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ABSTRACT

Under weak turbulence theory, we will use the random thin phase screen model and the
Kolmogorov power-law spectrum to derive approximate models for the scintillation index,
covariance function of irradiance fluctuations, and temporal spectrum of irradiance fluctuations
for collimated beams. In addition, we will provide an expression for the quasi-frequency of a
collimated beam and investigate the relationship between the quasi-frequency and the maximum

width of the normalized temporal spectrum of irradiance for a collimated beam.
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INTRODUCTION

Movement of light through a dynamic medium can create a variety of effects that most
people have observed throughout history. For example, stars in the night sky may appear to
twinkle or while driving down a long straight road during the middle of the day, a hazy layer of
movement may appear above the road’s surface. The earth’s atmosphere is a continuously
changing medium that affects the way we perceive light and images. If we study a laser beam
propagating through the earth’s atmosphere, we find that the beam collected at a receiver may
vary in intensity and/or may continuously be changing its position.

While studying laser propagation through a random medium, statistical models are used
to describe propagation environments and beam characteristics. To describe the turbulent nature
of the earth’s atmosphere, where each point in space and time can be represented by a random
variable, we commonly use a stochastic field. By using a stochastic field to model atmospheric
turbulence, we can use statistical tools to investigate beam characteristics. One of the most
important beam characteristics is the intensity, or irradiance, of the laser at a receiver.
Propagating a beam through a continuously changing medium can cause fluctuations in a laser’s
irradiance; these fluctuations are often referred to as “scintillation.” The scintillation index is a
phrase used to describe the normalized irradiance fluctuations at a single point on a receiver.
Another useful beam characteristic, closely related to the scintillation index, is called the
covariance function of irradiance fluctuations. A covariance function is used to describe the
correlation of irradiance fluctuations between two separate points on a receiver. The scintillation

index and covariance function are considered spatial functions because of their dependence on
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points within the beam. Since a stochastic field also treats time as a variable, we can use the
frozen turbulence hypothesis to express the covariance function in terms of the temporal domain
and then we can calculate the temporal spectrum of irradiance fluctuations. The frozen
turbulence hypothesis assumes that turbulent eddies are frozen in shape and move by the receiver
with average transverse wind speed. Hence, spatial separations can be converted to the temporal
domain by including the wind speed. Moreover, through the use of a phase screen model, we
will be able to derive approximate expressions for the scintillation index, the covariance function
and temporal spectrum of irradiance fluctuations. Once we have an expression for the temporal
spectrum, we can normalize it to create a function that has characteristics like a probability
density function. By treating the normalized spectrum as a probability density function, we can

further describe beam characteristics and look for any relations through standard statistical tools.



BACKGROUND

Optical Wave Models

Lasers are devices that produce coherent radiation in wavelengths typically ranging from
the infrared to the ultraviolet regions of the electromagnetic spectrum. From Figure 1, we see
that some lasers produce radiation with wavelengths in the range of visible light. A laser beam is

commonly referred to as an optical beam.

Frequency (Hz) Wavelength (um)

2
Ultraviolet <”’ —10

Infrared | 102

Figure 1: A portion of the electromagnetic spectrum.

There are three optical wave models that are commonly used to study laser propagation,
assuming propagation is along the positive z-axis. The first model is the plane wave, which is
described by an unbounded wave with constant amplitude A4,, constant phase ¢,, and in the

plane of the transmitter (z = 0) it is represented by
Uy(x,y,0)= Ae'” 1

The next is the spherical wave model, which is described by an unbounded wave associated with

a point source and in the plane of the transmitter (z = 0) it is represented by
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) eikR
Voo 0)=im 4 7

where R = ‘ﬁ‘ = /X* +y? + 2% . Finally, the beam or Gaussian-beam model describes a wave of

finite size with focusing capabilities. It has amplitude and phase profile described in the plane of

the transmitter (z = 0) by

x> +y? ik
U,(x,y,0)=a, exp| - Wozy —E(x2+y2) 3

where a, is the on-axis amplitude, W, is the beam spot radius, and F; is its phase front radius of
curvature at the transmitter. Of the three models, the Gaussian-beam model will be used

throughout this paper.

Propagation Of Gaussian-Beam Waves Through Free-Space

Studying a beam propagating through free-space, an environment devoid of turbulence,
allows us to describe characteristics and define important parameters of the beam at both the
transmitter and receiver, see Figure 2. At the transmitter or input plane (z = 0), we have the

following beam characteristics;

Wave number: k= 277[ where A is the wavelength
Spot size radius: w,
Phase front radius of curvature: F,.



INPUT OUTPUT

PLANE PLANE
Receiver
Laser \:ﬁ > > -
|‘ L
-0 z=L

Figure 2: Laser propagating through free space.

By using the above characteristics, we can define a set of input plane beam parameters with z

representing the propagation length as

O,= -z and 0= 222
F, kW, .

Note that ®, and A, are dimensionless quantities. As for the receiver or output plane (z = L),

we can define a set of output plane beam parameters in terms of the input plane parameters as

@:%:Hi and A= 2A° = 222,
O, + A, F O, +A, kW

where F is the phase front radius of curvature at the receiver and W is the spot size at the
receiver. A third output plane parameter is commonly used to simplify many expressions in

propagation analysis; it is called the complementary parameter and is defined as

®=1-0. 6



Medium Models

As the earth rotates, its surface continuously goes through a cycle of heating and cooling,
which creates a combination of temperature and wind speed variations. L. F. Richardson ®
developed the energy cascade theory, which illustrates how transformation of energy, originating
from the sun, creates unstable air masses (or eddies) throughout the earth’s atmosphere. As
energy is transferred, large eddies are broken into smaller ones until the energy is dissipated as
heat, see Figure 3. The size of the large eddies will be denoted as L, and are referred to as the
outer scale of turbulence. As for the size of the smaller eddies, they will be denoted as [, and are

referred to as the inner scale of turbulence.

Energy
injection

) J
Qb

DO Q O G transfer

gvp0QOlQQa

[7>00808 0000 D0Q00O

N

Dissipation

Figure 3: Visualization of the energy cascade theory.

Figure 4 illustrates an optical wave propagating from a transmitter to a receiver through a
medium consisting of various sized eddies. Studies have shown that eddies act like lenses that
change the beam’s direction and/or focal point. The propagation environment illustrated in

Figure 4 is called an extended medium model, where the random medium exists everywhere



between the transmitter and receiver. Most propagation environments, when propagating over a

horizontal path, are of the extended medium model.

Turbulence

INPUT Cells OUTPUT
PLANE PLANE

Laser

Figure 4: Extended medium model.

Figure 5 shows a propagation environment where the random medium does not exist everywhere
between the transmitter and receiver, but is restricted to a thin layer. The environment illustrated
in Figure 5 is called a thin random phase screen model and we will find later that using this
model will allow us to simplify certain conditions which will lead to the easier evaluation of
some integrals. Note that many of the calculations in this paper are done using the random phase

screen model as an approximation to the extended turbulence model.



Turbulence

PHASE Cells
INPUT SCREEN OUTPUT
PLANE PLANE
' ¥ Wi

Receiver

Figure 5: Phase screen model.

Refractive Index Fluctuations

Suppose a beam of light intercepts, but not perpendicular to, a plane of glass.
Experiments have shown that part of the incident light is reflected by the surface of the glass,
while the rest is refracted, meaning that some of the incident light passes through the surface and

into the glass, see Figure 6.

Normal
I

Reflected
ray

Incident
I"dy

|
I
|
|
6, ! 6;
Wavefront —
Air

| Glass

6.
: 2 Refracted

! ray
|

Figure 6: Refractive and reflected light from light intersecting with a plane of glass.



The term index of refraction is used to describe the amount of refractive effect on light
propagating through a particular medium. When studying beam propagation, index of refraction
is an important dimensionless parameter of the atmosphere. Studies have shown the refractive
index to be very sensitive to small fluctuations in temperature while fluctuations in pressure and
humidity are usually neglected. In addition, the index of refraction encountered by light in any
medium besides vacuum space depends on the wave number (wavelength) of the light.

Due to its random nature, the atmosphere is treated as a stochastic field, where each point
in space and time can be represented as a random variable. When a random field is statistically
homogeneous and isotropic, it means that statistical moments are invariant under a spatial
translation and rotation, respectively. By assuming the atmosphere is statistically homogeneous
and isotropic, we are led to simpler power spectrum models for refractive index fluctuations. A
well-known and commonly used model is called the Kolmogorov power-law spectrum and is

defined by

0

®, (x)=0.033C2k 2, for Yo<«x< i 7
0

In the Kolmogorov spectrum, « is the scalar spatial frequency (with units of rad/m) and C> is

23). Although other spectrum

called the index of refraction structure constant (with units of m
models have been developed for dealing with the effects of the outer and inner scales of

turbulence, denoted by L, and I, , respectively. All calculations throughout this paper have
been completed using the Kolmogorov spectrum.

Fluctuations in the refractive index lead to a number of detrimental effects on an optical

wave. One such effect is the fluctuation of intensity or irradiance of the optical wave at a



receiver. The term scintillation or scintillation index is used to describe fluctuations in the
received irradiance resulting from propagating through atmospheric turbulence. Studies in
optical wave propagation use scintillation to classify atmospheric conditions in terms of either

weak or strong fluctuations. It is customary to use the Rytov variance, defined as
7/ 1
o2 =1.23C2k 6L 8

to distinguish between weak and strong fluctuation conditions. In the case of a Gaussian-beam,

weak fluctuations are characterized by the set of conditions where

5
of <1 and G§A£ <1.
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RANDOM PHASE SCREEN MODEL

As stated earlier, propagating environments over horizontal paths are primary described
by the extended medium model, see Figure 2, where the random medium extends from the
transmitter (z = 0) to the receiver (z = L). Random phase screens are turbulent layers that lay in
the propagation path; some examples could be scattering from a rough sea surface or smoke and
heat caused from a fire. Both cases describe an extended medium environment with a random
phase screen somewhere in the path of propagation. Booker el at® made a comparative study
between the extended medium and phase screen models. Later, Andrews el al ® extended the
phase screen analysis to the Gaussian-beam wave, where the model is described as a turbulent
layer arbitrarily located between the transmitter and the receiver in a free space environment, see
Figure 7. Using Andrews’ model, let’s assume the path of propagation is along the z-axis with
the transmitter positioned at z =0 and the receiver positioned at z= L. In addition, let’s assume
the random layer exists only between the planes z=L, and z=L, + L,. Observe that the path of
propagation is L =L, + L, + L,. Andrews has shown that using the random phase screen model
can simplify the mathematics associated with statistical models of optical wave propagation by

taking the turbulent layer to be very “thin.” ® By “thin” layer, we mean that the length of L,is

much smaller than the length L, or it is common to say % << 1. Many of the statistical models
3

require integrating expressions over the path of propagation; integrating with respect to z from 0

to L.

11



Turbulence
PHASE Cells

INPUT SCREEN OUTPUT
PLANE PLANE

Receiver

Y

Figure 7: Phase screen model.

Let @, (x) represent the power spectrum for refractive index fluctuations of the turbulent layer.
Since L, and L, are the regions of free space and the power spectrum applies only to the interval

L <z<L +L,,then

0 ; 0<z<L,
@, (x)=10033C2x 5, L<z<l+L,.
0 ; L+L,<z<L

Hence, using a thin random phase screen model allows for integration over a smaller interval.
Normalizing the propagation path, 1—%, often simplifies the integration process. Under the thin
phase screen model, normalizing the interval of contribution, L, <z <L, + L, allows for further

. ) ) L
simplifications. Let’s define d, = ﬁ, and d, ==, so that
2 L 3 L
3

12



z
1_E:d3(1+d277)
where 0 <7<1. Observe that when 7=0, then z=L, + L, and when =1, then z=L,, see

L

3

L, | L
Figure 8. In addition, note that Ld,d, = L[—ZJ(JJ =L,.
L

INPUT

OUTPUT
PLANE

PLANE

0 0
i
‘e

4———[,1 —DF—'LZ ~>’<———— —_
|

Ly
L >
0

n=1 n=

Figure 8: Phase screen model with a change of variable of integration from L to77.

Rather than integrate with respect to z, the variable of integration would become 7. Making a

change of variable of integration from z to 7, we have

L+L, 0

sz = [dz= [-Ldn= szdn
0 1 o

L
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Making the assumption of a thin phase screen implies that d, = % <<1 andsince 0 <y <1, then
3

(9) simplifies to d3(1+ dzﬂ)E d,. Hence, using the thin phase screen model, described by
Andrews, © allows for approximations to be made which eliminate the requirement to integrate
over the propagation path. In addition, Andrews has shown the Rytov variance for a thin random

phase screen model to be
62 =225C2K 5L d 0,0 10

where f?j is the refractive structure constant of the phase screen. Enforcing equivalence between
(8) and (10) leads to the relation between the refractive structure constants of the extended
medium and phase screen models to be

I—z éz

CZ =1.83d,d,5C? =1.83d, % =

14



SCINTILLATION INDEX

The analysis that follows is completed under the following assumptions; weak optical
turbulence theory and turbulence is statistically homogeneous and isotropic. By studying fourth-
order statistical moments of the optical field, we can derive expressions for irradiance
fluctuations. Using the extended medium model, it has been shown that the scintillation index,
which describes irradiance fluctuations at a single point in the receiver plane, can be

approximated by ©

ol(F,L)= 87[2k2LJ1-TK(Dn(K')EXp (— AL;;ZQ:Z J{IO(ZAH@)— cos{ Lsz 5(1—@5)}de§ , 1

where [(x) is a modified Bessel function of the first kind, see A17 in appendix A, « is the
scalar spatial frequency, @, (x) is the power spectrum model, T describes a vector in the
transverse planeatz=1L, r = |F| , A and © are beam parameters, and & represents the

normalized distance variable defined as

z
=1-—. 12
: L

It is often convenient to express the scintillation index as a sum of two integrals that are
interpreted as the radial and longitudinal components of the scintillation index and are identified

respectively as

15



ALx?&E?
k

ol (F,L)= sﬁzkzl_ﬁkq)n(;c)em{— j{IO(ZArch)—l}def, 13

and

o2 (F,L)= SﬂzkzLjTKCDn(K)eXp(— A"’E i Hl—co{ "E 2 é(l—@ﬁ)}dkdf. 14

It has been shown that after completing the integrals, the radial and longitudinal components

become
_ 5 5 2r®
ol (F,L)= 2.64a§/% {1— 1Fl[—€;1;Wﬂ, 15
and
o2 (F,L)=3.8602 Re|i’0,F, —§,1—1;£;@+iAj—EA% | 16
’ 6 6 6 16
or as the total scintillation
2
ol(F,L)=3.8602 Re i%zFl(—il—l;E;@HAj —2.64G§A%1F1 —E;l;zL2 : 17
6 6 6 6 W

where | F, (z) denotes a generalized hypergeometric function, see A16 in appendix A.

Typically, it is useful to have simple and accurate approximations for the scintillation index.

Using the small argument asymptotic form (A13) of the radial component and forming an

16



approximation of the longitudinal component in the case of a collimated beam, the total

scintillation index becomes

2 5
o2(r,L)= 4.42020° * 1+ 38652]0.40[L+ 20)4A?[2c0s] 2 tant{ 1722 || - 1 p% L
' ow? " 6 2A 16

where r<W. 18

Let’s use Andrews’ thin phase screen model, in which the turbulent medium is confined within a

A 1
thin layer and use the Kolmogorov power-law spectrum, @ ()= 0.033C’x % , to evaluate
(11). Additionally, let’s assume the random medium exits along the propagation path only over
the interval L, <z<L + L,, see Figures 7 or 8. Thus the Kolmogorov power-law spectrum

applies only to the interval L, <z<L +L,, giving

0 ; 0<z<L,
@, (x)=10083Ck 5 ; L <z<L +L,. 19
0 ; L,+L, <z<L

Just as ¢&, defined by (12), was used to represent the normalized distance in (11), let’s introduce

a new normalized distance variable for the interval L, <z<L +L,. Let’s take

1—%:d3(1+d277), 20

17



where 0< <1, d, :%, and d, = % Assuming a thin phase screen implies that o, = % <<1
3 3

and since 0 <7 <1, then (20) simplifies to d,(1+ d,77)=d,. (Refer back to the section on random

phase screen model.) As a result, the scintillation index (11) becomes

© 292 2
oi(r, L)=8ﬂ2k2Ld2d3IK(Dn(K)eXp(— AL’E ds ){IO(ZArKdQ—cos{%dgg(l—@ds)}}dx. 21
0

Again separating the scintillation index into two integrals, the radial and longitudinal

components are identified as

© 242
&7 (F,L) = 822k2Ld, d, [ x0 ()| - 22595 |0 (2Arxd, )~ 1dx, 22
) 3 k 0 3
0
and
© 22 2
62,(F,L)=87°k’Ld,d, [ x®@, (x)exp _ALRs )y g L d,[L-©d,)| dx. 23
. k k
0

Evaluating the integrals, see appendix B, radial and longitudinal components can be simplified to

2

62, (F,L)=6.4562(Ad,)’ v% o

and

67,(F,L)=3.876% {[(Ad3 P +(-od,) FZ COSE tan ‘{%ﬂ —(Ad, )’ } o5
3

18



where &, =2.2565L1%”alza’;%S is the Rytov variance for the thin phase screen model. By

combining the radial and longitudinal components, the total scintillation index under the thin

phase screen model is approximately

5

2
62(F,L)=6.4562(Ad, )’ # +3.8763 {[(Ad3 P +(1-0d,) FZ

X COSE tan ‘{ﬂﬂ —(Ad,)% } . 26

Ad,

It has been shown by Andrews ® that (26) closely approximates (18) when the phase screen

position satisfies

d, =0.67-0.170. 27

Plane wave models have beam parameters of ®=1 and A =0, which implies that the screen
would be placed so that d, =0.5. Spherical wave models have beam parameters of ® =0 and
A =0, thus screen placement requires that d, =0.67. For collimated beams, we see that
0.5<d; <0.67. So, for a collimated beam the screen must be closer to the transmitter than for a

plane wave. Figure 9 shows a comparison of a collimated beam passing through an extended

medium model and a thin random phase screen model. ©

19



I [ ! | I
3+ .
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Figure 9 : The curves are the scaled scintillation index for a collimated beam and are plotted as a function
2L
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COVARIANCE FUNCTION OF IRRADIANCE FLUCTUATIONS

The covariance function of irradiance fluctuations describes how irradiance fluctuations
at one point in the beam are correlated with those at another point. Let ; and T, denote the two

points in the receiver plane. Using the extended medium model | has been shown that the

covariance function is expressed as ©

B, (p,F,L)= 87r2k2LJ:IK<Dn(K)exp(— ALizxsze{Jo[K‘(l—@f)f) —2ing]
_ exp{— "‘;2 £ @g)}o[(l—@g - iAf)pK]}dkng, 28

where J,(z) denotes the Bessel function of the first kind, see A16 in appendix A, T = %(Fl +T,),

o
I
et
|
I\Jql
—
I
=l

|, p=|p|, and the normalized distance for 0<z<L is givenas & :l—E, S0

that 0 <& <1. In addition, the absolute value in the Bessel function refers to the magnitude of
the vector expression, not the complex expression. Equation (28) can be described as a spatial
statistic because of the spatial points in the beam, 1, and r,. However, temporal statistics are
measured in most applications. The Taylor frozen turbulence hypothesis suggests that turbulent
eddies are treated as being frozen in space and are being moved across the path of observation by
wind speed, denoted as V, . Knowledge of the average wind speed transverse to the direction of
the propagation will allow us to convert spatial statistics into temporal statistics. Under the

frozen turbulence hypothesis, the covariance function is approximated as, see appendix C,

21



ALE kP
k

_exp[_ "‘;‘2 g(l-@g)D}deg. 29

B,(z,r,L)= 8ﬂ2k2LIIK(Dn(K)eXp(— ]Re{JO[KVlr](IO[ZAchr]

By separating (29) into two integrals, we can identify the radial and longitudinal components as,

(C1) and (C2) respectively,

ALE P

B, (z,r,L)= 87z2k2LJ1'TK(Dn(K)eXp(— ]JO[KVJ](|O[2AK§r]—1)de§, 30

and

k

X[l_exp[_ iLlfz g(l—@f)D}deé. 31

B, (r,r,L)= SﬂzkzL_:[IKq)n(K)exp[— ALSx” ) Re{JO[KVlz']

Observe that (31) does not depend on 1, so setting I =0 leaves the longitudinal component of

irradiance fluctuations as a temporal statistic

B, ,(r,L) =877k LEI@" (x)exp (— A"iz"z J Re{JO [V, 7]

x(l—exp[— "‘fz 5(1—@5)}]}%%. 32

For the extended medium model, an exact result for the covariance function using the

Kolmogorov power-law spectrum has not yet been derived. However, applying the thin phase
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screen model to (29) simplifies the covariance function from evaluating two integrals to

evaluating one integral

) 2 .2
B,(r,r,L)= 8ﬂ2k2Ld2d3IKq)n(K)EXp(— ALC:;K JRe{JO[KvJ]
0

x(IO[ZAKdJ]—eXp[— iLlfz d3(1—@d3)D}dK. 3

The radial and longitudinal components of the covariance function under the thin phase screen

model are

ALd?x?

B, (r,r,L)=8(0.033)z*C2k>Ld,d, j K exp[— JJO(KVJ)(lo[zAKdSr]—l)dK, 34
0

and

o 2 .2
B,,(z, L)=8;z2k2Ld2d3qu>n(z<)e><p[— A"Tj’( )RG{JO[KVLT]
0

x(l—exp[— iLifz d3(1—@d3)D}dK. 35

Again, the radial component contains both spatial and temporal arguments, while the

longitudinal component contains a temporal argument. Upon evaluating the integrals, see

appendix D, the radial and longitudinal components are simplified and approximated to

2 2 2
A s/( I 1., o7
B,,(r,r,L)=6.45 ag(Adg)%(V—vj 15[6,1,——4;\(1;}, 36
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and

2_2
B (r.L)=3.863762Relib[l—(@+ia). [P F|_2:1.— O
|,|(Tv ) 3.86370% e{' [ (®+| )ds] 11 T 4id3ll—(®+iA)d3J
2 2
( 3) 1 1[ 6 4Ad32 '

where , F, (Z) denotes a generalized hypergeometric function, see A16 in appendix A. In
. vV, . <2 Ap W Y
addition, d, =0.67-0.170, o, = \/? is the Fresnel frequency, and 65 =2.25C L"¢d,d;® is
k

the Rytov variance for the thin phase screen model. It is common to define additional

parameters to simplify the arguments of the , F, hypergeometric functions; let

1 1 . ..
a = — and a, = ——— . Using these additional parameters, then (36) and
Y 4difl- (@ +iANd, | 2 4Ad? | P (30)

3

(37) are simplified to

s/(r 2 1
B,,(z,r,L)=6.4562(Ad,)’s (v_vj , F{E;l;— aza)frz} 38
and

B, (z,L)=23.863757 Re{i% h-(®+ iA)dg]%lFl(—g;l;— ala)frzj

—(Ads)%lFl(_g;l;—aza)frzj}. 39
By combining (38) and (39), we have the total covariance function of irradiance fluctuations,
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2
B, (r,r,L)=6.4562(Ad, )’ (v%)l Fl(é;l;—aza)frzj

+3.8637 6% Re {i%[1—(@+iA)d3]%1F1[—§;1;—a1wfr2j - (AdS)%lFl(—g;l;—aza)frzj}. 40
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TEMPORAL SPECTRUM OF IRRADIANCE

The temporal spectrum of irradiance fluctuations is an important characteristic of

atmospheric noise associated with optical communication systems and laser radar systems. It is

defined by the Fourier transform of the temporal covariance function

$,(@)=2[ B, (¢, L™ dr = 4] B, (r, L)cos(wr ), n

where B,(z,L) is the temporal covariance function of irradiance fluctuations. The extra factor of

2 in the transform integral is due to considering only positive frequencies and the using the real
component of the complex exponential is due to the even property of the covariance function
with respect to 7. In addition, the temporal spectrum is a function of @, which represents
angular frequency.

We have the radial and longitudinal components of the covariance functions for the

irradiance fluctuations, (38) and (39). Substituting (38) and (39) into (41) yields

. 2 \» 1 t2 2
s,,r(w):4(6.45)a;(Ad3)%(v%]j15(-;1;— Z)Aszjcos(a)r)jr, 42

0 6 3

and

(o) =4 @7kt Refa, ] -2 -a0fs? es(or)er)

—4(3.87)62(Ad, )’ Re {j F [—g 1-a,0’r jcos(a)f)dr}, 43

0
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where , F, (Z) denotes a generalized hypergeometric function, see A16 in appendix A,

1 1

a, = S S S
Y ad,il-(@+iA),] P 4Ad? t_\/%

and

d, =0.67-0.170. Evaluating (42) and (43), see appendix E, the radial and longitudinal

components of the temporal spectrum of irradiance are approximated by

Ad? ke AdZ?
S, . (©)=19.492452 r— @17 gl L2, Ao
’ o, \W? )\ o, 6 3 o,
% 2 2
“o9e5722(ad? 4| 2| R [ 24 Adsen ) 44
@, 2 3 ;
and
3.9067; o 7 5 1. o 5 1. o
Sll(w) Re 01 L B 2
| a)d/ 6' 3 4a,0] 6 3 4a,m
1 17 o 1
+0.29 Fl|=i=— F 45
{ rE (2 3 4a2a)fj a’s’ 1[2 3’ 4al ﬂ

Thus the total temporal spectrum model is the sum of (44) and (45),

S,(a)):S,,,(a),r)+S,’,(a)). 46

Now that we have an expression for the temporal spectrum of irradiance fluctuations, we want to

investigate the maximum width of spectrum. Observe in equations (44) and (45), the expression

= The Fresnel frequency defined by «, = V)
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width of the spectrum. In weak turbulence, we often identify spectral width with w, and from
the definition of the Fresnel frequency we see that the spectral width varies with the wave
number. Andrews ® has shown the temporal spectrum can be plotted as a function of the

expression —, see Figure 10.
t
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Figure 10: Power spectrum of irradiance fluctuations of a collimated beam scaled by the on-axis scintillation
index and multiplied by @, . Results are for r = 0 and the Kolmogorov power-law spectrum.

Figure 10 shows the spectrum to drop off when wﬁ = 1. Itis common to describe the width of
t

the spectrum when the frequency, w, is approximately equal to the Fresnel frequency, w,.
However, using the Fresnel frequency to describe the width of the spectrum does not capture the

contribution of the spectrum when w > w,. One way to increase the amount of contribution
when investigating the spectrum’s width is the intersection of the constant function elz with the
spectrum. Thus, we will consider the spectrum’s width in two ways, using the Fresnel frequency
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and the constant function eiz In the next section, we will define the quasi-frequency and

investigate how the quasi-frequency is related to the width of the spectrum.
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QUASI-FREQUENCY

Laser communication systems are one of many applications of transmitting optical waves
through the atmosphere. A laser communication system is composed of three subsystems; a
transmitter, a channel, and a receiver. The purpose of the transmitter is to prepare information to
be sent on an optical wave, while the channel is simply the transmission medium between the
transmitter and receiver. The receiver is designed to collect the optical wave, process the wave,
and convert it into an electrical current in order to recover the transmitted information. There are
two basic types of receivers, the first is a direct (or power) detecting receiver, which detects only
the intensity of the wave, and the second is a coherent receiver, which detects the wave itself.
One of the most important concerns with laser communication systems is signal detection.
Fluctuations in the beam’s intensity could result in the receiver processing or missing the
transmitted signal. However, a receiver may collect light from another source besides the
transmitter. Signals produced from the unwanted light are referred to as noise, and produce false
alarms in the receiver. A threshold is a value that can be set in order to maximize the probability
of detection while minimizing the probability of missed detection. However, maximizing the
probability of detection results in an increase of the amount of false alarms. Thus, the concept of
a signal-to-noise ratio (SNR) is very important when studying laser communication systems. By
graphing the output current of the detector, we see that current randomly fluctuates with respect
to time, see Figure 11. A fade occurs when the desired current drops below the threshold level,
while a surge occurs when the current rises above the threshold level. The frequency of fades

and surges are of particular interest when studying the detection process. Rice ¢ 7® has shown
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that for a stationary process the frequency in which the output current makes a positive or

negative crossing across the

Current (7)

Threshold (i)

>
!

Time (T)

Figure 11: Example of output current from detector over time.

threshold value (ir) is given by the mean expected number of crossings per second defined by
. 1%, AN
(n(ir )) = Ji1pa.n iz )i, 47

where p,,.(i,i") is the joint probability density function of the output current i and its time
derivative i'. In addition, Rice showed that the time derivative of a random process and the

process itself are uncorrelated, while not necessarily being independent. If we assume that i(7)
is a Gaussian random process, then by the definition of a derivative we know that i'(7) is a

Gaussian process as well. It has been shown that fading statistics can be based on statistics
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associated with the irradiance of the received wave and (47) can be expressed in terms of

irradiance, 1, as

<n(IT)>:%TI'p|(IT,I’)dI’ 48

where p,(Z,1') is the joint probability density function of irradiance | and its derivative ', and
I, represents a prescribed threshold value. Evaluating (48) leads to the mean expected number

of fades per unit time to be expressed as

27

<n<|T>>iJ%exp-((%)%;b"'”’FT) - on| Ueh0zR ]| 1

0 0

where £ is the fade threshold parameter, v, is called the quasi-frequency, b, =—B;(0), and
by = B,(0). ®) The fade parameter F., measured in decibels (dB), represents the decibel level
below the on-axis mean irradiance that the threshold 7, is set. From (49), we see that the quasi-

frequency is given as

1 b, 1 [ B0
Vp=— |2 =— |- , 50
2z\b, 27\ B,(0)

and it is measured in hertz. Considering the on-axis characteristics of the beam, it follows that

by = B,,(0,L), which the longitudinal component of the covariance function of irradiance (37)

when 7=0. By twice differentiating (37) with respect to time and setting =0, we have
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b, =-B;,(0,L). Applying the inverse Fourier transform to the longitudinal component of the

covariance function (45) gives
B,,(z,L)= Iei’“S L (@)do,

and when =0 it follows that

1 o0
b, :B,,,(O,L):zjs,’l(a))da). 51

0

Similarly, for second derivative we have
B/, (r,L)=~ J.a)ze"‘”S,’I (w)do,

and when =0 then

b, =By, (0, L):ijwzsll(w)dw. 52

, 272_ 0 1
For on-axis beam characteristics, we can use (51) and (53) to calculate the quasi-frequency v,
using the covariance function when z=0

1 | BLOL

2z\ B,,(0L)

Vo

or using the temporal spectrum of irradiance
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o 1. 54

Assuming that J‘S,', (w)de is afinite value, it is the area under the curve for the longitudinal
0

component of the spectrum. Consequently, the expression

. Siy (a’) 55
J‘S” (o)

represents the normalized longitudinal component of temporal spectrum of irradiance
fluctuations, which we denote as S‘,,,(a)). Using the notation for the normalized spectrum, (54)

can be written as

1% e %
Vozg[_([a) S,]l(a))dw} . 56

Investigating the normalized spectrum defined by (55) reveals that it has properties similar to a
probability density function. By treating (55) as a probability density function we can use
statistical analysis to describe characteristics about the normalized spectrum. While a mean
value is a first-order statistical moment that a value around which most other values tend to
cluster, second-order moments are used to describe the distribution pattern around the mean
value. The variance is an important second-order moment and for the normalized spectrum the

variance is defined as
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o’ = J.a)ZSA,’, (0)o. 57
0

Taking the square root of both sides of (57) we have the standard deviation, given as

a:{jwzs,vl (a))da)} , 58
0

this roughly measures the width of a probability density function (PDF). By comparing (56) and
(58), we see that 27zv, is the width of the normalized longitudinal component of the temporal

spectrum of irradiance, if it were treated as a PDF.

Treating (55) as a PDF, let’s compare the maximum width of the normalized longitudinal

component of the temporal spectrum, calculated used the constant e, to the quasi-frequency for

collimated beams. Figure 12 shows the normalized spectrums for two collimated beams with
spot sizes of 1.5 cm and 3 cm. The intersection of the spectrums with the constant function e is

one way to describe the width of the spectrum.
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Figure 12: Normalized longitudinal component of the power spectrum of irradiance fluctuations for
collimated beams with spot sizes 1.5 cm and 3 cm, propagating 1000 m, and constant function e’

The graphs of the normalized spectrums indicate possible convergence of the spectrum, however

as Sy ;(w) approaches infinity there are small fluctuations above the w axis. Consequently,

integrating (45),

Sy, (a))

+ 0.29{

_3.906;
a)tds%

.
|

1.7,

NEG

1

E’g’_ 4a2a)t2

)
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over the interval zero to infinity leads to a divergent expression. Considering the physical
characteristics of the spectrum suggests that contributing frequencies are over a finite interval.
By using manual techniques, we can approximate the width of the spectrum by integrating (45)
with respect to angular frequency w over a finite interval, let’s consider the interval [0.01,
3,000]. Earlier, we discussed spectral width using both the Fresnel frequency and the constant
e, First, let’s compare the width of the spectrum using the Fresnel frequency to the quasi-

frequency. Our investigation will use collimated beams to wavelengths, 1.55x10° and
0.532x107° Additionally, the transverse velocity will be treated as a constant, which is given as
V=5 '% Figures 13 and 14, show the ratio of the width of the normalized longitudinal
component of the temporal spectrum of irradiance using the Fresnel frequency,w,, compared to
the quasi-frequency. The ratio is given as a function of propagation length, L, for collimated

beams of various spot sizes with wavelengths of 1.55 x 107°,
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Collimated Beams of Wavelength 1.55*10/(-6)
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Figure 13: Ratio defined by the width of the sAH(a,) using the Fresnel frequency scaled by the quasi-frequency.
The ratio is a function of propagation length, L, for collimated beams with spot sizes 2 cm to 6 cm of
wavelengths of 1.55x107° and transverse velocity is V. =5 r% .
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Collimated Beams of Wavelength 1.55*10/(-6)
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Figure 14: Ratio defined by the width of the él,l(a)) using the Fresnel frequency scaled by the quasi-frequency.
The ratio is a function of propagation length, L, for collimated beams with spot sizes 0.2 cmto 1 cm
of wavelengths of 1.55%10™° and transverse velocity is V. =5 r% .

Figures 15 and 16, show the ratio of the width of the normalized longitudinal component of the
temporal spectrum of irradiance using the Fresnel frequency,w,, compared to the quasi-
frequency. Again, the ratio is given as a function of propagation length, L, for collimated beams

of various spot sizes with wavelengths of 0.532 x 107¢
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Figure 15: Ratio defined by the width of the sAH(a,) using the Fresnel frequency scaled by the quasi-frequency.
The ratio is a function of propagation length, L, for collimated beams with spot sizes 2 cm to 6 cm of
wavelengths of 0.532x10™° and transverse velocity is V. =5 r% .
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Collimated Beams of Wavelength 0.532*10/(-6)
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Figure 16: Ratio defined by the width of the él,l(a)) using the Fresnel frequency scaled by the quasi-frequency.
The ratio is a function of propagation length, L, for collimated beams with spot sizes 0.2 cmto 1 cm
of wavelengths of 0.532x10™° and transverse velocity is V. =5 r% .

Based on the data provided in Figures 13, 14, 15, and 16, comparing the spectrum width using
the Fresnel frequency to the quasi-frequency, the spectral width is roughly%vo to zvo. Observe

that for larger beams and propagation lengths of 1 km, we have a reasonable approximation for
the spectral width measured by the Fresnel frequency which is given as o, = %vo. Recall that

quasi-frequency is related to fade statistic calculations. Therefore, we are able to approximate

the quasi-frequency by
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4 A,

ga)tzs\/%.

When calculating the fade statistic given by (49), rather than evaluate (53) or (54) to find the

I

v, 59

quasi-frequency, one can use (59) to quickly find a reasonable approximation for the quasi-
frequency under weak optical turbulence theory.

Now let’s compare the width of the spectrum using the constant e to the quasi-
frequency. Again, we will use collimated beams to wavelengths, 1.55 x 107® and 0.532 x
107°. Figures 17 and 18 show the ratio of the width of the normalized longitudinal component
of the temporal spectrum of irradiance using the constant ¢ compared to the quasi-frequency.
The ratio is given as a function of propagation length, L, for collimated beams of various spot

sizes with wavelengths of 1.55 x 107°.
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Collimated Beams of Wavelength 1.55*10/(-6)
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Figure 17: Ratio defined by the width of the §|,|(w) using the constant e scaled by the quasi-frequency. The
ratio is a function of propagation length, L, for collimated beams with spot sizes 2 cm to 6 cm of
wavelengths of 1.55x10™° and transverse velocity is V. =5 r% .
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Collimated Beams of Wavelength 1.55*10/(-6)
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Figure 18: Ratio defined by the width of the sAH(a,) using the constant e scaled by the quasi-frequency. The
ratio is a function of propagation length, L, for collimated beams with spot sizes 0.2 cm to 1 cm of
wavelengths of 1.55x10°° and transverse velocity is V. =5 r% .

Figures 19 and 20 show the ratio of the width of the normalized longitudinal component of the
temporal spectrum of irradiance using the constant e compared to the quasi-frequency. Again,
the ratio is given as a function of propagation length, L, for collimated beams of various spot
sizes with wavelengths of 0.532 x 10~°. Additionally for Figures 19 and 20, observe the
propagation axis begins with 200 m rather than 100 m as in the previous figures. Using the
phase screen model adds some additional restraints to the model, as a result the propagation

length of 100 m violates some assumptions of the phase screen model. Since we are typically
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interested in large propagation lengths, generally greater than 100 m, we will not investigate the

cause of the erratic values produced at 100 m.

Collimated Beams of Wavelength 0.532*10/(-6)
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Figure 19: Ratio defined by the width of the §|,|(w) using constant e scaled by the quasi-frequency. The
ratio is a function of propagation length, L, for collimated beams with spot sizes 2 cm to 6 cm of
wavelengths of 0.532x10™° and transverse velocity is V. =5 r% .
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Collimated Beams of Wavelength 0.532*10/(-6)
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Figure 20: Ratio defined by the width of the §H(a,) using constant e scaled by the quasi-frequency. The
ratio is a function of propagation length, L, for collimated beams with spot sizes 0.2 cm to 1 cm of
wavelengths of 0.532x10™° and transverse velocity is V. =5 r% .

Based on the data provided in Figures 17, 18, 19, and 20, comparing the spectrum width using
the constant e to the quasi-frequency, the spectral width is roughly 1%1]0 to 2vy.

Note that calculating the quasi-frequency using (56) required the use of numerical methods over
a finite interval. Instead of integrating the temporal spectrum (45) to calculate the quasi-
frequency given by (56), recall that the quasi-frequency was originally defined by (53).Using
(53), we can express the quasi-frequency for on-axis beam irradiance for collimated beams as,

see appendix H,
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r — 1%
5ka{A%d3}/6 [(Ad3 P +(1-0d,) }%Z cos{1 tan‘l(l_(adsﬂ —1}
1 6 Ad,
Vo = 2_ - . 1_od ) 60
T _ —
12Ld3%A% [(Adg)2 +(-od,f VZ Cos{Ztan‘l[IS)?’H - Ad3%
3

where d, =0.67—0.170. Recall that for plane and spherical waves, both have the parameter

A =0, which implies that (60) is not valid for plane and spherical wave cases. The interesting
quality about the quasi-frequency defined by (60) is that the quasi-frequency can be expressed in
terms of beam parameters for collimated beams. The values for the quasi-frequency calculated

using (56) are equivalent to the values generated by (60)
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CONCLUSIONS

The extended random medium model describes most optical wave propagation
environments over a horizontal path. However, the integration associated with the extended
model has not yet led to analytic expressions for some beam characteristics, like the covariance
function of irradiance fluctuations. Using Andrews’ thin random phase screen model allows for
mathematical simplifications that do lead to approximate analytic expressions for beam
characteristics. We have derived expressions for the scintillation index, covariance function of
irradiance fluctuations, and the temporal spectrum of irradiance fluctuations for a thin phase
screen model. Treating the normalized temporal spectrum of irradiance fluctuations as a
probability density function allows the use of statistical tools to describe characteristics about the
spectrum. We found that the quasi-frequency for on-axis points of a beam gives an
approximation for the spectrum width. It has been shown that the width, using the Fresnel
frequency, of the on-axis temporal spectrum can be approximated by three quarters of the quasi-
frequency. From another perspective, when computing fade statistics we now have a reasonable
approximation for the quasi-frequency expressed in terms of the Fresnel frequency. Finally, we
have shown that the width, using the constant e =2, of the on-axis temporal spectrum can be

approximated by twice the quasi-frequency
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APPENDIX A: INTEGRALS, PROPERTIES, AND ASYMPTOTIC FORMS
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Most of the following integrals, properties, and asymptotic forms were used throughout this

paper. ®
Al Ie‘“tx‘ldt =l:(), for x>0 and s>0.
S
0
bpr( p+,u+l)
T B 2 p+u+l o b?
A2 E[Xﬂ exp(_azxz)Jp(bX)dX B 2p+lap+/z+11—‘(p +1)1 Fl( 2 , p+1’_E ,

for Re(u+ p)>—land a,b>0.

0 1 b2
A3 szﬂ_l exp <_ a’x’ )JO(bX)dX = a2 (), F{,U;l;—?] :
0

for a>0, b>0, and u#0,—-1,-2,-3,...

® _w2/w?2 K2
A4 szﬂ eXp( K /Kj;g)dKlegﬂ8/3r(y+1ju(y+1;y—1;—gj,fory>—l.
5 (K§+K2)l 2 2 2 3 K;, 2

The generalized hypergeometric function has the series representation
(al)n "'(a'p )n X"
)

— where p and g are nonnegative integers

A5 pFq(al,...,ap;cl,...,cq;z):i‘;mn
n= a/y

andno ¢, (k=1, 2,...,q) is zero or a negative integer.
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The Meijer G function has the series representation

A6

AT

A8

A9

A 10

All

A12

a,, N ﬂ F(c -C )Hl‘(1+ck —a; )x
X . J Zj—l j=1
Lo k=t HF(1+ck—c )H F(a —c )

j=m+1 j=n+1

. ; p-m-n
x, Fy 1[1+ Cc — 8y, 1+ —a, 14 ¢ —Cpp ¥l € —Cgi (1) xl

where 1<m<gq, 0<n<p<g-1,notwo of the ¢,’s (k= 1,2,...,m) differ by zero or an

integer, and a, —c, #1,2,3,... for j =1,2,...,nand k =1,2,...,m. If p=gq, we restrict

|x|<1.
q
;) 1-a, .., 1-
N IS e ( )Gii’m( X 101—c 1 p]
Ia; e a
lj:{ j
q
I'lc,
IR e
qu(al’ 183Gy, ’Cq’x) p el v | a a
HF(aj) R
j-1
(a), =a(a+1)...(a+n_1)=F(F""(;‘)”) forn=1,2,3

@), =n.

[(x+1) = x(x).

r(2n+1)=(2n)= 22"6) nl.

n
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A13 | F(ac; z)zl—%,for 2] <<1.

Ald | F(acz)= rfe) 27, for Relf>>1.

I'(c-a)
A15 |F(a—z)=@1-a)".

The Bessel function of the first kind has the series representation

A 16

© k 7 2k+p
— f
O

where p denotes the order of the function.

The modified Bessel functions of the first kind are defined by

s 7 2k+p
f )
SUNOR ¥ k+p+1)( j for [z <oo

where p denotes the order of the function.
A18 Re[JO(‘Q‘ )]z 3,01, (y)+ 22 . (y)cos(2ng),

where Q =X —iy and ¢ is the angle between X and V.
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APPENDIX B: SCINTILLATION INDEX
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Assuming statistical homogeneity and isotropy and weak turbulence theory the

scintillation is given as

o?(F,L)=87%k°L

O ey

I'@n (K)exp{— AL’ffz HIO(ZAFI@)— COS[ Lf - @f)}}dkdé

Using the random thin phase screen model, take d, <<1 so that 1+ d,n~1, where 0 <7 <1,

© 242 2
&2, L):8ﬁ2k2Ld2d3_[K®n(K)eXp|:— AL’; d :HIO(ZA""ds)_COS{L%ds(l_@ds)}d’('
0

2

0 242
:872'2k2Ld2d3J-K(Dn(K)eXp|:— ALxd,
0

HIO(ZArde)—hl—cos{L: d3(1—6d3)}d1c,

ALx?d}

=87zzk2Ld2dsTKCDn(zc)exp{ }{uo(mmg)_l}d,c

) 242 2
+87sz2Ld2d3J‘KCDn(K)exp{—AL’E dy Hl_cos{l‘s ds(l—@ds)}d/c.
0

The radial component of the scintillation index is identified as

ALx?d?

&2 (F, L)=87z2k2Ld2d3jKd)n(K)exp{ }{lo(zArde)—l}dx, B1
0

and the longitudinal component of the scintillation index is identified as

0 242 2
&2 (F, L)=8772k2Ld2d3J.KCDn(K)eXp{_ ALIE dy Hl_co{ '—: ds(l—@d3)}}dzc. B2
0
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For the radial component of the scintillation index, let’s use the Kolmogorov spectrum

®,(x)= ().032»@”2/5%3 , Where C? is the refractive-index structure constant for the phase screen,

0

and the Maclaurin series representationl ZAde -1= Z
n=1

x?"d2", thus (B1) becomes

o0 2 o
62,(F,L)=8(0.033)r*C2k>Ld,d, [ x exp{ e }Z x*"d2dx.
0 .

n=1

Assuming term-wise integration is permitted, then

* 242
&2, (F, L) = 8(0.033)r?C2k2Ld,d anf xp{—ALi d; }d,{_

By making a change of variable of integration =K and using integral A1, in appendix A, we

have

&7, (F,L)=8(0.033)r*C k?Ld,d LT (”_EJ(A_LJ N
Sy 20 6lk

Using properties A9, A10, and Al1l, in appendix A, then

&2, (F, L):4(0.033)(—g) (6] 2G2y /6| og d/A/Z(:}L (ALk rz}n,

( 5)
:4(0.033)(—Ejr(ljﬂzéﬁk%ﬁ%dzd%/\% iL(A—krzj f1-1.
5)\6 ~ (1),n L
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Using the definition of the generalized hypergeometric function, A5, we obtain

%, (F.L)=8.70207C K *L 00, d, (Adg)%{l— ﬁ[‘g:lf—f#ﬂ.

2L
kw?'

We can approximate the radial component of the scintillation index by recalling (5), A =

then

2
62,(F,L)=8.70207C2k oL %od,d 5 (Ad, )’ {1— ﬁ(—%:l: SVLZH

2

By taking » < W, which implies that % <<1 and applying asymptotic form, A13, in appendix

A, we have

2
62, (F,L)=8.70207C2k oL %od,d. 5 (Ad, )6 {1—[1— ,;(, 7 ﬂ

Recall that 672 = 2.25(§§L1%d2d;%, then the radial component of the scintillation index

simplifies to

2
62.(F,L)=6.4562(Ad,)’% B3

5

For the longitudinal component of the scintillation index, let’s use the Kolmogorov spectrum

D, (K) = 0.033C§ KJ% (where éj is the refractive-index structure constant for the phase screen),

and recall that Re(e’g )= cos 9,
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62, (F, L) =8(0.033)72C2k2Ld,d jx { AL’EZdS}Re{l exp{ LC 3(1—@d3)}}dx

Let’s expand the complex exponent in its series from, which leads to

Assuming term-wise integration is permitted, then

8

2
&2, (F,L)=-8(0.033)zC? LdzdsR{z I('Ls j 1-©d, mjKZmV ( AII(ds szd,(}

m=1

o

Using integral A1, in appendix A, we have

m=1 M-

© i m 2\ %™
67,711 = -8(0033)s°C L, Re 3. L (L (1_@d3>m%r(m—§J(ALkd3j }
Using property Al1, in appendix A, we obtain

-t -Sy{ZJrcrSaaiasnlg(-) 3[BT
| 5)\6 m|  Ad,

m=1

-—so0ssf - S Lrcaca g’ Re{i(_ﬁj i{i@—_@dsq }
5 6 . 6/, ml Ad,

Using the definition of the hypergeometric function, we have
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&2, (F,L)=8.70207C; 2 /6 T g ,d y(Ad )% R {1,:0(_2;_;i[1:\;7)d3]]_1}

Using property A12, in appendix A, we have

RN
62,(F,L)=8.70207C 2k oL %5d,d/% (Ad, )7 Re {[1'[1;\—?‘13]J 1}

Using (G1) from appendix G, we have o =% and it follows that

62, (F,L)=8.70207C2k /5 L"%d,d y(Ads)%{(AdS)%[(Ads)z +(-od,F "
{5 1[1 ad, ﬂ }
xcos —tan I¢.
6 Ad,

Recall that 62 =2.25C2L %d,d.'s, then the longitudinal component of the scintillation index
R n 273

simplifies to
: =
67, (F,L)= 3-87554{[(/\0'3)2 +(1-0d,f VZ COSE tan‘{%ﬂ - (Ads)%} B4
3

By combining the radial and longitudinal components, (B3) and (B4), we have the total

scintillation index using the random thin phase screen model, where »<W

2
62(F,L)=6.456 (Ad3)%v%+3.876§{[(Ad3)2+(1—@d3)2]%2

ol (84] ] .
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APPENDIX C: COVARIANCE FUNCTION UNDER THE FROZEN
TURBULENCE HYPOTHESIS
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Assuming weak turbulence theory and statistical homogeneity and isotropy, for two points in the

beam 1, and T, the covariance is defined as:

B, (p,F,L)= 8;z2k2LﬁK<Dn(z<)exp[— ALiZszRe{JO[K‘(l—@f)ﬁ —2iAg]|

_exp{_ "-;‘2 5(1-@5)}30[(1—65 - iAg‘)pK]}def,

where T = %(Fl +T,), p=F —F, p =|p|, and the normalized distance for 0<z <L is given

z . : .
as & = 1—E, sothat 0 <& <1. Inaddition, the absolute value in the Bessel function refers to

the magnitude of the vector expression, not the complex expression. The path amplitude ratio is

defined as:
y=1-(@+iA)E =(1-0&)-iAé  and  y =(1-O&)+iAE.

Using the path amplitude ratio, the covariance function becomes

1w 2 2 — —
B.<rmL):sferzLU@no«)exp(-ALi'fjRe{J{K§+ LI
00

—e)ip{— iL: : (- @68)}’0 [7p'<]}dm’§ :

an

N

The frozen turbulence hypothesis dictates that we replace y p :\7l

o
<
ke
Il
<
'_
N)
.
=
c
w
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B,(z,r,L)= 8ﬂ2k2LjTK®n(K)eXp(— ALiZszRe{JOHK\l?— i2Ar<§r"H

o

where V, 7 = Mf‘ and r = |F| . We can approximate the covariance function by taking the first

il :2 68(1 - @af)}lo [V, T]}d kd&,

term of the series representation of J, HNj — iZAm;ﬂ J using property A18, in appendix A,

thus

B, (r,r,L)= snzkzLﬁz@n(x)exp(— A"iz"zJRe{JO[wJ](lO[zAKgr]

_exp[_ iLlfz 5(1_65)}]%;«15.

Let’s separate the covariance function into the sum of two integrals,

B,(z,r,L)= 87r2k2L:[IKCDn(K)eXp[— A"f:"z J Re{Jo[zc\/lr](lo[ZAzcgrhl—l

—exp[— L 5(1—54‘)D}df<d§,

k

= 87z2k2LﬁKCDn(K)exp(— A"iz’(z JJO[WJ](lo[zAKgr]—l)dmg

+87zzk2L:[IKCDn(K)eXp(— ALiz’fz ] Re{JO[KVlr] (1—exp{— "‘lfz g(l—@g)D}deg.

Now we can identify the radial and longitudinal components of the covariance function, the

radial component is
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1w

B,,(z,r,L)= 87z'2k2LJ.J.Kd)n(K)eXp[—
00

and the longitudinal component is

5 (er.L)=8ec T@n(x)exp(_

ALE K2

k

ALE kP

) [1_ exp[_ iLlfz £ @g)D}deé.

jao[mr]oo[zAxgr]—l)dma

JRe{JO [xV 7]
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APPENDIX D: TEMPORAL COVARIANCE FUNCTION
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Assuming weak turbulence theory and statistical homogeneity and isotropy, the covariance

function under the frozen turbulence hypothesis, from appendix C, is given as:

B, (r,r,L) =872k’ szz@n(x)exp(— ALiZszRe{JO(KVJ){IO[ZAzafr]

_ eXp{_ I'—;: £l @g)D}deg.

Separating the covariance function into its radial and longitudinal components, we have

B,,(z,r,L) =87k’ Lﬁr@n(lc)exp(— ALiZKZjJO(KVlr)(IO[ZAK&]—l)deg, D1

and

B, ,(r,r,L)=87%k? LHKcD em[—ALiZKZ]Re{JO[K\/J]
x(l—exp[—iLif (1—@5)}]}01;«15. D2

Let’s assume weak turbulence theory, and use the Kolmogorov spectrum @, (K)= 0.0336‘51(_%

to calculate the covariance function. In addition, let’s use the random thin phase screen model
and take d, <<1, so that 1+d,n7~1 where 0 <7n<1. Then radial component (D1) under the
above conditions becomes

ALdZx?
k

B,,(z,r,L)= 8(0.033)7r2(§§k2Ld2d3j;<’% exp(—
0

jJO(wJ)(lo[zAKdgr]—l)dK
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. o . & (Ar)” .
Using the Maclaurin series representation 10(2Amd3)—1:2%1<2”d§” and assuming term-

n=1 (n')

wise integration is permitted, we have

2n

(ar)
(n)

o 2.2
d;”sznf% exp(—MJJO(K\/J)dK.
0

B,,(z,r, L):8(0.033)7rz(fnzk2Ld2dgi ”
n=1

Using integral A2, in appendix A, then

= (Ar)” kn%r(n_gj 5 Virk
B, (r.r.L)=28(0.033)72C2k2Ld,d Fln-2q_ 2R
|,r(Tr ) ( )7[ n 2 32 Z(A )nf%dinf%l 1(“ 6 4ALd§j

2 ()

2n
ds

Note that weak turbulence theory suggests that (Ar)<<1, thus we can approximate the series by

using its first term, so we have

~ 7% V2 2k
B,r(r,r,L);8(0.033)7z2c§k2Ld2d3-lr(ljrz(ﬁ) PPN Y R Y
’ 2 (6) (k 6" 4ALd:

Recall from (5) that A = kz—;z which implies that

! kA. D4

L

Let’s define the Fresnel frequency as o, = \/I% and it follows that
k

2
af:Vlk. D5
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By substituting (D4) and (D5) into (D3) and simplifying the expression, the radial component

becomes
~ ) )% r YV 1 (()tzz'2
BIJ(T,I",L): 6450'R(Ad3 W 1E g,l,—m ) D6

where &, :2.2SCA‘jL%d2d;%, which is the Rytov variance for the thin phase screen model. As
for the longitudinal component, notice that taking ¥ =0 does not change the expression on the
right side of (D2). Thus the longitudinal component using the thin phase screen model can be

written as

B, (z, L):8ﬂ2k2Ld2dgzK®n(zc)exp(— AL‘fKZ ] Re{JO[KvJ](l— exp{— iLifz d3(1—@d3)D}dK.

Using the Kolmogorov spectrum @, (k)= 0.033@516% and separating the expression on the right

into two integrals, we have

© 2
B,,(z,L)=8(0.033)z2C2k*Ld,d, Re{j K8 exp(— A'I(d3 KZ)JO(K\/J)dK}
0
—8(0.033)7°C2k>Ld,d, Re{ | K exp[— K2 LTd3(Ad3 + i[l—@dJ)}JO(KVLr)dK},
0

_ ALd}x®

=8(0.033)7°C2k’Ld,d, | K exp( ]JO(KVJ)dK
0

) 2.2 H 2
-8(0.033)7°C2k?Ld,d, | K8 exp[— AL(:(?”( JRe{JO(K\/J)eXp[— 'Llf ds(l—@d3)}dx.
0
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Let’s define

J, (kv 7)dx,

) 2 .2
X =8(0.033)72C?k>Ld,d, [ K exp{— M)
0

and

0 2.2 H 2
Y = 8(0.033)7zzé§k2|_d2d3jx’% exp(— ALdk3K JRe{JO(K\/J)exp{—ILTKdS(l—@dg,)}dlf-
0

sothat B,,(z,L)=X—Y. To evaluate the integral X, let’s use integral A3 in appendix A, then

F[—S)(ALdSZ)% .y
X =8(0.033)z°C2k’Ld,d, g Rl 2p rX
ok 6 6" 4ALd;

Simplifying and substituting (D5) into the right side, and recalling that & :2.2565L%d2d%,

gives us

2 2
X =-3.863762(Ad, )6, F{—%:l:—%} D7
3

To evaluate the integral represented by Y, we once again apply property A3 in appendix A, thus
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5
6

Y =8(0.033)72C2k*Ld,d, Re
0 2Ld, ) % (ad, + i - ©d, ) %

c V ik

6

by mgt 4Ld,(Ad, +i[l-©4d,))

Observe that (Ad, +i[L-©d, ]}’ =i’ [L— (& +iA)d, ]’*. Simplifying and substituting (D5) into

the right side and recalling that &, :2.25(:’jlfy6d2d%, we have

2_2
Y = -3.863757 Re{i%[l—(@+iA)d3]%lF1(—§;1;— Gt )} D8

6 4|d3[1—(®+|A)d3J

By combining the results (D7) and (D8), the longitudinal component of the covariance function

becomes B, ,(7,L)=X-Y and we have

_ % r I w7
B L)=3.86376; R 1- A F,
1(%:L) S e{’ [1-@©+in); L 6" 4id3[1(@+iA)a’3]]
5 2 2
—(Adsﬁlﬂ[—gsl;—ﬁ%}

Let’s define ¢, = and a, = 1 , then the longitudinal component of the

dl[l (_+1A)d]

covariance function can be written as
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B, (r, L) = 3.86375% Re{i% L-(@+ia), ], Fl(—g;l;—ala)frzj

—(Ad3)%1F1(—§;1;—a2a)frzj}, D9

where d, =0.67-0.170. Combining the radial and longitudinal components, we have the total

covariance function

2
B, (z,r,L)=6.4562(Ad, )% (v%jl Fl(% ;L'—aza)frzj

+3.863757 Re{i% L-(®+ia), ] 1F1(—g;1;—a1a)fr2)— (Ad,)%, Fl(—g;];—azwtzrzj}, D 10
or

2
B, (z,r,L)=6.4562(Ad,)% (V%Jl F{% ;L'—aza)frzj

+3.863767 Re{[4a1d . ]‘% ) Fl(— g L-a,0 7’ J— (Ad, )% . Fl(— % L-a,0 7’ j} : D11
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APPENDIX E: POWER SPECTRAL DENSITY FUNCTION
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The power spectral density (PSD), S, (), is defined by the Fourier transform of the temporal

covariance function by

S, () = z_T B, (¢, L)oxp (- ior)dz = 4] B, (7, L)cos(wr iz

0

where B, (z,L) is the temporal covariance function. The extra factor of 2 in the transform

integral is a result of considering only positive frequencies. Due to the even property of the
temporal covariance function with respect to 7 and since the imaginary component of an even
function is zero, we will use the real component of the complex exponential. Assuming weak

turbulence theory and statistical homogeneity and isotropy, from appendix D, we know that

o'’
B (TFL) 6.45 R(Ad )/L 2} 1[ , m}
+3.8767 Re{[4ald3 1%, Fl(— % 1-a,wlr? j— (Ad,)% , Fl(— g L-a,wlr’ ]} ,

which consists of the radial and longitudinal components
L)=6.456;(Ad, ; = |
By (rrL)= 6456, (M) | 375 | F AN
and

B,,(r,L)=3.8762 Re{[4a1d3 I%, F{—% L-a,0 7’ }— (Ad,)% , Fl(—g ;1;—a2a)3r2j},
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where q, = ! _ 1 and @ =L. Let’s use the longitudinal

4d3i[1—(@+m)d3]’ “ 4Ad>' f \/LZ

component of the covariance function to calculate S, (), then

Slyl(co)=4]j3.87&§ Re{[4a1d3]'%1F1(—g;];—ala)fr J (Ad, )%, F( S l-a,0(c ]}cos(a)r)dr.

Integrating the difference of the two confluent hypergeometric functions converges, however the
integration is a difficult task. Separating the single integral into a difference of two integrals

gives

S, (@)= 4% (3.87)&§d;% Re{al%jlﬁ( 2;1;—a1a)fr2)cos(m)dr}
0

~4(3.87)62(Ad,) /Re{TlFl(—g ~a,07t jcos(cor)dr}.

It is important to note that each of the two integrals do not converge, yet their difference does

converge. In order to integrate each integral, we need to use a mathematical tool to force

1, , ) 1,. :
convergence. Recall cos9 = E(e“"’ +e? ] then we can write cos(wz)= > (e + e"“”). Rather
than replace the complex expression for cosine in the integrals, let’s substitute the limiting case

1 j j 1 —(at+io)r —(a—iw)r \ 3§ H H
of cos(a)r)zz(e”‘”+e”“”)=§hm (e 4 &7 Y in the integrals. We have introduced

the decaying exponent e which will allow the integrals to converge. After the integration is
complete, we will perform the limit as « approaches zero and obtain the result we desire. Let’s

split S, , (@), into two integrals and take
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X = 4%(3.87)&§d3_% Re{al‘%J‘ . Fl(_g ;1;—a1a)t2z-2jcos(a)z')d T},
0

and

o0

Y = 4(3.87)62(Ad, )% Re{j 1 Fl(— g L-a,w’t’ j cos(wr )d z‘} )

0

so that S,(w)=X-Y. Let’s first integrate X. By substitute the limiting component into X, we

have

X = lim {%4% (3.87)62d; % Re{al% { [ 1Fl(—%;1;—a1a)fr2je-<“+‘w>fdr

a—0 0

+ j ) Fl[— g L-a,07 7 )e““”’)’ }d TH :
0

By writing the hypergeometric functions in their summation form, assuming term-wise

integration is permitted, using integral Al and property Al12, in appendix A, we have

. - _ da. o>
X =1lim £4%(3.87)&§d3% Re{a, s 1 = (5 1. 4o
2 a 6 2
a—0

— o +ie]
+a—1ia)2Fo[_gé;_%ﬂ}}

After performing the limit operation, we have

1 %Gaereid % Rela | L [ 51 4ae’) 1 (51 4 ||
X =547 (387)50d, Re{al {(ia))zF{ 6'2 ] }r(—ia))zF{ 62’ [—ia)]zﬂ}




Let’s transform the hypergeometric , £, function into a linear combination of confluent

hypergeometric functions, ,F;, using (F2), in appendix F, we have

io)| 42,07

4
e
X=%4%(3.87)&§d3% Rea, s 1 {('“’) } "f F,
2

(~io)| 4a,0]

[<m)z]%lﬁ[%;g;(m>z]w% 1 [<—iw>2]% F@F

o | (i) p ij
-4 ) . . (4 -
+rE% _ﬂ/<f;)§%lF1@%’§ala),;] H i o F(% Fl[_g;_g;&alw?
6 2
(-4 s »
hepenang
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Note, the arguments of the | F, functions can be simplified by observing that (i)2 = (—z‘)2 =-1,

o COF )

%
and by distributing {QI : ( ! and ! , respectively, and collecting like expressions, we
i

have

or equivalently
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~2 _% 2 2
X =—3'903R Rel| 2| |F —§;—l;—a)—2 +0.29i41Fl 1.7 o = ¢ El
476 ) 6' 3 4da,w a5 \2'3" 4a0

As for evaluating the integral Y, the procedures will be identical to those taken for evaluating

integral X. So, let’s start by substituting the limit into integral Y, which gives

0
+T F (—21'—& a)zrz}%_(“_i”)dr}}
171 6’1 2 U .
0

By writing the hypergeometric functions in their summation form, assuming term-wise

Y =lim,_, {2(3-87)5§ (Ads )% Re{j 1 Fl(_ g ;1;_a20)t22'2 je_(a”w)d T

integration is permitted, using integral Al and property A12, in appendix A, we have

. da, w? \ 1 51 4a, m?
Y =1 2(3.87)62(Ad %R o F —E,l;— 2t |4 Fl-—=,=——21 :
Im‘Ho[( )O-R( 3) e{aﬂwz °\ 6’2 [a+ia)]2} a—-iw® ° 62 [a—ia)]2

After performing the limit operation, we have

D

Y =2(3.87)62(Ad, )% Re{@z Fo(— % , % - 4[?;?2 j | (_?w)z F, [— % , % - [_aiza‘;’]i J} .

Again, let’s transform the hypergeometric function, ,#;, into a linear combination of confluent

hypergeometric | F; functions, using (F2), in appendix F, we have
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Y ~2(387)6%(Ad, ) Re

—

(tio)

+

)1

|

—
|

olo|wl M

N~ 2

|

N—

4a,0!

(io)

(o)

ol

%
'l

.

Recall that

olo|lw|h

Ne—

azz

|

4a,w}

1

expression, we have

_5 )
Y =2(387)62w d; ® Re {_}

w

2
4a,m,

%
i| lFl(

—_ which implies that (a,)’* =

2
3

1
2

}%

!
3

Lo

4a,0!

1_7_(—ia))2J |

2'3’ 4a,w!
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1
(4d, Y (Ad,)®

and simplifying the




Again, the arguments of the  F, functions can be simplified by observing that (z‘)2 = (—z‘)2 =-1,

%
and by distributing ﬁ] : 18 ,and - respectively, using (G2), in appendix G, and
ol T@r e

-t

factoring we have,

A2 _% 2 2
Y=—3'90(57R Re [2} lFl(—i—l;— « Zj +0.29— lF(l;z;— @ ZJ . E2
w.d 3% w, 6 3 4a,w a, % 2 3 4a,w;
Since S,(w)=X-Y, then by combining (E1) and (E2) it follows that
o 7% 2 2
3.906 w 5 1 w 17 w
S (0)=- ; Re [—} 1F{——;——;— Z}r 0.29 yl (_ L. 2)
K o, 6 3 dao, a, 2’3" dao

~2 7% 2 2
+%Re {ﬂ} lﬁ(—i—l;— @ 2J+o.29 L 1F1(1;Z;— @ 2] .
,d SA o, 6' 3 4a,w a.s 12'3" da,w;
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Finally, we have

,% ) ,

3.906 o 5 1 o 5 1
e R G e e G

d aza)t ala)t

2 2
1+0.29 LMF1 1;Z;—“’—2 - 14 Flll e
a,s \2'3" 4a,0!) g% |2 3" 43,0

Let’s evaluate the radial component of the covariance function

S, (@), so we have

S, ()= 4(6.45)62(Ad, )% (VL—Z]T lFl(l 1O ]COS(a)rﬁr

J17 6™ 4Ad?

Again, substitute the limiting case of cos(w7)= 5 (e"‘” + e—’“’f): t

a»O

( ~(ario) | —(a—z(o)r) in

the integral gives

2 © 2 2
S, (@) =1lim (2(6.45)&5e (Adg)%[v%j Re{j lpl[l;l;_ “ T je—mm)d,

o\ 6 4Ad;

a—0
0 2 _2
+J‘1Fl l;1;——th2 e i)z
0 6 4Ad;

By writing the hypergeometric functions in their summation form, assuming term-wise

integration is permitted, and using integral A1 and property A12, in appendix A, we have

1 11 ?
S =1 2(6.45)62 (Ad Flo -G
Hom [( “ Vﬂwzj {w 0[62 Adg(al-wa

a—0

1 11 w;
+—. F — Ty, ﬁ .
a+io 6 2 Ad; (o +iw)
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After performing the limit operation, we have

. ’ 1 11 w;
S, (0)=2(6.45)5%(Ad,) * F—]R B S —
(@)= 26430 J(WZ | Gioy 627 Al oy

T R S/
(o) \6°2" " Ad(iw) )|

Let’s transform the hypergeometric function, ,F;, into a linear combination of confluent

hypergeometric , F, functions by using (F3), in appendix F, we have

After simplifying the expression, we have
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_2
j R a)t W2 a)t 171 6,3’ a)tz

or equivalently

IR TAE 12 Ad2e?
S, (0)=19.492462 == (WJ _j 22 A j
, 3

W

% 2 2
_09e5722(Ad2)B| 2| |13, Adso” [ Y
@, 23 %
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APPENDIX F: APPLICATION OF THE MEIJER G-FUNCTION
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Lets transform the hypergeometric , £, (a,b;—z) function into a Meijer G-function, using

property A8, in appendix A, we seethat p=2, ¢=0, m=2, n=1, a,=a, a,=b. Sowe

have,
ﬁr(cj)

L i e T e
JJRACY ’ 1

1
Let’s transform Gf;{——

111
Glz,il [“
zZla

1
el -2

1
. bJ into the form  F, by using property A6, in appendix A. For

9

J, we see that m=2, n=1, p=1, and ¢ =2, which leads to

1 }: F(a—b)l“(1+a—1){_ %:|al|:1(1+a—l;]_+a_b;(_1)l21(_ lj]

a, b (1)) z

,Fla- b()f)((;; b-1) {_ ﬂb , Fl(1+ b-11+b—a;(- 1)1“[— %D

By multiplying both sides by we have

1
Far ()’

R

It follows that




2
Let’s transform the hypergeometric , F, —E,l;—; - 4b_a)‘ using (F1). We see that a:—é,
62 (tio) 6
2 +i 2
b:l, and z=- 4?@2 which implies that _1 (_Ia)z . It follows that
2 (tio) z  4bw;

4
{2y
By factoring —3[(ilw) } , then

F[—;‘]F[ljw)z}%lﬁ[l_7_&@2}. y

2
Now let’s transform the hypergeometric , F, l , l;—; - m using (F1), we see that a = l
62 (tio) 6
4bw? L +iw)
b:l, and z=- t?wtz which implies that _1 (_|a)2 . It follows that
2 (zio) z b
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APPENDIX G: ADDITIONAL PROPERTIES
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From complex variables, we know the following properties for complex expressions:

A, xzxiy=re, where r=q/x’+y* and 9= tanl(xj

X
B. e’ =cos 9 +ising
C. Re{ei‘g }: cos$ and Im{ei‘g }: sin 3
D. (e’g )n =cos(n9)+isin(n9)
Let’s consider the following complex expressions. First, consider the complex expression

v } , Where « is a rational. Let’s begin by rewriting the complex expression as
3

ll—i(l_@dﬂa:(Ad3)“[(Ad3)—i(l—@d3)a:(Ada)“[(Ada) 104, | ¢ ! o)t [‘@dsﬂ.

Ad, Ad,

Thus the real component of the complex expression is given as

) oy ol (53]

_(ad,)“|(ad, ¢ + - 50, P ] co{a tan{@ﬂ . 61

Ad,

Next, let’s simplify the complex expression y y Since i = ei%, then it follows that

("% —¢"7 and (i)f% —¢ ™75 Similarly, since —i=e¢ 72, it follows that (i Y —¢™*7% and

(—i)’% — "7 S0 we have
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S
—+ s =e =2c0s 2l —|=-1. G2
ONNCE 302

Finally, let’s simplify the complex expression y y Since i=¢'”> , then it follows that
i) (i

(i% —¢'75 and (i)f% —¢"'75. Similarly, since —i=e 72, it follows that (~i )/ —¢'% and

( l)/—e So we have

( ly+(1f:ei%+ei%:2cos[§J:2(%j:1. G3
_l‘ 3 l 3
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APPENDIX H: QUASI-FREQUENCY
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The quasi-frequency for the longitudinal component of the covariance function of irradiance

fluctuations is given as

" %
VO :i[w] . H1

27| B,,(0,L)

From appendix D, we have the longitudinal component of the covariance function under the

weak turbulence theory and frozen turbulence hypothesis given as (D2)

1o 2.2 H 2

B, (z,L)=87k L”Kq)n(,c)exp(— ALi K JRe{JO[KVLT]LleXp{ 'Llf (1—@§)D}dxd§.
00

Using the thin phase screen model to evaluate (D2) leads to (D9)

B, ,(r,L)=3.863767 Re{i% L-(©+iA), ], Fl[—g;];—alwfrzj—(AdB)% . Fl(—g;l;—azwfrzj},

and a, = 1 . Taking z=0, then (D9)

where d, =0.67-0.170, a, =

4dyifi- (_+1A)d]

simplifies to
B,,(0,L)=3.863767 Re{i%[l—(@+ iA),]® —(Ad,)% }

and finding the real component leads to

o )-sssra oo - S (555 o],
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Assuming uniform convergence and differentiating (D2) twice with respect to 7, we have

B/, (r,L)= 8ﬁ2k2LiI@n(K)em(— A"iz’(z ) Re{— ()3, (V. 7)

iLx?

k

+ exp{— - @5)}(1% )Jl(w;)}dmr, H3

and

B/, (r,L)= —87z2k2L:[IK<Dn (K)exp[— A"iz"z J Re{(KvL )2|:JO(KVJ_Z')

e 5(1—@)}Km){ao(m—Kviﬁalwﬂ}dm. Ha

Let’s use the thin phase screen model and take d, <<1 which implies that 1+ d,7=1 where

0<7n<1. In addition, let’s set z=0, then (H4) becomes

" 21,2\7 2 T 3 ALd?f_ 2
BY,(0,L)=—47°k’V Ld,d, [ °®, (x)exp| - e
0

) 2 H
+47°k*V/Ld,d, Re{'[zfd)n(zc)exp(— AII(d?’ ch]exp{— ILS?’ (1—@d3)1<2}d1c}. H5
0

Separating (H5) into two integrals, let

®© 2
A=—-4r*kV} Ld2d3IK3q)n(K)EXp[— ALd, K‘ZJdK‘
0

and
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0 2 H
B =47%k*V?Ld,d, Re{jx3®n(x)exp[— AII(dS KzJexp[— ILS3 (1—@d3)z<2}d1<}.

0

Let’s use the Kolmogorov spectrum @, (k)= (0.033)@315%, where C? is the refractive-index

structure constant of the phase screen, to evaluate the integrals A and B. Starting the integral A,

we have

; 2
A _4(0_033)7[2(§§k2Vf LdzdSJ.Ki% exp(_ AII(dB KZJdK.
0

Let’s make a change of variable of integration and set x = x~, which will lead to

© 2
A =-2(0.033)72C2k?V 2Ld,d, j X6 exp(— A'I(d3 xjdx .
0

Using integral Al from appendix A, we have

. Y k)
A= —2(0.033)7z2C,fk2Vde2d3F(—j A H6
6\ ALd;

Then for integral B, we have

0

B =4(0.033)72C2k?V 2Ld,d, Re{jx‘% exp[— % LTd3(Ad3 + i(1—@d3))}d;c}.

0

Again, making a change of variable of integration and setting x = x~ leads to
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B =2(0.033)z2C2k?V ?Ld,d, Re{j x 6 exp{— XLT%(AdS + i(l—@%))}dx}
0

Using integral Al from appendix A, we have

3

%%
B =2(0.033)z°C k’V?Ld,d, Re{ @(ﬁ] (Ad, +il-©4d,)) s } .
Finding the real component leads to

B - 2(0.033)r&jﬂ2c§§v 2% L%dzds{(/\ds)z +(L-©d, ) cos Etanl[%ﬂ}. H7
3

Combining the results of (H6) and (H7), then simplifying leads to

B!, (0 L):2(0.033)F(%j 2 Gy U d, dJf| (ad, P

64, Poos | Lant [0 || (g )%
+[1-94,) cos [6tan [Ad3 j] (Ad,) } H8

Using (H2) and (H8), the quasi-frequency defined by (H1) becomes

I — 1%
wfk{A%de,% [(Adg)2 + (l— @ds)2 P{Z cos{é tan‘{l_ ©d, H —1}

vy = Ad. HO
0o — A~ | —
2 _ 5 —
i 12Ld3%A}/6 [(Adg)2 +{-od,) Vz cos{Ztan{lA(jd?‘H - Ad3%
3
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The quasi-frequency expressed by (H9) is not valid for plane and spherical waves, where A =0,

thus (H9) is valid for collimated beams.
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