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ABSTRACT

This dissertation presents results of the study on symplectic and multisymplectic numerical
methods for solving linear and nonlinear Hamiltonian wave equations. The emphasis is put
on the second order space and time discretizations of the linear wave, the Klein—Gordon
and the sine-Gordon equations. For those equations we develop two multisymplectic (MS)
integrators and compare their performance to other popular symplectic and non-symplectic
numerical methods. Tools used in the linear analysis are related to the Fourier transform
and consist of the dispersion relationship and the power spectrum of the numerical solution.
Nonlinear analysis, in turn, is closely connected to the temporal evolution of the total energy
(Hamiltonian) and can be viewed from the topological perspective as preservation of the
phase space structures. Using both linear and nonlinear diagnostics we find qualitative
differences between MS and non-MS methods. The first difference can be noted in simulations
of the linear wave equation solved for broad spectrum Gaussian initial data. Initial wave
profiles of this type immediately split into an oscillatory wave-train with the high modes
traveling faster (MS schemes), or slower (non-MS methods), than the analytic group velocity.
This result is confirmed by an analysis of the dispersion relationship, which also indicates
improved qualitative agreement of the dispersive curves for MS methods over non-MS ones.
Moreover, observations of the convergence patterns in the wave profile obtained for the
sine—Gordon equation for the initial data corresponding to the double-pole soliton and the
temporal evolution of the Hamiltonian functional computed for solutions obtained from
different discretizations suggest a change of the geometry of the phase space. Finally, we
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present some theoretical considerations concerning wave action. Lagrangian formulation
of linear partial differential equations (PDEs) with slowly varying solutions is capable of
linking the wave action conservation law with the dispersion relationship thus suggesting the

possibility to extend this connection to multisymplectic PDEs.
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CHAPTER ONE: INTRODUCTION

In the past years certain level of sophistication has been achieved in numerical integration
of ordinary differential equations (ODEs). In the process of development of various nu-
merical methods researchers realized that it is not practical to forever increase the order
of numerical schemes and that in many cases there is not enough computational resources
available to decrease time step in simulations. It turned out that there is another possibility
for improving quality of numerical solutions, namely use of so called geometric, or structure
preserving, integrators. The motivation for developing such algorithms for special classes of
problems came from different research areas like astronomy, molecular dynamics, mechanics,
theoretical physics, numerical analysis and other areas of pure and applied mathematics.
Preservation of geometric properties of problems arising in these areas not only produced
an improved qualitative behavior of the solution, but also permitted accurate long-time in-
tegration without using impractically small time step. An extensive presentation of various
geometric integrators can be found in [15, 16, 17, 32].

The natural extension of ideas related to geometric integration of ODEs is the notion of
structure preserving algorithms for partial differential equations (PDEs). It is a developing
branch of numerical analysis and there still exist many open problems. Numerical meth-
ods for some special classes of PDEs are a good starting point for such a research. In the
last couple of years numerical analysts became interested in the, so called, multisymplec-
tic integrators. Multisymplectic integrators are numerical schemes which exactly preserve

a discrete space-time symplectic structure of Hamiltonian PDEs. To date much of the liter-



ature has been devoted to establishing that various discretization methods have subclasses
which are multisymplectic. However, a thorough analysis of the local and global properties
of multisymplectic integrators has yet to be carried out. Preservation of the multisymplectic
structure by a numerical scheme does not imply preservation of other dynamical invariants
of the system such as the local conservation laws or of global invariants which determine the
phase space structure.

The focal point of this work is the centered-cell (multisymplectic) box scheme in two
forms, called MS—1 and MS-2, obtained from two different multisymplectic formulations of
the sine-Gordon equation. Multisymplectic box scheme is a finite difference method having
second order accuracy in both space and time. It is therefore most appropriate to compare its
performance with other second order (symplectic and non-symplectic), Hamiltonian finite
difference approximations of the sine-Gordon equation. These methods include (explicit)
Stormer/Verlet scheme (MS-3), implicit midpoint rule (MS—4), and the explicit Runge—
Kutta of order two (ERK). We will occasionally refer to the MS—-3 scheme as a leap-frog and
we typically call MS—-3 and MS—4 symplectic schemes although these are in fact multisym-
plectic discretizations. The reason for that distinction between methods designated MS—1,2
and MS—3,4 is that MS—1,2 methods were derived as discretizations of the PDEs expressed
in the multisymplectic form, while integrators designated MS—3,4 are symplectic time dis-
cretizations of the second order, centered-cell Hamiltonian spatial semi-discretization of the
sine—Gordon equation. The comparison will be conducted by means of conserved quantities
— energy and momentum — in their various forms, the dispersion relationship and the error

in the wave propagation speed. In the course of this dissertation we will also look at other



discretizations as well as at the box scheme for other than the sine-Gordon equations, like
the linear wave equation, the variable coefficient Klein—-Gordon equation and the nonlinear
Schrodinger equation.

The centered cell box scheme was first developed by Preissmann and Keller for the tur-
bulent boundary layer equations [25, 31]. It is unconditionally stable and of second order
accuracy. It is also A—stable (i.e. if the exact solution decays in time so does the numerical
one, with the approximately the same rate). As shown in [11], when applied to the multi-
symplectic system of PDEs, the box scheme preserves a discrete version of a multisymplectic
conservation law (multisymplecticness of the scheme). Another interesting feature of this
method is presented in [6], namely that the box scheme qualitatively preserves the dispersion
relationship of any first order, linear system of PDEs expressed in multisymplectic form.

There are two ways of implementing the box scheme, either by directly simulating the
system of first order PDEs or by first eliminating variables introduced to the equation in
order to put the equation in a multisymplectic form and than solving the resulting equation.
The first approach has a significant drawback. Iterative solver of the system of nonlinear
equations is non-convergent for almost all numerical meshes (cf. [39]). The second approach
is sometimes called a reduced box scheme, however we will simply refer to it as the reduced
box scheme. The functional iteration solver for the modified box scheme does not indicate
nonconvergence issue and this is the scheme implemented in the numerical simulations here.
Simulations show that, among the two (reduced) multisymplectic box schemes emerging from
different multisymplectic forms of the sine-Gordon equation, the MS—2 possesses superior

convergence properties.



It is well known that the error in the propagation speed can destroy the numerical so-
lution. For instance, according to [36], while solving a linear, first order wave equation by
means of the Crank—Nicolson scheme one notices the unwanted oscillations behind the com-
puted wave after a very short time. Moreover, when carrying the simulation out to longer
times, all of the character of the true solution is lost. The errors for the solution are due
to both damping and the error in the dispersion relationship. Following [6, 19, 36], we in-
vestigate the preservation of the dispersion relationship and the error in the phase velocity
(wave propagation speed) as well as its influence on the numerical solutions. The symbol
of a numerical scheme in section 5.2.1 allows one to determine the stability of the scheme
as well as its dispersive properties. The modulus of a symbol gives the dissipation/growth
rate of the scheme thus addressing the stability of the scheme. As expected, all the symplec-
tic and multisymplectic schemes are non-dissipative and stable. The multisymplectic box
scheme preserves the numerical dispersion best and the only scheme indicating growth is the
non-symplectic explicit RK, having a long-term growth in the Hamiltonian.

Numerical studies on a multisymplectic finite-difference discretization of the nonlinear
Schrodinger (NLS) equation demonstrated that the local energy and momentum conserva-
tion laws are preserved far better than expected, given the order of the schemes [22]. In
addition, several global invariants are preserved within roundoff by multisymplectic integra-
tors. Robustness of the box scheme for the Kortweg—deVries (KdV) equation was examined
by McLachlan and Ascher [6]. They also found that the dispersion relation for linear Hamil-
tonian PDEs is preserved by the multisymplectic box schemes well. We have used the

sine-Gordon equation as a benchmark equations for several reasons. The first and foremost



is an attempt to generalize numerical results obtained in [6] and [22] to another equation.
The second reason is the importance of the preservation of dispersion relationship by the
numerical scheme and questions related, through the symbol of a scheme, to the dispersive
and dissipative properties of the discrete linearized sine-Gordon equation. The last reason
is that the sine-Gordon equation possess a rich structure of the phase space for periodic
boundary conditions on a finite interval, which makes it somewhat a challenging problem to
work with. The choice of this equation provides us with the material for further study on
the nonlinear stability of symplectic and multisymplectic integrators.

Simulations were performed for initial data close to a homoclinic orbit of the unstable
state u = 7. An interesting phenomenon is observed here. After relatively short time (¢ &~ 30)
the wave profile undertakes a series of jumps which can be interpreted as homoclinic crossings.
They are caused by numerical errors and are described in [1]. Analysis of an infinite-line
boundary value problem associated with this equation is also presented. This problem possess
stable solutions called solitons. Three types of solitons, the breather, the kink—antikink and
the double—pole soliton, were examined. The third type is a limiting case between the
first two types (cf. [4]) and, as a bifurcation state, presents some difficulties in numerically
capturing the wave profile. For the choice of the initial data corresponding to the double—
pole soliton one can observe two different types of convergence patterns. Symplectic and
non-symplectic (also a pseudo-spectral method as reported in [1]) converges to the correct
wave profile from the parameter regime associated with the kink—antikink solution, that is by
the decrease in the wave propagation speed as the numerical mesh is refined. On the other

hand, the multisymplectic box schemes converge to the analytic solution from the parameter



regime related to the breather soliton. In this case, as the numerical mesh is refined, one
notices an increase in the period of the temporal, breather, oscillations. A remark has to
be made here. Although the choice of the particular equation is important, one of the goals
of this thesis is to examine the consequences of the property of multisymplecticness on the
preservation of the energy, momentum and dispersion relation by numerical schemes.
Conservation of wave action under multisymplectic discretization is the most current
direction of research in numerical analysis of structure preserving discretizations of PDEs
(cf. [13]). We summarize existing results on the wave action in Lagrangian formulation and
its relations to adiabatic invariants, i.e. quantities that remain constant to the leading order
in the slow-time. Average Lagrangian formulation for slowly varying linear waves gives
a common ground for both the dispersion relationship and the wave action conservation
law [5, 8, 18, 40]. This interesting property of average Lagrangian for linear wave equations,
after proper generalization, might provide a connection between seemingly different areas
discussed in this dissertation. In this dissertation we discuss the wave action conservation
for the multisymplectic formulation of continuous problems in physical as well as in the
Fourier spectral spaces. Understanding of methods used in derivations of continuous wave
action provides us with methods of addressing the issue of preservation of the wave action
under various discretizations, with special emphasis on multisymplectic ones. We will show
analytically and verify numerically that the multisymplectic box scheme exactly preserves a
discrete analog of the wave action. We will then attempt to extend results of [13] toward
numerical methods based on spectral and pseudo-spectral spatial semi-discretizations.

This paper is organized as follows. Chapter two introduces a concept of a symplectic



discretization of Hamiltonian ODEs and provides illustrations of consequences of preserving
the symplectic structure by means of discretizations of two dimensional systems of ODEs.
In the third chapter fundamental definitions and theorems concerning Hamiltonian and mul-
tisymplectic forms of PDEs are recalled and local conservation laws associated with the
multisymplectic formulation are defined. The fourth chapter is devoted to the derivation of
numerical schemes as well as the description of some practical aspects of their implemen-
tations. In the fifth chapter linearizations of certain equations and associated dispersion
relationships are given and an analysis of dispersive properties of numerical schemes de-
rived in chapter four is performed. We study the error in the dispersion introduced by the
discretization and use the error in the wave propagation speed and the group velocity disper-
sion to compare numerical schemes under investigation. In the sixth chapter a presentation
and discussion of results of numerical simulations is shown. This chapter is divided into
four sections. The first one is an illustrations of dispersive and dissipative properties of
discretizations and a confirmation of analytic results of chapter five. Second section of the
sixth chapter presents various diagnostics computed for numerical solutions for soliton and
space-periodic initial data and illustrates preservation of conserved quantities under mul-
tisymplectic discretizations. We also show the change to the geometry of the phase space
introduced by the discretization. Last section of this chapter contains series of plots present-
ing numerical simulations in more details. Final chapter presents the concept of wave action.
We review previous results of the wave action conservation law in physical space and extend
it to the case of the Fourier spectral space. We also analytically investigate preservation of

the discrete analog of wave action under various discretizations and find that the MS box



scheme exactly preserves discrete wave action. Appendices contain additional theoretical
information about symplectic integrators of Runge-Kutta type with detailed proof of their
symplecticness (Appendix A). We also list some of the classical analytic solutions (solitons)

that were used in the assessment of numerical schemes (Appendix B).



CHAPTER TWO: HAMILTONIAN ORDINARY
DIFFERENTIAL EQUATIONS

Geometric integration is a branch of numerical analysis aiming at constructing numerical
methods capable of reproducing qualitative features of the solution of a differential equation
under discretization and a particular emphasis is placed on preserving its geometric prop-
erties. In geometric integration these properties are built into the numerical scheme giving
the method an improved qualitative behavior and allowing for a significantly more accurate
long-time integration than with general-purpose methods. In addition to the construction of
new numerical algorithms, an important aspect of geometric integration is the explanation
of the relationship between preservation of the geometric properties of a numerical method
and the observed error propagation in long-time integration.

In this introductory chapter we would like to present some properties of Hamiltonian
ordinary differential equations (ODEs) and their discretizations. The emphasis is placed on
the notion of symplecticness of the flow of a Hamiltonian system as its most fundamental fea-
ture. We begin with definitions and some simple, one-degree-of-freedom examples and than
generalize to higher-dimensional systems by presenting a series of theorems characterizing
the flow of every Hamiltonian ODE. Next we illustrate these theorems by comparing two
first order discretizations of the pendulum equation and prove, via backward error analysis
(BEA), that the integrator with superior behavior generates a (discrete) map that is itself
symplectic. As a consequence we observe excellent energy conservation of such a scheme. Fi-

nally, in the section closing this chapter, we compare two symplectic, second-order schemes.



We observe that the distortion of the original phase space may lead to qualitative changes
in the behavior of the solution depending on the discretization applied. This phenomenon
is observed for initial data corresponding to some special (separatrix) solutions of the con-
tinuous system. It is very important to be able to identify such cases as they are present in
discrete systems obtained for partial differential equations (PDEs) as well.

We would like to remark, that the idea of geometric integration of ODEs has been around
for at least 30 years. This chapter is intended to be a brief introduction to the concepts
underlying this vast area of research and its presentation very closely follows [5, 15, 16, 17,

27, 32, 34].

2.1 The Idea of a Symplectic Map

Consider a nonempty, open, connected set & C R??, for some d € N, and an open interval
I c R Let z8' = [p',q"] = [p1,---Pasq1,---,q4) € D and let H = H(z,t) = H(p,q,t)
be a sufficiently smooth, real-valued function defined on U4 x I. The system of differential

equations of the form

d
Jd&Z = VZH (21)

is called Hamiltonian. The matrix J; € Magx24(R),
0 I,
Jd - )
—1; 0

where I; € Mgxq(R) is the identity matrix, is said to define a symplectic structure on U. It

is sometimes convenient to use the fact that the matrix Jy; is invertible and express (2.1) as

z, = J7'V,H = g(z). (2.2)
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We understand the operator V,, the gradient, as a symbolic vector

0 o 0 01T
Vy= | 2 L2
[0191 Opa’ Oq1 0qq

With this notation, the system (2.2) takes the form

d OH d OH

The integer d is called the number of degrees of freedom and U is the phase space. The set
U x I is called the extended phase space.

Associated with (2.3) is the system of variational equations

d d

Edpi = _quz‘dpi - qu'qz'dqiﬂ &dpl - Hpipidpi - Hpiqid%v (24)
or in vector form

(dz); = J; ' H,,dz, (2.5)

where the H,, = H,,(z), H,, € Magx24(R) is a symmetric matrix (the Hessian matrix of H)

pr Hpq
H zz —
qu qu

We will denote a set of twice continuously differentiable functions on R by C*(R) and assume

that H € C*(R), so that Hpq = HJ,. Hpq is understood as

0*’H
3]%3%'

< ded(R>.

Pq

.....

Additionally, Hpp = ng and Hyq = H! , with

qq’
0’H
H p—
PP [apiapj

€ Mgxa(R)

.....

11



and an analogous definition for Hyq. In terms of the Jacobian matrix dg = dg(z), dg €

Maxoq(R), the variational equation (2.5) is

(dz); = dg(z)

and it is an immediate conclusion of (2.2) and (2.5) that

dg— g, — |
qu qu

Using elementary row operations, equation (2.5) can be written as

(dz), = (14 ® J~') Hzzdz,

where z7 = [p1, qu, ..., pd, qa] and
. 0 1
J=J = . (2.6)
-1 0

For brevity of notation we use the Kronecker’s product of matrices defined as follows.

Definition 1 Given two matrices A € M,xn(R) and B € M,y (R), their direct product
C = A® B, also called the Kronecker product, is a matrizc C' € Mpxng(R) with elements

defined by

Cap = A;ijbpi,

where a« =p(i — 1)+ k and B =q(j — 1) + 1.

For instance, the matrix direct product of the 2 x 2 identity matrix I and a 3 x 2 matrix A

12



is given by the following matrix C' € Mgy 4(R).

IL-ann 1-aip|0-a1 0-ap
1'@21 1'&22 0'(123 0’(122
1-A 0-A 1'&31 1'&32 0'&31 0'&32

C:IQ®A: ==
0-A 1-A O-a11 0'(112 1'(111 1'&12

O'CL21 0'(1,22 1'@23 1'@22

0'&31 0'&32 1'@31 1'(132

The Kronecker’s product is bilinear and associative and, with respect to transpositions, it
satisfies (A ® B)T = AT @ BT. Moreover, if matrices A and B are invertible such is their
Kronecker product and (A ® B)™!' = A~ @ B~%.

The following property is fundamental for (2.2). For matrix L = (I; ® J; ') Hz;z, treated

as a function of ¢, it can be shown (see [17, 32, 34]) that

0 0 d _HPiPi _HpiQi 0 d 9
§|L| = ot Zdet = ot Z(Hpi% — Hyp Hyyq,) = 0.
=1 qu'pi HQiQi =

This identity means that the sum of oriented areas of projections onto the (p;, ¢;)—coordinate
planes is conserved by the flow of the linearized system (2.5) and is referred to as symplectic-
ness of the flow map defined by the variational equations. In the sections that follow we will
elaborate on the concept of symplecticness and present its applications to discrete systems

arising in the numerical analysis of Hamiltonian ODEs.

Definition 2 We say that the linear mapping £ : R?*? — R2? is symplectic if LT JL = Jy,
e if
Q(LE, L) = QE,m), for all £,n € R*,

13



where

& ny

& nf

d
Q& m) =) det =¢"Jm.
=1

In case of nonlinear, differentiable maps we consider local approximations by a linear mapping

according to

Definition 3 Let U C R?* be an open set. A differentiable map g : U — R?? is called

symplectic if its Jacobian matriz L = dg(p, q) is symplectic.

We are now in the position to rephrase the notion of symplecticness in terms of a flow
map. Recall that the flow ,_: U — R?? of a Hamiltonian system is the mapping that

advances the solution by time ¢, i.e.
z = Pt (Z>7

where z* is the solution of the system at time ¢t* corresponding to initial values z, i.e. the

solution at some time ¢ < t*.

Theorem 1 (Poincaré, 1899) Let H(p,q) be twice continuously differentiable function on
U C R?!. Then, for each fived t, the flow p,_ is a symplectic transformation wherever it

1s defined.

For two-dimensional systems (i.e. for d = 1), Theorem 1 can also be stated (see [32]) in

the form of the identity

dp* 9¢*  9q” Op* _ 1
op 0¢g Op dq

14



which is equivalent (see [34]) to the statement, that

qu qu 9
det =H,,H,, — (Hy) =1 (2.7)
_pr _Hpq

We will use equation (2.7) to establish an important property of a class of discretizations of

one-degree-of-freedom Hamiltonian ODEs.

2.1.1 Summary of Area-Preservation

The most fundamental (characteristic) property of Hamiltonian systems is that they are
area-preserving. That is, a system of ODEs has an area-preserving property if and only if
it is Hamiltonian. For simplicity we present the agrumentation for two-dimensional (i.e. for
d = 1) systems.

From the assumption that H € C*(R) and the equation (2.2)

0 OH 0 (0H

8- () o

op\ 9q/  Oq\0Op
i.e. the vector field [—H,, H,|" is divergence-free. As a consequence, for each fixed ¢,t* € I,
the flow ;4 is an area-preserving transformation on U. By the area-preserving we mean
that for every bounded set D, D C U, the area of D is the same as the area of ¢;_4+(D) and

the orientation of D is preserved as well. On the other hand, if ¢; 4 is an area-preserving

solution operator for the system

d
—p=f(p,q.t), =g(p,q,1),

at ar?

then, by Liouvile’s theorem (see, for instance, [5] ), for each fixed t,t* € I, the vector field

15



[f,g]T is divergence-free, i.e.

0 0
of L 99 _

—0
op  9dq 7

which is a necessary and sufficient condition for the field [g, —f]" to be the gradient of a

scalar function H (assuming that ¢/ is simply connected).

2.2 Symplecticness Formalized

In the presentation of the concept of symplecticness presented in this section we closely
follow the treatment of [5] and use the “odd-dimensional” approach to Hamiltonian phase
flow. We begin by stating a hydrodynamical lemma in three-dimensional spaces. Let v be
a vector field in three-dimensional oriented euclidean space R3, and r = curl v its curl. The
integral curves of r are called vortex lines. If v; is any closed curve in R3, the vortex lines
passing through the points of v; form a tube called a vortex tube. Let 5 be another curve

encircling the same vortex tube, then

Lemma 1 (Stokes) The field v has equal circulation along the curves v, and o, i.e.

]{le:j{le
Y1 Y2

It turns out that Stokes’ lemma generalizes to the case of any odd-dimensional manifold
M2+ (in place of R?). The formulation of such a generalization is usually stated in terms
of differential forms, as the circulation of a vector field v is the integral of the 1-form w and
to the curl of v there corresponds the 2-form 2 = dw. A detailed treatment can be found

in [5].

16



Theorem 2 (Arnold) The vortez lines of the form w = p dq — H dt on the (2d + 1)-
dimensional extended phase space (p, q, t) have a one-to-one projection onto the t-axis, i.e.
they are given by functions p = p(t) and q = q(t). These functions satisfy the system of

canonical differential equations with Hamiltonian function H

d H d H
o _ of - da_OH (2.8)
dt oq dt op

In other words the vortex lines of the form p dq — H dt are the trajectories of the phase

flow in the extended phase space, i.e. the integral curves of the canonical equations (2.8).

When the Stokes’ theorem is applied to the differential form w one obtains a fundamental

Theorem 3 (Arnold) Suppose that the two curves v, and 7y, encircle the same tube of
phase trajectories of (2.8). Then the integrals of the form p dq — H dt along them are the

same, i.€.

]{pdq—Hdt—j{ p dq — H dt.

71 Y2
The form p dq — H dt is called the integral invariant of Poincaré—Cartan. It is now an
immediate corollary, that if the curves 7; consist of simultaneous states, i.e. every curve ~;

lies on the plane ¢t = t; = const then, since d¢ = 0 one has that

]{pdqu p dq.
71 72

This means that the phase flow preserves the integral of p dq, since we can always choose
Y2 = Y4 -t,(71). The form p dq is called Poincaré’s relative integral invariant and has a

simple geometric interpretation. Let D be a subset of the extended phase space such that

17



v = 0D, then, by Stoke’s formula, we find that

]{pdq—//dp/\dq.
o D

Thus we have proved the important

Theorem 4 (Arnold) The phase flow preserves the sum of oriented areas of the projections

of a surface onto the d coordinate planes (p;,q;), i.e. that

// dp Adq = // dp A dq. (2.9)
D Piex (D)

In other words, Theorem 4 states, that the 2-form €2 = dp A dq is an absolute integral
invariant of the phase flow. This property of the phase flow is very often called symplecticness
of the Hamiltonian phase flow. An alternative, direct proof of symplecticness of the flow of
Hamiltonian system can be found in [15].

Conservation of symplecticness is sometimes stated in the context of preservation of the
oriented area of infinitesimally small parallelograms. In such a case, Theorem 4 is equivalent
to the statement that

0 0 0
59 = a(dz A Jydz) = E(dp Adq) = 0. (2.10)

For d = 1, the 2-form €2 = dp A dq, an exterior product of a pair of 1-forms dp and dgq, is

a bilinear, skew-symmetric map acting on two vectors

dp(fl) dp(§2)
Q(&,&) = (dp A dg) (&, &) = det = dp(&1)dq(&2) — dp(&2)dg(&).

dg(&) dg(§2)

The vector wedge product dp A dq is understood as

d
dp Adq = dei A dg;.

i=1
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It is now an immediate observation that the 2-form €2 represents the sum of oriented areas

of the projections of infinitesimal parallelogram dp A dq onto the d coordinate planes (p;, ¢;)-

Theorem 5 The wedge product has the following properties:
(1) linearity, i.e. ¥, x, (A1dp+ Aadg) Ads = Aidp A ds + Aodg A ds,
(ii) skew-symmetry, i.e. dp A dg = —dg A dp,

(#i) dp A dp = 0.

For more details concerning differential forms see for instance [5, 33].

2.2.1 Example: Linear Pendulum

As an illustration, let’s consider one of the simplest examples of a Hamiltonian system of

ODEs, the linear pendulum equation

p2_kg7 q:p/m7

with Hamiltonian function

1 k
H:_2 w2
Qmp +2‘J7

m, k > 0 are constants. The general solution of this system has the form

q(t) = Cysin(wt + Cy), p(t) = mwC cos(wt + Cy).

For given initial data, the solution can be written as
p(t) cos(wt) —muw sin(wt) p(0)
q(t) sin(wt) /(wt) cos(wt) q(0)

19



so that the solution operator can be decomposed as follows
1 0 cos(wt) — sin(wt) 1 0

Prot = (2.11)
0 mw sin(wt)  cos(wt) 0 1/(mw)

and we note that ¢, is area-preserving since det ¢;,—; = 1. A graphical representation
of the area-preserving property of ¢;,_; given by the equation (2.11) for w = 1, t = 7/2
and m = 2 is presented in Figure 2.1. A set of initial data D is transformed to the set
D3 = ¢y,—1(D) and the area of D is the same as the area of D3. Operations due to the

decomposition of the operator ¢, are depicted as sets Dy and Ds.

4
il |
2F ]
<«
L |
p |
e I e e

Figure 2.1: Preservation of the area by the flow of the harmonic oscillator (from [32]).

2.2.2 Example: Mathematical Pendulum

Our second example of a Hamiltonian ODE is a mathematical pendulum

/

p=sing, ¢ =p, (2.12)
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for which the Hamiltonian function is

1
H= §p2 + cosq. (2.13)

The phase portrait of the system described by equation (2.12) is presented on Figure 2.2.
The plot was generated as a contour plot of the Hamiltonian function (2.13). The system
under consideration is autonomous and therefore its critical points are centers and saddles.
Later in this chapter we use this fact to illustrate the change to the topology of level curves

introduced by various discretizations.

o T~~~ T~

Figure 2.2: Phase Portrait of the Pendulum Equation.

2.3 Discretizations of 2D Hamiltonian ODEs

This section illustrates some of the consequences that symplecticness of the flow has on
numerical solutions of Hamiltonian ODEs. Symplecticness of a numerical scheme is typically
established in terms of the wedge product on differential forms in essentially the same way
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as for continuous cases described in previous section. The procedure is illustrated on a
simple example of the first-order method called symplectic Euler’s method and compared
with the standard explicit Euler’s method. We are able to observe that the oriented area of
an infinitesimal parallelogram is preserved by the discrete flow generated by the symplectic
Euler’s scheme while it increases in time for the regular explicit Euler’s scheme. We illustrate

these phenomena in the extended phase space in much the same way as in theorems 2 to 4.

2.3.1 Symplectic vs. Non-Symplectic Discretizations

For the general 2D Hamiltonian system

p'=—Hyp,q), ¢ = H,(p,q), (2.14)

the following two methods are symplectic. The first reads

p1 = po — hHy(po, 1), ¢1 = qo + hHy(po, ¢1), (2.15)

and the method adjoint to it is

P =po — hHy(p1,q), @1 = qo+ hH,(p1, ). (2.16)

Here we use standard notation that uy = wu(t,) and u; = u(t, + h). These are called
symplectic Euler’s methods.
In order to prove that these methods are symplectic, consider the following system of

variational equation

dpl = dpo — thpde — thqd(h; (217&)
dq1 = d(]() + thpdpo + thquh- (217b)
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Figure 6.16: Periodic Case. MS-2. J = 1024, At = 1073,
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dt=1e-3 J=1024

10!
4
.
1OD - s e
P x
e 10 .
10™ . o ¥
* ’ ’ he L4
. ’ 107 L ®
s 20 e e
10 *
A4
v F
w0l . w0 : - .
10" 10 10 10 10 10 10
dx dt
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Figure 6.17: Comparison (log-log plots) of schemes for the kink—antikink initial data. For
the large values of the At the non-multisymplectic schemes ceased to produce the result due
to the nonconconvergence of the algebraic solver (implicit schemes) or growth in the wave
amplitude (explicit). This in an indication of the the robustness of the box scheme.

Figure 6.17 presents a summary of convergence analysis of various discretizations of the
sine-Gordon equation presented in this work. Dashed lines present an expected order of
convergence and we note that all the diagnostics are in accordance with the expectations. A

comparison of Figure 6.17(a) with Figure 6.5(a) suggests that the solution depends stronger
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on the spatial resolution, than on the temporal one, but this is only true for the Hamiltonian.
None of the other diagnostic tools used in this work possess similar properties. A final remark
should concern with the momentum plot (like Figure 6.17(b)). Maxima in the momentum
residual are on the order of either solver accuracy, or the round—off so the convergence pattern

is, in most cases, not present.
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CHAPER SEVEN: CONSERVATION OF WAVE ACTION

In this chapter we discuss conservation of the wave action under multisymplectic discretiza-
tion. The first two sections summarize existing results on the wave action in Lagrangian
formulation and its relations to adiabatic invariants, i.e. quantities that remain constant
to the leading order in the slow-time. Average Lagrangian formulation for slowly varying
linear waves gives a common ground for both the dispersion relationship and the wave action
conservation law. This interesting property of average Lagrangian for linear wave equations,
after proper generalization, might provide a connection between seemingly different areas
discussed in this dissertation. In sections that follow we will discuss the wave action con-
servation for the multisymplectic formulation of continuous problems in physical as well as
in Fourier spectral spaces, thus providing methods of addressing the issue of preservation
of the wave action under various discretizations, with special emphasis on multisymplectic
ones. Novel results concerning existence and the form of spectral wave action conservation
law and its discrete analog for the midpoint rule time discretization are presented. Some
numerical results illustrating the method of computing the wave action from the multisym-
plectic discretization are presented. The material of this chapter presents an ongoing work.
It establishes theoretical foundations for the numerical simulations that will be presented

somewhere else.
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7.1 Lagrangian Wave Action

Let’s begin with a short review of results from [18, 40]. Assume that the physical system
obeys a variational principle with a Lagrangian density function L(gz.ﬁ, ¢, ¢, x,t), where b=

0¢/0t and ¢' = O¢p/Ox. The variational principle yields the Euler-Lagrange equation

0 8
gL+ gLy — Lo =0 (7.1)

and, if the quantity A(¢, 1) defined by
M@, ¥) = Lt + Lot + Lot

is introduced, by the Euler-Lagrange equation (7.1), the following holds

0 0
oz

0 0
5 Le¥) + 5 (Ledh) = o (Ly)v + Ly + 5o (Lo )+ Lo

0 0
= (5L + a—(Lm)w + Ly + Lo/

= Lot + Lyt + Lo/,

and therefore

AG.0) = SH(Ls0) + (L),

Assume now that ¢ is periodic in 6y with period 2, i.e. that ¢(z,t;6p + 2m) = ¢(x,t;6p)
and choose 1) = ¢y,. Clearly

oL

(¢ ¢90) 890

and one has

0L

0 0
5(L¢3¢90> Or (L¢ (b@o) 8(90
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Integrating with respect to 6y over a single period one obtains the following

27 a 2 a 2 8.[/
/0 E(L(j@eo) déy +/0 %([«b@eo) dfy = /0 (9_90 dé,. (7.2)

Equation (7.2) reduces to the conservation law of the wave action

Oyl + 0,98 =0, (7.3)
where
1 [ 1
o = oy i L¢¢90 dQOZ% Ldv) do, (7.4a)
2 - 21 d0—1]{L do (7.4b)
o2r J, ¢ TH0 T o ¢ ‘

Example: The Klein—Gordon Equation As an example consider the Klein—Gordon

equation ([40]/p.366)

¢tt — Oé2¢a:r + 62¢ =0. (75)
For the Klein—Gordon equation (7.5) the Lagrangian has the form ([40]/p.392)
. 1
((b)Z - —062(¢/)2 o §BQ¢2

and therefore the wave action density and flux are

1

27
5 / —a?¢ g, dbp. (7.6)
™ Jo

1 2T
,Qf’:—/ Opg, A0y and B =
2w Jo

Additionally, an assumption about periodicity of ¢ in the space variable x leads, upon

integration with respect to x to the conservation of total action

0

158



7.2 Approximate Approach of Whitham

To study slowly varying wave trains in which
¢ ~ acos(n+ 6p) (7.7)

one substitutes (7.7) to L and neglects derivatives of a, 0y, w and k, as from the assumption
that the wave train is slowly varying, these are small quantities. The result is a function .

for which Whitham [40] proposes the following “average variational principle”,

5//3(777&,7]1,60 dtdz =0

for the functions a(t, z) and n(t,z). Now, Euler-Lagrange equations for average variational

principle above are:

ba: %£,=0,
0 0

In terms of wave number k& = 7, and frequency w = 7, the variational equations take the

form
da: £, =0, (7.8a)
0 0

with additional consistency condition that

ok n Ow 0
ot ox

ensureing existence of 7. Relation (7.8a) is the dispersion relation associated with the prob-
lem and thus, for linear problems, one has

&L = G(w, k)a?
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where G(w, k) = 0 is the dispersion relation [40]. Equation (7.8b) is a conservation law exact
to the leading order in slow-time and, as such, should be more properly called an adiabatic
conservation law. This equation is referred to, in [40], as the “wave action conservation law”
with the time-like adiabatic quantity .Z,, called the wave action density and the space-like

adiabatic quantity .7}, called the wave action flux.

7.3 Multisymplectic Wave Action Conservation Law

Following [8, 13], consider a wave equation in the multisymplectic form (3.2) and assume
that the solution z depends smoothly on a parameter 6y. In other words, consider a one-
parameter family (ensemble) of solutions z(z,t;60y) to (3.2) smoothly parametrized by 6.
Taking the standard real vector inner product (u,v) = v'u of (3.2) with zg, = 9y,z one

obtains

(Lzy, 20,) + (K24, 29,) = (V3S, 24, ),
or equivalently

zy Lz, + 2y Kz, =z, V,S. (7.9)
It is not difficult to note that zj V,S(z) = 9p,5(2) and the transposition of the equation
(7.9) takes the form

—z] Lzg, — 2. Kzg, = 05,5 (2),
since 0y, 5(z) is a scalar function and both L and K are skew-symmetric. Adding these
equations we obtain

20p,5(z) = <z(§0th - thLz(90> + (ZGTOKZZ — szz(;())
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Clearly, by the product rule, we can rewrite this equation as
205, 5(z) = (at(zgoLz) — O, (zz”Lz)> + <8I(zgoKz) — O, (ngz)). (7.10)

If we now assume that parameter 6, represents a closed loop in the phase space, upon
integrating (7.10) with respect to 6y € [0, 27] and normalizing, one obtains the wave action

conservation law
Oyl + 0,8 =0 (7.11)

with the wave action density &/ and the wave action flux & giben by

1 (1

o = 0 §(ZQTOLZ) dfy (7.12a)
1 21 1 -

B = o O 5 (76, K2) dbo (7.12Db)

An assumption about periodicity of z with respect to 6y, i.e. the fact that z(¢, z; 6y + 27) =
z(t, x; 0y), is necessary to eliminate Jy, terms of z in 6.
Integrating (7.11) with respect to = with periodic boundary conditions (3.7) one obtains

conservation of total action

0

It turns out that the wave action conservation law (7.11) is equivalent, via the Stokes theorem

(see also remarks preceding the statement of the Theorem 4) for differential forms [5], to the
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conservation of multisymplecticness (3.3). The equivalence is shown as follows

1 [ 1
o = — Lz - zp,d0y = ( :—// d(Lz) A dz
At
_ __// dz/\Ldz———// (7.13a)
B = — Kz zg,d6y = yy j{ (Kz / (Kz) N\ dz

— // dz/\KdZ———// (7.13b)

and D C 'H is a subset of the phase space H with 9D is its boundary Now, following [8], the

conservation of multisymplecticness (3.3) follows immediately since

—iﬂ(at //D Q0 + 9, //D ) = —% //D (290 + 0,0)

and the exchange of integration with differentiation is permissible because integration is
performed with respect to the phase space variables z. The assumption that d(Lz) = Ldz
and d(Kz) = Kdz is needed, but from the by definition we have that pre-symplectic matrices

L, K are independent of z, t and z (constant matrices).

Example: Variable Coefficient Klein—-Gordon Equation As an example of the con-
servation of the wave action let’s consider a variable coefficient Klein-Gordon equation (3.11)
in a multisymplectic form (3.2) with matrices L; and K given by (3.15) and the energy func-
tion

S = S(u,v,w) = %(v2 —a *w? + f*u?).

Wave action density and flux are

1 2 2

o = e ) (zg, Lz) dby = yy g,V — uvy, dby, (7.14a)
1 27 1 27r

B = ), (zg Kz) dfy = in Ug, W — uwy, dbp. (7.14b)
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It is not difficult to notice that (7.14) are exactly the wave action density and flux (7.6)
derived in the Lagrangian formulation with v = ¢, v = u; = ¢ and w = —a2u, = —a2¢’.

Indeed, integration by parts yields

2 o 27
/ uvg, dbp = wv| — / ug,v dfy
0 0 0

and

o 27
- ug,w dby,
0 0

and thus the conclusion holds by periodicity of u, v and w with respect to 6.

27
/ uwy, dfy = uw
0

7.3.1 Local Energy and Momentum Conservation Laws Revisited

Formalism presented in the previous section used in deriving the wave action conservation
law enables derivation of local energy and momentum conservation laws. Assuming that S
is independent of #y and choosing  in the equation (7.10) to be either §y = = or 6y =t one
obtains local conservation of momentum (3.6b) and local conservation of energy (3.6a) laws,
respectively. For the proof, notice first that the local energy an momentum conservation
laws have the form (3.6). More specifically, choosing 6, in equation (7.10) to be equal to t,

for S explicitly independent of ¢, one has
20,5(z) — <8m(thKz) - at(szz)) = 0,(z7 Lz) — 9,(z" L),
which is a local energy conservation law (3.6a):

8t<S(z) + %(szz)) + ax( - %<thKz)) ~0.
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Identical argumentation, for S explicitly independent of z with 8y = x, yields
20,5(z) — (@(zf[/z) - 8$(thLz)> = (&C(ngz) - 8$(ZEKZ)>,
which is a local momentum conservation law (3.6b):

0.~ 5t L2)) +0.(5() + (af L2)) =0

7.3.2 Alternate Formulation via Operator Splitting

For alternate form of the multisymplectic equation given by splitting (3.22) there exists
conservation laws of energy and momentum in the form (3.6), as shown in [29], with L and
K replaced by 2L1 and 2K, respectively. Moreover, wave action conservation law (7.11)

also holds with

1 27

o = — (zg LT z) dby, (7.15a)
2 J, 0
1 2

B = — | (2} KTz) db,. (7.15b)
2m Jo 0

7.4 Multisymplectic Spectral Wave Action

It turns out that a procedure analogous to the one used in deriving conservation law of wave
action in physical space, applied to the multisymplectic spectral PDE (3.29) yields a new
conservation law that we will be calling the spectral wave action conservation law. It is yet
unclear whether the spectral wave action conservation lwa can be shown to be equivalent
to the multisymplectic spectral conservation law (3.30). One would expect that an analog
of the Stokes’ theorem would be true in Fourier space thus permitting establishing such a
relation.
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In order to dervive spectral wave action conservation law, let’s assume that Z, a solution

to (3.29), smoothly depends on a parameter 6, and taking a dot product with Zgo on has
(LOZ, Zg,) + (KOZ, Zy,) = (V;5(Z), Za,),
and the conjugated and transposed (“starred”) equation
—Z'LZg, — (OZ)KZy, = 05,5(Z).
Adding these equations one obtains
205,5(2) = 2y LZ, + 2 K(OZ) — Z;LZy, — (OZ) " KZy,
or equivalently, that
205, S(Z) = (Z;OLZ - ZILZ%) + (Z;OK(@Z) - (@Z)*KZ;O)

It is not difficult to note that

~ A

0 = at(%Z;OLZ)+1(z;OK(GZ)+(@Z)goKZ)

[\

—i(EZ;‘LZjL

> (©Z)"LZ + S(Z)) (7.16)

1
2
and thus, upon integration, one obtains a WACL

2 1 A 27 1 R . . N
8t/ S(LZ, Zy,) +/ 5 ((K(02),2y,) + (KZ,(02)s,) ) ddy = 0 (7.17)
0 0

Now, if there exists an analog of the Stokes’ theorem one could show that equation (7.17) is

a multisymplectic spectral conservation law established in [9].
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7.4.1 Spectral Local Energy Conservation Law

Spectral form of multisymplectic PDE can be though of as a spatial semi-discretization and
as such does not have momentum conservation law. In this section we use formalism of
(7.16) to derive local energy conservation law in Fourier space. In order to obtain spectral

LECL [11, 22] consider first equation (7.16) and assume 6, = t.

0 = atGZ:LZ) + %(Z;‘K(@Z) + (@Z);‘KZ)
_% (%ZIL 7+ %(@Z)*LZ +5(2). (7.18)
Equivalently
9 (3(5(2) + 2)'L2) + (LK(O2) + (OZ)KZ) = 0 (7.19)

which is called spectral local energy conservation law and can be written in the form given

by equation (3.33). Therefore we have just proved Theorem 10 stated in Chapter 3.

7.5 Discrete Wave Action Conservation Law

It should be clear by now that the wave action conservation law is somewhat a more primi-
tive and fundamental property than multisymplectic conservation law. In previous sections
we discussed wave action in continuous systems. Following the development of multisym-
plectic discretizations, we would like to attempt deriving discrete analogs of the wave action
conservation law. Material contained in this section can be divided onto two parts. The
firs part is a derivation of an exact, discrete conservation law of wave action of the MS box

scheme while the second contains a brief discussion of previous work of Frank [13], where an
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exact, discrete wave action conservation law for a sub-class of Runge Kutta, multisymplectic
box schemes was derived. We will attempt to generalize this result and investigate discrete
analog of wave action conservation laws for spectral semi-discretizations. Last part of this

section will contain supporting numerical evidence.

7.5.1 Multisymplectic Box Scheme

We begin by presenting an example, related to [13], where we show derivation of a variant of
an exact, discrete wave action conservation law for the Preissmann—Keller (multisymplectic)

box scheme (4.7) discretization of the MS form, i.e.
LDM,z5 + KD, Mz} = V,S(M;M,z})
and take a standard inner product with M;M,(zy,)} to obtain
(LD M.z}, My M, (24,)7)+(K Dy Myz5, My M, (20,)}) = (V2S(M, M.z} ), M, M,(2q,)7). (7.20)

Observing that (V,S(M;M,z}), M;M,(zy,)}) = 0p,S(M;M,z}) we can transpose the above

equation to obtain
—(Dy M,z )" L(M; My (29,)}) — (Do Myz)" K (M My (29,)}}) = 09, S (M M,27).
Adding we have

209, S (M M,2}) = (Mth(z@O)?)TL(Dthz;‘)—(Dthz?)TL(Mth(zeo)?)

+(M M, (26,)})" K (D Myz!) — (Do Myz}) )" K (M M (24,)7)
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or equivalently

209, S (M M,2}) = (Mth(z@O)?)TL(DthZ?)—l—(Dth(z@O)?)TL(Mthz?)
+(MtMm(z90)?)TK(Dthz?) + (Dth(Zgo)?)TK(MthZ?)

— gy (D M,z}))" L(MyM,2}}) — Op, (Do Mz} )" K (M M,z
Now since

(MM, (29,)7)" L(D:Mo2;) + (Di M (g,);)" L(M, M, 2})
= @«szeo)?—‘_l + (MxZQO)?)TL((MxZGO);H_l — (M:L‘ZGO);‘L)
1

T oran ((Memeo)j ™ — (Maoze)) L(Maza, )™ + (Mg, ))

= Di((z,)})" L(2) (7.21)
and symmetrical argument holds for terms containing matrix K, we have that

209, S(MM,z}) = Dy((Myzo,)})" L(M,2}) + Dy ((Myzg,)})" K (Myz})

— 09y (Dy Mz )" L(M, M, 2}) — 09y (Do Mz )" K (M, M,z7).

Assuming that z7 is periodic with respect to 6y with period 2, i.e. that for every n, j
one has z7(th + 27) = z7(p) and integrating with respect to  over the entire period we

arrive at the discrete wave action conservation law

2m 1 n n 2T 1 . .
Dt/o §<LM{L‘ZJ ) Mx(zeo)j> d90 + Dx /0 §<KMtZ] s Mt(zé’o)j> deo =0 (722)

: : 1/2 . :
Using notation z7,, = M,z} and zj/ = Mz} we can rewrite above equation as

2w 1 27 1
Dt/ §<LZ?/27 (ZQO)?/2> d@o =+ Dr/ §<KZ;/2, (Zeo)jl'/2> d@o =0 (723)
0 0
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Equation (7.23) is called wave action conservation law and, upon normalization, written as

D, 172 + D:c‘%jl'/z =0, (7'24)
where
2 = o §<LZ1/27 (Z0,)1/2) dbo, (7.25a)
0
1/2 L [2"1, 4 1/2
B = UK () b (7.25b)
0

Alternative Form Consider again (7.20) written as

0o S(M;M,25) = (LD:M,z}, MyM,(26,)}) + (LM Mz}, D M,(2g,)})
—Opy (LM, M, 7", D,M,2") + (LM, M, (2y,)", D, M, 7")
K D, Mz}, MM, (24,)}) + (KM M.z}, D, M;(20,)})
—0go (K My M, 2%, D, Myz7) + (KM M,(29,)5, D, Mz}) (7.26)
Using skew-symmetry of matrices L and K and the fact that (Au,v) = (u, A*v) we have

that

<LMth(Z90)?7 DtMIZSL> + <KMth<Z90)§L, DIMtZ;L>

= —<Mth(Z90);L, (LDthZ;L —|— KDxMtZ;L)> = —8QOS(MthZ?)

by equation (7.20). Integration with respect to 0y yields an alternative form of the discrete

WACL

A+ B =0 (7.27)
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with

= o S (LDM. 2} MM, (24,)]) + 5 (LM M.z}, D, M, (zg,)7) dfy
% = 5 5 (K DMz}, MM (z9,)}) + 5 (K M,M,z, D, Mi(zs,)7) A6y

One observes that the two forms of discrete wave action conservation law (7.24) and (7.27)

are equivalent, since
<LDtun= Mt(ueo)n> + <LMtun7 Dt(ueo)n> - Dt<Lun7 <u90)n>7

and symmetrical property holds for terms with matrix K with operators D, and M,.

7.5.2 Discrete Spectral WA for the Midpoint Time-Discretization

Taking an inner product of the equation (4.62) with MtZgo we obtain
(LD,Z", M, Zy.)) + (KO(M,Z"), M2y ) = (V5S(M,Z"), M, Z3.) (7.28)
and its conjugate transpose
—(D,Z") L(M,Z3.)) — (OM,Z")* K (M,Zy.) = 99, S(M,Z")
Adding
(MiZg,)" L(DiZ") — (D,2")" L(M;Zg,)
H(M,Zg )" KO(MZ") — (OM,Z")* K (MZ)) = 209,S(M,Z")
and it is not difficult to note that is is equivalently
(M,Zp ) L(D,Z") + (Dy2i )* L(M,Z") — 0y, ((DtZ")*L(MtZ”)>
+(M,Zp ) KO(MZ™) + (OM,Z ) K (M,Z™) — D, ((C:)MtZ")*K(MtZ”))
= 205, 5 (M, Z")
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We first observe that

(MZj )*L(D,Z"™) + (DyZjy )" L(M,Z")

1 7n 7N \* T (r7n 7n 7n 7N \* T (1N 5 |
= Srap (BT )L =2+ (2 = 2 L+ 2|
1 7n x TN 7n x TN In \* T fgn 7n *7Fm
- m[(zgoﬂ) L2 (Zg ) L2 4 (Z,) LE — () L2

1 7n x TN 7n x TN N \* T N S Nk T A |
+m[(zajl) L2 4 (25 L2 — (Z4,) L2 — (24,) 12"

= Dy{(LZ",(Z},)).

It is now an immediate conclusion, that the discrete spectral WACL has the form

2w 1 R R
D, /0 Sz, () oy

2m q . . .
+/ §<<K(®MtZ”),MtZ};O)+(KMtZ”,(@MtZ”)90)> dfp = 0.
0

Alternative Form Consider again equation (7.28) written as
06, S(M,Z™) = (LDyZ", M,Z} ) + (LM,Z", D, Zy, )
—0py (LM, Z", D,Z") + (LM, Zt; , D,Z")
+H(KM,0Z", MyZy ) + (K M,Z", M,©Zj. )
— 8y (K MyZ", MyOZ™) + (K M Zj , M,OZ™)
Skew-symmetry of matrices L and K, and equation (4.62) yields
(LM,Zy , D,Z") + (K M,Zjy , M,©Z")
= —(M,Zp ,LD,Z" + KM,QZ") = 0y,S(M,Z")
Integrating in 6 one obtains the following discrete spectral WACL
A"+ B =0,
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where

) 1 2 1 R . ~ ~
d" = — | Z(LDZ", M/Z2 ) + (LM,Z" D,Z ) df,
2T 0 2 0 ’
R 1 [¥1 _ . 1 5 =Y,
B = o | S(KMOZ" MZy) + o (KMZ", M©Z;,) dfy
T Jo

which is equivalent to the equation (7.29).

7.6 Numerical Experiments

We illustrate the wave action conservation by multisymplectic discretization by first present-
ing an experiment described in [13]. Multisymplectic Euler’s method for the Klein-Gordon
equation takes the form (4.42). Assuming that u} = u}(6) is a differentiable function of a

parameter 6y and differentiating with respect to it one obtains

— a1 (a7 = (vey)7)  —az (wa)fer — (wey)}) = (87)?(uay);
21 ((ug)) = (ug,);™") = (vgo)F (7.31)
A ((ug,)} — (ug,)j—1) = —(af)"*(we,)}

Initial conditions for slowly modulated wave train
u(t, x;00) = Asin(n + 6p), A=A(t,z), n=n(t,z) = kx + wt
are obtained by setting ¢ = 0 in the following equations
v(t, x;00) = u(t,x;00) = Awcos(n—+ 6)
w(t,x;00) = ug(t,x;600) = Akcos(n+ 6p)
ug, (t,;00) = Acos(n+6)
v, (t, 5 600) = (ugy)i(t, x;00) = —Awsin(n+ 6y)

Wy, (t, 25 00) = (ug, ) (t, x;00) = —Aksin(n+ 6p)
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and in [13] those are A =1
u(0,x;00) = sin(kx +6y)  ug,(0,x;600) = cos(kx + 6)
v(0,2;600) = wcos(kx + 60y) vy, (0,2;0p) = —wsin(kx + )

w(0,z;6p) = kcos(kx 4+ 0y)  wa,(0,2;00) = —ksin(kz + b))

7.6.1 Implementation

Equations (4.42) and (7.31) in a vector are

vl = v — (AH)(B")Pu" + AUW"

un+1 — un + (At)Vn+1
1
Wn+1 — _A_x(an—f—l)Q(UT)un—i-l

and
(Vo)™ = (Va,)" = (AL)(B")2(ug,)" + AU (way)"
(g,)" = ()" + (At (v,
(wo, )™ = (@07 (g, )

where U € M, ;(R) has the form

1 -1

-1 1

and bolded letters, like u = [u;]jcqi,.., sy, etc., denote vectors in M .1 (R).

.....
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7.7 Simulation Results

The results of simulation are presented on Figure 7.1. Shown is an actual wave profile (blue)

at n = 100 and its amplitude (red) calculated from

Aj = \/ (uf)? + ((ue, )7)? (7.32)

The parameters were set to be € = 0.02, { = 27 /e, w = 4n/(el), k = w, J = 30/,

At =¢el/J, to=0,T =10/¢, Ax = ¢/ J. Moreover
a = 1+ ésin <2l7€t> exp ( — 25(% — %)2)
8 = 1-—cos (210615) exp ( — 25(% — %>2>

0.5H

0 50 100 150 200 250 300

Figure 7.1: Wave-train (blue) and its amplitude (red) at T'= 10/e.

For the simulations one has to consider a family of initial data parametrized with 6, €
0, 27] discretized with some step Ay = 27 /M, M is a number of numerical experiments
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to be performed indexed by m € {1,..., M}. One can compute the discrete action density
and action flux and than approximate the loop integral to some higher-than—2 order. For

discretizations of nonlinear systems one needs to solve

LO;" (20 + KoL (20,)} = 5o (VaS)

For instance the sine-Gordon becomes

O on)? 4 () = —((ugy)?) cos(u)
— " (ug,)" = —(ve, )}
- 8%”(1%)? = (we)}

where v} is the solution of the original system of equations.

7.7.1 Slow-variation Approximation — Discrete Case

Following [13], for Lagrangian integrators in the case of slow-variation approximation, we

consider a set of two equations

1 et et e
0 = _Q(At)Q (A;,H—l Sln<0j+1—9j)—Aj 1SII1(9]~ _9] 1))

1
+2(A:p)2 ((O‘?+1/2)2AJ+1 sin(0,, — 07) — (aff_, )* A} sin(0] — 0} )) (7.33a)

1 1 1
0 = (A7 = 347+ cos (07 = 0;) = 54T cos(0} — 0;71))

- (Ax)? <§((O‘j+1/2)2 + (%’4/2)2)14]' - §(O‘j+1/2) Ag+1 COS(0j+1 93')

! a n n 1 n n
_2< - 1/2)2A _y cos(6 93'71)) _5(@' )2 Al (7.33b)

Note also that applying summation over index j with periodic boundary conditions Ag =

Ay, 0p=20; A;iq = Ay and 6,1, = 6; we can write the following discrete conservation

J
1 : n 3 n— n n—
0= Z <§A?+1A? 81n(0j+1 —07) — —A 1A sin(0 — 07 1))

J=1
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which can also be written as

A" — " =0 (7.34)
with
T
o= S AT AT sin(0] — 077, (7.35)
j=1
The proof follows immediately from the fact that
J
> (1) ATAY sin(0],, — 67)
j=1
J-1
= (Yo (@22 Ap AL (8], — 6)) + (40) AT AT, sin (6], — 0)
j=1
and
J J—1
D (05 1) ATAT sin(0] — 071) = D (afy1/) AT AT sin (6], — 05)
j=1 §=0
J—1
= (a?/2>2A6LA? sin(07 — 0y) + (Z(a?+1/2)2f4?/4?+1 Sin(%l - 9?))
j=1

We are now at the position to numerically test conservation of total wave action. Time
evolution of (7.35) can be easily computed from solutions of (7.31), since the amplitude is

obtained from (7.32) and the phase is computed as

un
" = arctan —— — 0. 7.36
O (7.:36)

Figure 7.2 shows time evolution of a normalized error of the total wave action computed

using equation (7.35). Normalized error Ry 4 is obtained as

d'rz
RWA:E—l

We note that, after initial burst in the error, magnitude of Ry 4 becomes of order 1072.

Simulation parameters were identical as these used to obtain Figure 7.1.
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-1} R

-0.12 b

-0.14 L L L I I

Figure 7.2: Normalized error in the total wave action for slowly varying solutions of the
Klein—-Gordon equation.
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APPENDIX A: IMPLICIT RUNGE - KUTTA METHODS
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A.1 Basic theorems

Let Q C R? be a domain (open, simply connected set), and I C R be an interval and

consider a system of ODEs of the form

dx

— =1t
> = (%)

where x € RP and f: Q x I — RP,
Definition 7 Let b;,a;; € R, i,j € {1,...,s} and

s
C; = E Q5.
Jj=1

The following iterative process

ki = f(t() + hCz‘, Xo + hz aijkj) (Ala)
j=1
X1 = Xo+h» bk (A.1b)
i=1

n € N C N is called s—stage implicit Runge—Kutta method.
Theorem 13 Let f € C(I x R™) and assume there exists L such that
vtel vx,yER" |f(ta X) - f(ta y)| S L|X - y|

If

1
L- max; Zj |aij]

h <

then there exists unique solution to (A.1a), which can be obtained by iteration

kz[o] = Xy

kz[-l/+1] = f(to + hCi, Xo + h Z (ll'jkgy]).

j=1

Moreover, if £(t,x) € CP(R x R"™) then k; = k;(h) € CP(R).
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Proof can be found in [15].

The above functional iteration for k; can be modified in the following way. First of all

we can redefine IRK method as

Yi = Xy + h Z Cll'jf(t(] -+ hC]’, YJ)

Jj=1

X7 = Xg-+ h Z blf(t() + hCZ’, Y1)7
=1

We can now introduce g; = Y; — xg. Clearly Y; = g; + xo and we may consider

g’ =0

g™t = h > " aif(to + hei, xo + ).
j=1

For stopping conditions see [32] p.64.

A.2 Gaussian Collocation

Theorem 14 Let q be a nontrivial polynomial of degree n + 1 such that

Let ¢; be such a points that q(c;) = 0 for every i € {0,...,n}, then for every polynomial p of

degree at most 2n + 1

/ p(x)dz = ZAiP(Cz’),

with
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where {;(x) denotes i—th Lagrange polynomial.

&(:L’): H T —Cj

j=04#i "

Lemma 5 The set

SL = {d‘i; (2°(1 — 3:)3)}

s€Np
of all shifted Legendre polynomaials form an orthogonal set with respect to the weight function

w(x) =1 on [0,1].

Gaussian nodes on [tg, 1] are given by {to + h - ¢;};, with ¢; being zeros of i—th shifted

Legendre polynomial. Note that

[ ot =) [ gtegae

to 0

where £ = % Inverse variable transformation is given by x = tq + h& with h = t; — t,.

Definition 8 Let ¢q,...,c, € R are distinct (and usually 0 < ¢; < 1). The collocation

polynomial u(t) is a polynomial of degree at most s satisfying

u(to) = X

ﬂ(to—i‘h'ci) = f(t() +h'CZ‘,U(t0 +hCZ)) (A?))
the numerical solution of the collocation method is defined to be

1 = u(to+ h)
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Theorem 15 (Gillou & Soulé (1969), Wright (1970)) Collocation method defined by

(A.3) is equivalent to the s—stage Runge—Kutta method (A.1a), (A.1b) with coefficients

c; 1

where (;(x) is the (i — 1)—st Lagrange polynomial.

PROOF: Let g(z) = u(to + hz). Lagrange interpolation formula for g with nodes ¢y, ..., ¢
is given by

g(@) = glei)ti(x)

i=1

Therefore

i(to + ha) =Y alto + h- c;)li(x)

i=1

Define k; = u(to + h - ¢;) to get

ito + ha) = kili(x) (A.4)

i=1

Integrating (A.4) with respect to = from 0 to ¢; we have

/ Z Wty + hx)de = Z k; / Z l;(x)dx
U(to + h - Ci) — u(to) = Z k:jaz-j
j=1

SO

ki = 29 + Z aijkj
7j=1
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Similarly, integrating (A.4) from 0 to 1, we get

1 s 1
/ U(to + hx)de = ZkJ/ li(x)dx
0 = Jo
i=1

Finally we have

s
T1 =X+ Z bzkl
=1

A.2.1 Example

Consider 2-nd shifted Legendre polynomial

d2

pp (2*(1 —2)%) = i(295(1 —z)? + 2231 —2)) =2(x — 1)* + 8z(x — 1) + 227

dz
= (z—1)(27 + 2+ 8x) + 22° = 2(62% — 62 + 1)

We can easily find that Gaussian nodes (zeros of the above polynomial) are

C;, = +

N | —
D
S

Further examples of application of Theorem 15 can be found in Tables A.1 and A.2.

A.3 Symplecticness Conditions for R—-K methods

Consider a Hamiltonian system of ODEs

. 0H
b= = 0g;
. OH

@ = Op;
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or in another words

p = f(t,p,q)

q = g(ta | oF q)

with p = [p1,...,ps]F and q = [qy,- .., qs]". The Runge-Kutta method for the above system

can be written as
j=1

Qi = q+h) aygte+he, P;, Q)

J=1

p1 = Po+h Y bif(ty+he, P;, Q)

i=1

qQq = q+h Z big(to + hei, Py, Q)

i=1

Let’s introduce some notation. Let
kj = f(to + th, Pj, QJ)
l; = g(to+ he;, Py, Qy)

are the “slopes” at the intermediate stges.

(A.5a)

(A.5b)

(A.5¢)

(A.5d)

Theorem 16 (Sanz—Serna, Suris, Lasagne (1988)) If M € M. (R) with entries

mij = bia; + bjaj; — biby, i,je{l,...,s}

satisfies

M=0

then Runge—Kutta method is symplectic.
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ProoF: Differentiating (total derivative) (A.5c) and (A.5d) we have

dp; = dpo+h Y bidk

=1
dgi = dqo+h Y bl
=1

Differentating (A.5a) and (A.5b) we have

j=1
dQ; = dqo+h Y _aydl (A.6D)

j=1

No we have

dp; Adq = dpgAdgo+h Y bdpy Adl+ k> bidk; Adgg

J=1 J=1

+h? (Z bidki> A (Z bidL)
1=1 =1

note that

(Z bidki> A (Z bidli> - ibj (Z b,»dki> Adl
i=1 =1 j=1 =1
j=1 =1

i=1 j=1
Moreover, form (A.6a) and (A.6b) we have
dP; Adl; = dpoAdli+h Y aydk; Adl
j=1

dk; AdQ; = dk;Adqo+h)  a;dk; Adl

j=1

and from here
dp() A dlZ + dkZ A dqo = Cl].:)Z N dlz + dkl A sz

—h (Z aijdkj N dlZ + Z (ljidkj A dlz> s

j=1 i=1
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as well as,

dpi Adqr = dpgAdqo+h Y bi(dp Adl + dk; A dgp)
=1

+h?) Z bib;dk; A dl;

i=1 j=1

= dpy Adqy+h Y b(dP; Adl + dk; A dQy)

=1

i=1 j=1 Jj=1
+h? Z Z bibjdk; A dl;.

i=1 j=1

We can rename summation indices, to obtain that
=1 j=1 J=1 i=1 Jj=1
+ Z bz Z aijdki N dl] = Z bj Z Cljidki A dlj + Z bl Z aijdki N dlj
i=1 j=1 7=1 i=1 i=1 J=1

S S

— Z Z(bjaji + biag;)dk; A dl;

i=1 j=1
Now we have
i=1

—h? Z Z(biaij + bja;; — bib;)dk; A dl;

i=1 j=1

The theorem will be proved if we can show, that

> bi(dP; Adl; + dk; A dQ;) = 0

Jj=1

Following [32] p. 73, it is enough to show that

2 dP; Adl; +dk; AdQ; =0
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dropping index i that indicates number of stage (the following computations are independent

of 7) we may write

d
dP Adl+dkAdQ =Y dP, Adl, + dk, AdQ,

v=1

where summation is over the elements of the respective vectors. Moreover, note that

d
Aty

dk, = dP,
8p . +

afy

dQM

dl, = Z 09 AP+ ag”dQu

Thus
dP, Adl, = Z 9% ap, nap, + 29%ap, rdQ
v v apu aqu v o
dk, NdQ, = af" dP, ANdQ, + af” dQ# AdQ,
— Op,
pn=1
Notice that
of, i (_8H> of, i (_8H)
Oy Opu \ 9Oqy 0qy  Oqu \ gy
dg, 0 (GH) dg, 0 (8H>
Op,  Op, \Op, 0q,  0q, \Opy

Finally we have that

4 & 02 H 02H
dP Adl+dk AdQ = ZZ(—ap o dPN/\dQV—a v dQu/\dQ)
nY Yy

~y (2 dP, A d OH_ip, ra
+Y 0> P, A PM+W P, A dQ,

v=1 p=1 apuapy
d d aQH d 82
_ ;; 5 aqydP /\dQ,,—ir;;a ap“dp AdQ,
d d 82 d 82
_Zza dQuAdQV*ZZa dP AdP,
v=1 p=1 v=1 p=1
=0
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by skew—symmerticity of wedge product (assuming that we can change the order of differ-

entiation in partial derivatives). |

Remark 2 Necessary conditions require the RK method to be irreducible. See [32] Thm.

6.0 p.84.
Remark 3 IfV,<; a;; =0 (explicit RK) and M = 0, then we must have

mi; = biaz; + bjaii — bb; = b2 =0

s
7

This means no consistent ()7, b; = 1) explicit RK method is symplectic.

Theorem 17 The implicit s—stage Gauss (collocation) method of order 2s (Kuntzman €&

Butcher) is symplectic for all s.

ProOF: By the fundamental theorem of calculus

tn+1

/ttn+1 %(dp A dq) (t)dt _ (dp A dq)(t) . = dp(tn+1) A dQ(thrl) - dp(tn) A\ dQ(tn>

— danrl A danrl - dpn A dqn
where we are assuming p(t) and ¢(t) are polynomials of degree at most s. Moreover, by

exterior differentiation formula, we have that

d
E(dp/\dq) =dp Adg+dpAdg

now, since

d
deg (E(dp A dq)> <2s—1
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we have, by the Gaussian quadrature theorem, that there exist ¢;, i € {1,..., s} such that

[ Gandnoar = ) [ Lo

= th —(dp A dq) (1)

t:t7L+hC'L'
Notice that p(t, + he;) = P;, q(t, + he;) = Q; and p(t,, + he;) = ki, ¢(t, + he;) = 1;, therefore

dp = dP;, dg = dQ;, dp = dk;, d¢ = dl; which means, that for every ¢

d
dp A dg)(t) =dpAdg+dpAdg =dk; ANdQ; +dP, Adl; =0

dt t—t+he; t=tn+he;

and proves symplecticness. [ |

Table A.1: Tableau for the Hammer & Hollingsworth method of order 4.

1 V3 1 1 V3
§_§ _\/_ b
1 311 3 1
§+? ZJF? 4
1 1
2 2
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Table A.2: Tableau for the Kuntzmann & Butcher method of order 8.

2 —ws w1 Wi —wstwp w)—ws—wy W) — ws
%—Wé wy — wh 4wy W Wy — wi W) — wh — wy
%ﬂLWé wy + wy + wy wi + ws wh wy + wh — wy
2 +ws wi + ws Wi tws+w; W+ ws—wy wy
2w 2w} 2w} 2wy
1 V30 oL, VA
Y1787 178
1 /1542430 , 1 /15— 2+/30
Wy = =\ ———— wh ==
2 35 2 35
1, V30 (1 V30
w3 =wy | = + — wh=wh | = — —
A WY 372 6 24
B 1 n 5v 30 ;o 1 5v 30
T2 51 T 6 4792191 7 168
Ws = wqy — 2ws Wi = wh — 2w}
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APPENDIX B: SOLITONS FOR THE SINE-GORDON
EQUATION
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In numerical analysis, and especially for new schemes, it is always advisable to conduct
a preliminary test of algorithms and codes on known solutions for which one can obtain
analytic formulas. In this project, we have chosen some classical solutions to the benchmark
equation — solitons. Following [4] we have that, for —co < = < oo, the following are the

soliton solutions to the sine-Gordon equation:

Figure B.1: Breather. Analytic solution for y/1 — 42 = 1/2.

Breather is a stationary, periodic wave of the form

v

/1 _ A2
u(t,x) = 4arctan <—7 sin(t) sech(xv/1 — V))
One finds the following initial conditions correspond to the breather soliton

u(0,z) =0, u (0, 2) = 44/1 — 42 sech(z/1 — 42).
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Figure B.2: Kink—antikink. Analytic solution for 1/4/1 — 4% = 2.
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Figure B.3: Limiting case between breather and kink — antikink. Analytic solution.
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Kink—antikink is a superposition of two, traveling in opposite directions, waves of the

form

1. v x
u(t, z) = 4arctan (r sinh <—) sech(—))
7 J1-7 - 52

One can find that

u(0,z) =0, u(0,2) =

Double pole solution is a limit as ¥ — 0 in the above cases
u(z,t) = 4arctan(t - sech(x)),
i.e. by the following initial conditions:

u(z,0) =0, u(0,2) = 4 sech(x)
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