (X, — X)e,| <
Yo Mn|a|™™, and the latter series converges by the ratio test. Then by the Borel-

Cantelli Lemma, ¥, a~ ™D (X,_;, — X)e, » 0 almostsurely.

Theorem 4.1 Let {Y,,} be a sequence which satisfies the model and assumption listed in 4.1.

Then a, —a = 0p(la|™).

Proof: According to (4.2), a™(&,, — @) = O X Yiale , and by Lemma 4.4 (vi),

a 2myn v2,
a2y Y2, - (a? — 1)71X2 almost surely. By (4.4) and Lemma 4.5 (ii),
a Y Y6 = XY a" ™ e, + 0p(1) . Moreover, X Y, -t ¢, =
0p(1) 0p(1) = 0p(1), and thus a™™ X7, Yi_1 €, = 0p(1). Hence a™(&, — @) = 0p(1), and

thus @, —a = 0p(Ja|™). [
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MA (1)

Consider the first order moving average model: Y; = €; + 6,61, t = 1, where ¢, are

IID, t = 1,E(e,) = 0 and vare, = 6% < . The Y,'s, 1 < t < n are observable, and the goal is
~ . ~ D
to define an estimator 6,, in terms of Y3, Y,, ---, ¥, such that \/ﬁ(en - 90) — N(0, A?), for some

~ P A . .
A > 0. In particular, this would imply that 8,, — 6,; that is, {en} is a consistent estimator of the
unknown parameter 6,. It is assumed that 8, € ®© = [—r,r] 3 0 < r < 1. This is needed for

convergence properties.

One might proceed as follows. Note that Y; = €, + 0,€;_4, define f(x, 8) = 6x, where
|6] < r < 1, and consider the least squares sum Q,,(8) = X7, (Y; — O¢e._1)?. Since Q,, is
continuous in 8, there exists 8, € [—r, 7] such that Q,,(8,) = ming|<, Q,(6). It might be
tempting to use 8,, as an estimator of 8,. The problem is that one needs to Know €y, €4, -, €,,_1in
order to find 8,,. Since ¢, €, -+, €,_, are not observable, it follows that 8,, is not a valid

estimator.

Note that €, = Y; — 0y€._1,t = 1. Let §, = €, be an imposed initial random variable.

Define €,(0) =Y; — 65, and €,(0) =Y, — Oe,_,(6),t = 2. Iterating, €,(0) =Y, — 0¢,(0) =
Yz - H(Yl - 960) = YZ - 9Y1 + 0260, 63(6) = Y3 - 962(9) = Y3 - Q(YZ - 9Y1 + 6250) =

Y; — 0Y, + 02Y; — 036,, etc. Hence €,(8) = Y it (=) Yi_ + (=0)t8,, t =1, is
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computable for various values of 8. By Taylor’s expansion, €; = €;(6,) = €,(0) +

6Et(9) aft(e)

6y —6) + R;, t =1.Denote W,(6) =— and thus €,(0) =

W, (0)(6y — 0) + €, — R;.

Note that W, (8) = YL k(=0)* 1Y, + t(—6)t716,. Let 8,, denote an initial
estimator of 8,, where |, (w)| < r for each w € Q. Then €,(8,,) = W,(8,)(6y — 8,)) + €, — R;.

An estimator §,, of 8, — 8,, is obtained by ignoring R, and using the least squares estimator,

5, =Yn 1% The improved Gauss-Newton estimator 8,, of 8, is 8,, = &, + 0,.
t

5 — _ Y= 1Wt(9n)[Wt(9n)(90 On)tec—Re| _

Since €,(6,) = W (6,)(6p — 8,) + €, — Ry, n w2 (6,) B

A Zt 1Wt(§n)(ft —R¢) A _ _ 8 _ Zt 1Wt(9n)(€t —R¢)
6y —6,) + w26 and thus 8, — 8, = 6,, — (6, — 6,,) = AN . Then

\/—Z? 1Wt(9n)(et Re)
t1 W (6n)

Vn(6y - 6,) =

— P
. It remains to show that %2’;1 W2(8,) — b, anonzero

— D
constant random variable, — f _ W.(6,)R, —> 0, and ?:1 W, (8,)e, = N(0,p?), for some
: A D1 2 p? 2 p
p > 0. Then it follows that (8, — 6,) > N(0,p%) = N (o,ﬁ) = N(0,4%), where A = 2.

Showing the above results are not easy; let us first look at the general parameter estimation

problem in nonlinear regression. This provides the general technique needed.

Consider the general regression model Y, = f(X;, 68,) + €;,t = 1, where 6, is the

unknown parameter, x, and Y; are observable random variables, 1 < t < n. In general, 6, € R?;
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However, in our case 6, € R. Suppose that the parameter space 0 is a compact subset of R and
f(,0):0 - Ris continuous in 6. Let us assume that {¢,,t = 1} are IID, mean zero and
variances? < oo. As before, suppose that {8,,}is a sequence of initial estimators of 8,. Assume

that £ (-, 8)has two continuous derivatives in 8. By Taylor’s expansion, f(X;,8,) = f(X., 0,,) +

Z—’; (X, 0,0, — 0,) += . aez (Xt, 6,) (8o — 0,,)?, for some 8, on line between H,andd,,. Here 9,

is a random variable. Then Y, = f(X,,0,) + €, = f(X,,6,) + Z—’; (X, 6,)(8, — 0,) +

19%f
2062

- _ o d 2 d
(X 02)00 — 0,)7 + ;. Define F;(6) = (2 (X,,0), % (,,0), ~, 2 (X,, 0)),
YT; = (Yl' YZI Yy Yn)1 A;L = (61' €2, En)’ and fr{(e) = (f(Xl; 6): f(Xz; 9); :f(Xt; 0)) Then

Y, — £.(0,) = E,(6,)(8, — 8,) + A, and thus the least squares estimator of 8, — 8,, is

P 7Il én n—Jn én - . - ~ a
_ Bl (s )). The Gauss-Newton estimator of 8, is defined by 6,, = 6,, +

D
S

" Fa(8n)Fa(Bn)
_ Fn(0n)(Fn(6n)(80=0n)+Rn+an) _ A Fp(0n) (Rn+2n)
Again, observe that §,, = R (800 (B) = (0 — 6,) + Fr,l(gn)Fn(gn),where
, <592 (Xl' Tl) 392 (XZ' n) 692 (Xnv 0n)> (90 n)z- Hence é\n - 90 =
& a3 — Fa(On)Raut+an) \/—Fn(en)(Rn‘Mn) .
8, — (0, —0,) = T ATACAL and thus vn(8, — 6,) = BT R As before, it must be

— — P — P
shown that %F,{ (6,)E,(6,,) = b, where b is a nonzero real number, inFn’ (6,)R,, =0, and
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— D ~ D
= F{(8,)4, > N(0, p?). Then it follows that (8, — 6,) > N (0.5)= N(0,4%).
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