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ABSTRACT

We formulate and analyze a mathematical model for feral cats living in an isolated
colony. The model contains compartments for kittens, adult females and adult males. Kittens
are born at a rate proportional to the population of adult females and mature at equal rates
into adult females and adult males. Adults compete with each other in a manner analogous
to Lotka-Volterra competition. This competition comes in four forms, classified by gender.
Native house cats, and their effects are also considered, including additional competition
and abandonment into the feral population. Control measures are also modeled in the form
of per-capita removal rates. We compute the net reproduction number (Rg) for the colony
and consider its influence. In the absence of abandonment, if Ry > 1, the population always
persists at a positive equilibrium and if Ry < 1, the population always tends toward local

extinction. This work will be referred to as the core model.

The model is then expanded to include a set of colonies (patches) such as those in
the core model (this time neglecting the effect of abandonment). Adult females and kittens
remain in their native patch while adult males spend a fixed proportion of their time in each
patch. Adult females experience competition from both the adult females living in the same
patch as well as the visiting adult males. The proportion of adult males in patch j suffer

competition from both adult females resident to that patch as well the proportion of adult
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males also in the patch. We formulate a net reproduction number for each patch (a patch
reproduction number) R;. If R; > 1 for at least one patch, then the collective population
always persists at some nontrivial (but possibly semitrivial) steady state. We consider the
number of possible steady states and their properties. This work will be referred to as the

patch model.

Finally, the core model is expanded to include the introduction of the feline leukemia
virus. Since this disease has many modes of transmission, each of which depends on the
host’s gender and life-stage, we regard this as a model disease. A basic reproduction number
Rg for the disease is defined and analyzed. Vaccination terms are included and their role in
disease propagation is analyzed. Necessary and sufficient conditions are given under which

the disease-free equilibrium is stable.
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CHAPTER 1

THE CORE MODEL

1.1 Introduction

Unowned, free-roaming cats (or feral cats as in [1]) have a well-known presence in cities
around the world [2-4]. There is strong evidence in many instances of free-roaming cats
causing great ecological damage [5-8|. A meta-analysis of the impacts of invasive mammalian
predators considered a total of 738 threatened or extinct species and linked free-roaming cats
to the endangered status of 430 different animals and the extinction of 63 [9]. For example,
since their introduction in 1810 to the Australian territory of Macquarie Island, cats have
been blamed for the extinction of a native species of parakeet (though rabbits and other
animals may have also played a role) [10]. Similary, since their introduction in 1888, free-
roaming cats (along with black rats and yellow crazy ants) are believed to have driven into
extinction four or five species of mammal on the Australian territory of Christmas Island [11].
Free-roaming cat predation on rodents may also place indirect pressure on other predators
(e.g. raptors) [12]. In 2002, their presence was estimated to cost $17 billion per year in the

US alone [13].



In addition to the ecological impacts that feral cats may have, they also pose an
epidemiological threat to local wildlife [14, 15], pet animals [1], and humans [1, 3, 16-19].
This issue is only exacerbated if these animals are permitted to live in dense colonies [20].
However, the removal of these animals is logistically difficult, work intensive and requires
substantial investments of money. The general consensus among the public that cats are
pet-animals complicates matters further, as the techniques which are quickest and cheapest
are generally lethal (e.g., hunting, trapping [21], and poisoning [22]) and often regarded by
the public as inhumane. Conversely, the techniques which are regarded as humane (e.g.,
trap-neuter-release or trap-adopt) are slower, more expensive and debate continues on their
efficacy [13,21,23-26]. Even successful programs for their removal can have unintended
side-effects, which further stresses the need to more deeply consider the complexities of this
population [27]. A full understanding of the dynamics at work is critical to ensuring that

the removal can be minimally invasive while still being effective.

When food and shelter are at extremely high abundance, the behavior of feral cats
shifts from the solitary lifestyle of their wild counterparts to a colony-style one with commu-
nal liters and social grooming [28]. These colonies are typically matrilineal, being composed
primarily of related adult females and their immature offspring [29]. The behavior of adults
varies significantly by gender [28]. Adult females provide the entirety of the parental care.
Interactions between females can be so mild that they will eat from the same source “nose-
to-nose” and social grooming is not uncommon [28-30]. Liters birthed in close proximity

may even become “communal,” with kittens nursing on any lactating female [29]. In these



types of colonies, adult females display very little in the way of territoriality with regard
to other adult females (in particular related adult females), whereas their behavior towards
adult males is more varied and even potentially hostile. Adult males provide no parental aid
and their interactions with unreceptive females and kittens is minimal. On the other hand,

their behavior towards each other typically ranges between neutral and hostile [28,29,31,32].

A complicating factor is free-roaming cats with owners (or house cats). This is a
population of cats permitted outside, but which has access to shelter, food and veterinary
care. This population may provide competition with the feral population and can potentially
provide mates for receptive females if no others are present. These animals may also be

abandoned by their caretakers and thereby enter the feral population [1,28,33].

Previous modeling efforts for feral cats are generally secondary to the modeling of the
diseases affecting them [34-38] . In most of these works, the underlying ecology model is
logistic in nature, with the exception of [36] in which exponential growth is considered. In
general, there is no distinction between gender or life-stage, although in [39], cats are divided
as social or asocial. A notable exception to this lack of population structure is the incredibly
detailed model by McCarthy, who presents a 28 variable stochastic dynamical system to
address the effectiveness of two methods of prophylaxis. The model presented there places

cats into categories divided by gender and life-stage [40].

In this work, we consider a gender-based model to analyze real populations that are
clumped and with high resource abundance [28], such as those described in [32,41-44]. In

Section 1.2 we state the assumptions of the model and the differential equations they imply



as well as state our main results, with particular focus on the existence, uniqueness and
stability of equilibria. Section 1.3 interprets selected composite parameters and theorem
biologically. Section 1.4 details several intermediate results. Section 1.5 describes the proofs
of selected theorems and finally Section 1.6 summaries weaknesses of the model and potential

directions for future work.

1.2 Mathematical model

1.2.1 Description

Consider a population of feral cats consisting of kittens (i = 1), adult females (i = 2), and
adult males (i =3). Let ;(t) be the density of feral cats of type i = 1,2,3 (or i-cats) at time

t > 0. Assume the following:

(A1) Feral adult females produce feral kittens at rate b > 0.

(A2) The intrinsic death rate for feral i-cats is d; > 0.

(A3) Feral kittens mature into feral adults of each sex at per-capita rate m > 0.

(A4) Feral i-cats are removed from the population at per-capita rate s; > 0.

(A5) The competitive effect of feral adult j-cats on feral adult i-cats is ¢;; > 0 (¢,7 =2, 3).

(A6) The interaction coefficient ¢;; >0 when i =5 (7,7 = 2, 3).



Assumption (A4) represents a combination of practical animal control measures such as
impounding, adoption, and euthanasia. Assumptions (A5) and (A6) together imply that
all adults interact negatively with members of their own sex (e.g., by competing for limited
resources) and possibly with those of the opposite sex. The feral population also interacts
with a constant population of house cats (i.e., cats that live with people and also spend some

time outdoors). Assume

(A7) The density of house cats of type i = 1,2,3 (or house i-cats) is n; > 0.
(A8) House i-cats are abandoned (and become instantly feral) at rate «; > 0.

(A9) The competitive effect of adult house j-cats on feral adult i-cats is e;; > 0 (i,j = 2,3).

In the Discussion section, we address some aspects concerning the biological realism of the

assumptions above. Assumptions (A1) to (A9) produce an initial value problem

T :bx2+a1n1—x1(d1+31+2m), ZEl(O) >0
I“Q =Mmxq + QoNy — ZEQ(dQ + So + Co9T9 + Co3X3 + €99Mo + 623713), .TQ(O) >0 (A)
w'g =mxy + Q&gng — I3(d3 + S3 + C39X9 + C33X3 + €32M9 + 63377/3), $3(0) >0

It is convenient to introduce notation representing the corporate abandonment rate and

effective death rate for each category

a; = Ny, (51 = d1 + S1, 52 = dz + So + €99M9 + €93M3, and 53 = d3 + S3 + €32N9 + €33N3 (B)



Core model box-diagram
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Figure 1.1: A box-diagram visualization of system (1.2.1).

(observe that a; > 0 and ¢; > 0 for i = 1,2,3). We then obtain a more concise initial value

problem
1 =bry+ay — x1(01 +2m), x1(0) >0
Ty = may + ag — 12(0z + ConTy + Co3x3),  12(0) 20 (1.2.1)
Zt3 =mxq +a3—a:3(53+032x2+033x3), ZL’3(0) >0

See Table 1.1 for a description of all variables and parameters (and see Figure 1.1). Numerical
simulations suggest that if house cats of type 1 and 2 cannot be abandoned (a; = 0 and ay = 0),
then their feral counterparts can both become eradicated. See Figure 1.2 (a). As we will see,
the outcome in this case is partly determined by the corporate rate at which house cats of
type 3 are abandoned (a3). However, if house cats of type 1 or 2 can be abandoned (a; > 0

or ag > 0), then both of their feral counterparts will always persist. See Figure 1.2 (b).



Table 1.1: Quantities associated with models (A) and (1.2.1)

Quantity Description (type) Units Equation
t time time (A)
x; density of feral cats (1) cat (A)
n; density of house cats (i) cat (A)
b kitten birth rate kitten - adult™" - time™ (A)
m kitten maturation rate adult - kitten™" - time~ (A)
d; intrinsic death rate (i) time ™ (A)
S control rate (7) time™ (A)
a; abandonment rate (%) time ™" (A)
Cij competitive effect of ferals (j) on ferals () adult™ - time ™" (A)
€ij competitive effect of house cats (j) on ferals (i) adult™ - time™! (A)
a; corporate abandonment rate (%) cat - time™! (B)
0 effective death rate (7) time ™" (B)
T; equilibrium density (4) cat (1.2.2)
Z3 equilibrium density of adult males cat (1.2.3)
Ro net reproduction number for adult females none (1.2.4)
k* threshold equilibrium density of adult males cat (1.2.5)
C3o threshold competition coefficient adult™ - time ™ (1.2.5)
a; threshold corporate male abandonment rate cat - time ™! (1.2.5)
&r threshold equilibrium density of adult males cat (1.2.6)

az” threshold corporate male abandonment rate cat - time ™ (1.2.6)




Numerical simulations of system (1.2.1)

&

!

&

time time

Figure 1.2: If house cats of type 1 and 2 cannot be abandoned (a; = 0 and as = 0), then their feral
counterparts can both become eradicated (left). However, if house cats of type 1 or 2 can be aban-
doned (a; > 0 or ag > 0), then both of their feral counterparts will always persist (right). The param-

eter values used here are: m =1,87 =10, = 1,03 =1, co9 = 0.25,¢c93 = 0.5,¢30 =0.9,¢33 = 1.2,a3 = 6.8

1.2.2 Statement of main results

In this section we state the main properties of system (1.2.1). Biological interpretations of
selected results can be found in Section 1.3 and the proofs of selected theorems can be found
in Section 1.5. Let R3 = {(uy, us,u3) : uy, us, uz are real numbers}, R3 = {(uy, us,ug) : uy >0,
ug > 0, and ug > 0} (the non-negative cone), Int(R3) = {(uy,uq,u3) : uy > 0, uy > 0, and
ug > 0} (the positive cone), and OR3 = R3 — Int(R3) (the boundary). Let 0 = (0,0,0). If a
vector u is in R? then u is non-negative and we write u > 0. If a vector u is in Int(R?) then
u is positive and we write u > 0. Also, for u,v € R3 define u < v when v—-ueR3 u<v

when v —u € R? - {0}, and u « v when v —u € Int(R3). Let x(¢) = (x1(t), x2(t), z3(t))



denote a solution of (1.2.1). The system is strongly persistent if every solution x(¢) satisfies
liminf{x;(t) : ¢t >0} >0 for i = 1,2,3. The first result concerns the situation in which a; =0

and ag = 0.

Theorem 1.2.1. Let a; =0 and ay = 0.

(a) A solution x(t) exists for all time. Moreover, it is unique, non-negative, and bounded.
(b) The non-negative x3-axis is a forward invariant set.

(c) Ifx(0) is on the boundary but not the xs-axis then x(t) immediately enters the positive

cone.

(d) If x(0) is positive then x(t) is positive for all time.

The next result is analogous but concerns the situation in which a; > 0 or ay > 0.

Theorem 1.2.2. Let a; >0 or ag > 0.

(a) A solution x(t) exists for all time. Moreover, it is unique, non-negative, and bounded.
(b) If x(0) is on the boundary, then x(t) immediately enters the positive cone.
(c) If x(0) is positive, then x(t) is positive for all time.

(d) The system is strongly persistent.



An equilibrium is a constant vector X = (T, Tq,T3) in R3 that is a solution of (1.2.1).

It satisfies

bTy + ay = T1(01 + 2m)
mfl + a9 = fg(ég + CQQEQ + 02353) (122)
mfl + a3 = 53(53 + 03252 + ngfg)
Let z = (0,0,Z3) where Z3 is the unique non-negative number such that

az = 73(03 + c3323) (1.2.3)

Notice that if az =0, then z = 0 and if az > 0, then z > 0. Also, define

bm

RO B (51 + 2m)52

(1.2.4)

Theorem 1.2.3. Let a; =0 and ay = 0.

(a) z is the unique boundary equilibrium.
(b) If Ry <1, then Z is the only equilibrium.

(¢) If Ry > 1 and co3 = 0, then there is one positive equilibrium X.

The next two results are extensions of Theorem 1.2.3 to the situation in which Ry > 1

and co3 > 0 (see Figure 1.3). The first such result involves the composite parameters

L* = (Ro - 1)52 _ 2copC33 €203 + C23Ro02
- C32 - + )
C23 C23 (RO - 1)62

and a3 = k* (03 + c33k™) (1.2.5)

all of which are positive when Ry > 1 and cy3 > 0.

Theorem 1.2.4. Let a; =0, ap =0, Ry > 1, co3 >0, and c3z < c3,.

10



System (1.2) bifurcation diagram: c3; —ag

3,

2l

Figure 1.3: The equilibrium points that exist in the cso ag-plane when a; = ag = 0, Ry > 1, and

C23 > 0.

(a) If ag < aj, then there is one positive equilibrium X = (T1,T2,T3) and Tz < k*.

(b) If as > a3, then there is no positive equilibrium.

The next result complements the previous two and involves two additional composite

parameters
e o 2203 + Co3R 009 + c32(Ro — 1) 62
2(c23C32 — C22C33) (1.2.6)
as* = [c2203 + c23R002 + c32(Ro — 1)02]? B Roda(Ro 1),

4022(023632 - 022033) C22

Theorem 1.2.5. Let a; =0, ag =0, Ry > 1, co3 >0, and c3o > c5,. Then 0 < £* < k* and

* % * .
az* > aj. Also:

(a) If az < aj, then there is one positive equilibrium X = (T1,T2,T3) and Ts < £*.

(b) If a3 < as < a3*, then there are two positive equilibrium points X andy and they satisfy

11



(i) xX=(71,72,73) and 'y = (Y1, 72, Y3)
(i) T3 <& <yy<k*
(i) 5(Ts+73) ="
(c) If a3 = a3*, then there is one positive equilibrium X = (T1,T2,T3) and Tz = £*.

(d) If az > a*, then there is no positive equilibrium.

The previous three theorems together imply that if a; = 0 and ay = 0, then there can
be at most two positive equilibrium points. See Figure 1.4 (a). Next, we show that if a; >0

or as > 0, then there can be more than two positive equilibrium points. See Figure 1.4 (b).

Core model bifurcation diagram

X3 X3

PE

Figure 1.4: If a1 = 0 and ay = 0, then there can be two positive equilibrium points (left). If a; > 0 or
ay > 0, then there can be more than two positive equilibrium points (right). The parameter values
used on the left are: =20, m=2, 6 =10, 09 =1, d3=1, cog =1, co3 =2, ¢33 =10, c33 =1, a1 =0,

and ag = 0. The same parameter values are used on the right but with a; = 0.05 and a9 = 0.002.

Theorem 1.2.6. Let a; >0 or ag > 0.

12



(a) There are no boundary equilibrium points.
(b) A positive equilibrium X exists.
(c) If ca3 =0, then there is one positive equilibrium X.
(d) If co3 > 0, then there can be at most four positive equilibrium points.
An equilibrium is locally asymptotically stable (LAS) if every solution that starts near

it remains near it and also is attracted to it. When a; = 0 and as = 0, then the boundary

equilibrium is stable when there are an even number of positive equilibrium points and it is

unstable otherwise.
Theorem 1.2.7. Let a; =0 and ay = 0.
(a) If Ry< 1, thenz is LAS.
(b) If Ry>1 and cy3 =0, then 7 is unstable.

(c) If Ry>1, co3>0, and a3 < a}, then z is unstable.

(d) If Ry >1, co3 >0, and a3 > a3, then z is LAS.

When a; =0 and as = 0, then a positive equilibrium is stable when it is unique. In

cases where there are two positive equilibrium points, then only the one with a smaller T3 is

stable.

Theorem 1.2.8. Let a; =0 and ay = 0.

(a) If Ry>1 and ce3 =0, then X is LAS.

13



(b) If Ry>1, c23 >0, 32 < ¢y, and az < a}, then X is LAS.
(c) If Ry>1, co3>0, c33 > ¢4y, and az < aj, then X is LAS.

d) If Ro>1, co3>0, c39 > %, and a% < az < ax*, then X is LAS and'y is unstable.
32 3 3

The next result is a partial analogue to Theorems 1.2.7 and 1.2.8 but concerns the

situation in which a; > 0 or as > 0. It involves the composite parameter

*% 2022633

Theorem 1.2.9. Let a; >0 or ay > 0.

(a) If co3 =0, then X is LAS.
(b) If co3 >0 and c3z < ¢33, then X is LAS.

(¢) If ca3 >0, c320> ¢35, and a3 =0 (or as is sufficiently small), then X is LAS.

System (1.2.1) is point dissipative if there exists a bounded set in R3 which every solu-
tion must eventually enter and remain inside thereafter. An equilibrium is globally attracting
(GA) if it attracts all solutions. If a global attractor is LAS then it is globally asymptotically

stable (GAS). Define the composite parameter

a3 = (Rg - 1)52li{53 4 o(Bo- 1)52} - RO‘SQ] (1.2.8)

C23 C23 C22

Notice that when Ry > 1, then a$ can be of any sign.

Theorem 1.2.10. Let a1 =0 and ay = 0.
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(a) The system is point dissipative.
(b) The basin of attraction for z includes the non-negative xs-azis.
(c) If Ro<1, thenz is GA (if Ry < 1, then z is GAS).
(d) If Ry > 1 and co3 =0, then X is GAS relative to R3 minus the non-negative xs-axis.
e) If Ry > 1, ca3 > 0, c30 < 2c3%, and as < a3, then X is GAS relative to R3 minus the
(e) 2C32 3 +
T3-GT1S.

Theorem 1.2.10 does not address all parameter combinations in which Rg > 1, ¢o3 > 0,

and czp > 0. The final result concerns the situation in which a; >0 and as > 0.

Theorem 1.2.11. Let a1 >0 or as > 0.

(a) The system is point dissipative.

(b) If co3 =0, then X is GAS.

Let m = (0,1,1) and consider the Jacobian matrix

-01 —2m b 0
J(X) = m —52 - 2C22f2 - ngfg —ngfg
m —C32T3 —03 — C32T2 — 2C33T3

If we multiply the entries (4,7) of J(x) by (=1)™i*mi then we obtain a non-positive matrix.
It follows then that system (1.2.1) is competitive with respect to the cone K = {(u1,us,us) :
uy > 0,up <0,u3 <0} [45]. For u,v € R? define u <x v when v-u € K and u <, v when

v—u e Int(K). Next, let A =diag(1l,-1,-1). Then A is an order isomorphism: u <x v if
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and only if Au < Av. Furthermore, if we write system (1.2.1) as X = f(x) and let y = Ax,
then y = Ax = Af(x) = Af(Ay) = g(y). The result above implies that the system y = g(y)
is competitive with respect to the positive cone. Some additional consequence include (i) a
(compact) limit set cannot contain two points ordered by <k and (ii) a (compact) limit set

that does not contain X is a periodic orbit (see Theorems 3.2 and Theorem 4.1 in Chapter 3

of [45]).

1.3 Biological interpretation of results

Here we interpret the results of the previous section biologically.

1.3.1 Net reproduction number

A feral population that includes some abandonment always persists. In view of the previous
results, we say that a feral population is sustained by abandonment if it cannot persist
without some abandonment (Ry < 1). On the other hand, if the population can persist
even without abandonment (Rg > 1), then the feral population is self-sustaining. Let us
now approximate the net reproduction number (or replacement rate) for feral adult females
in a closed population (i.e., one in which feral cats interact with house cats but there is no
actual abandonment). Define Ry to be the maximum number of first generation adult female

offspring that an adult female can have in her lifetime. Consider now a population consisting
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of only a small number of adult females whose population density at time ¢ is U(t). We will
assume that, since the number of feral cats is small, competitive effects between feral cats
are negligible. The initial population of females will produce kittens whose density at time
t is V(t). These kittens mature into adult females, whose cumulative density at time ¢ is
W (t). We will show that W (t) - W as t - co with W > 0. Then, the replacement rate will

be Ry = W = U(0) [46,47].

The initial value problem that interests us is

U =-6,U, U0) =e
V =bU - (6, +2m)V, V(0)=0

W=mV, W(0)=0

The system of differential equations is linear and triangular, and so it can be solved in a

forward manner:

b
Ut =ee™ = V()= 55— S sole -]
bme le—(51+2m)t 6—§2t 1 1 ]

51+2m—(52 (51+2m - (52 _(51+2m+6_2

= W(t) =

Hence

tlim W) = bme [ 1 1 ] bme lél +2m — 62] bme

(51+2m—52 _(51+2m+(5_2 :(51+2m—(52 ((51+2m)(52 :(51+2m)52:W

We obtain, then, that

| =]

b
m _R,

Ry = e (0, +2m)oy

Written in terms of the primary parameters of the model, we have

bm

R/ =Ry =
0 0 (dl + 51 + 2m)(d2 + S9 + €99M9o + 623713)
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The manner in which each model parameter influences the ability of a feral population to
sustain itself is now clear. An increase in the kitten birth rate (b) or maturation rate (m) can
transform a feral population that is sustained by abandonment to one that is self-sustaining
itself. However, an increase in the kitten death rate (ds), the kitten control rate (s;), the
adult female death rate (dy), the adult female control rate (s;), the density of adult house
cats (ny and n3), or the competitive effect of adult house cats on adult females (eg and es3)
can transform a feral population from one that can sustain itself to one that can be sustained

only by abandonment.

1.3.2 The expressions z3 and z

The composite parameter Z3 in (1.2.3) represents the density of feral adult males at the
equilibrium (z) where there are neither adult females nor kittens present. This density is
zero when there is no abandonment (a; = as = ag = 0) and positive when only adult males

can be being abandoned (a; = ay =0, ag > 0).

1.3.3 The expressions X, y and &*

When an equilibrium exists such that all sub-populations are present, the equilibrium is

denoted X. If two such equilibria exists simultaneously, they are denoted as X and y. In
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the case where two such equilibria exist, the average of the third component of each (which

represents the density of adult males present) is £*.

1.3.4 The composite parameter k*

The composite parameter k* represents a threshold value of the density of adult males. If the
density of adult males is at or above this threshold, the competitive effect on adult females
imposed by adult males is sufficient to prevent both adult females and kittens from coexisting.
This can generally only be achieved if the abandonment adult males experience (a3) is large

and only in the absence of abandonment of adult females and kittens (a; = as = 0).

1.3.5 Theorems 1.2.1 and 1.2.2

Theorems 1.2.1 and 1.2.2 confirm that no model population can become negative, or can
experience an unending population explosion. Also, if the initial population is composed
of only adult males, then the population will remain this way provided that there is no
abandonment for adult females or kittens (a; = as = 0). Finally, if there is abandonment of
either adult females or kittens (a; > 0 or as > 0), the population will always persist. This
holds regardless of control efforts and so if a population is to be controlled, it is essential

that house cats not be abandoned.
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1.3.6 Theorem 1.2.3

Theorem 1.2.3 discusses types of possible equilibria when neither adult females nor kittens
are being abandoned (a; = as = 0). First, there is always a single boundary equilibrium
(z), for which the densities of adult females and kittens are zero. This equilibrium, which
is independent of the net reproduction number Ry, has adult males when they experience
abandonment (a3 > 0) and no adult males otherwise (a3 = 0). If the net reproduction number
is small (Rg < 1), then this is the only equilibrium. If the net reproduction number is large
(Rp > 1) and adult females do not experience competition from adult males (cy3 = 0) then

there is also a single positive equilibrium (X).

1.3.7 Theorems 1.2.4 and 1.2.5 and the composite parameters c;,, a;, and a3*

Theorems 1.2.4 and 1.2.5 detail the influence of the composite parameters cj,, a3, and
a3* on the number and type of possible positive equilibria, that is, equilibria for which
subpopulations are present. These theorems specifically address the case where neither
adult females nor kittens are being abandoned (a; = as = 0), the net reproduction number is

large (Rp > 1), and when adult females experience competition from adult males (co3 > 0).

When the competition adult males experience from adult females is small (c32 < ¢34),
then a positive equilibrium (X) exists when the competition adult males experience from adult

females is small (a3 > a}) and none exist otherwise (a3 < aj}). If instead the competition adult
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males experience from adult females is large (32 > ¢35), then a positive equilibrium (X) exists
if the abandonment adult males experience is small a3 < a3, none exists if it is too large and

two equilibria (X and y) exist if it takes on an intermediate value (a} < as < a3*).

1.3.8 Theorem 1.2.6

Theorem 1.2.6 states that when adult females or kittens are being are abandoned (a; > 0 or
ay > 0) the full feral cat population always persists. If females suffer no competition from
males (cp3 = 0) then there is always a single positive equilibrium (X). Otherwise there may

be up to four possible positive equilibria.

1.3.9 Theorems 1.2.7 and the composite parameter a**

Theorem 1.2.7 details stability of boundary equilibrium (z), which is the equilibria for which
there are neither adult females nor kittens in the case where neither adult females and
kittens can be abandoned (a; = ay = 0). The boundary equilibrium is always stable if the
net reproduction number is too small (Rg < 1). It is also stable if adult females experience
competition from males (co3 > 0) and the abandonment of males is too large (a3 > a3). If

the net reproduction number is large enough (Rg > 1), then the boundary equilibrium will

be unstable if either adult females experience no competition from adult males (co5 = 0) or
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they do experience such competition (co3 > 0) but the abandonment of adult males is not

too severe (ag < aj).

1.3.10 Theorems 1.2.8

Theorem 1.2.8 details the stability of equilibria for which all population densities are positive
in the case where neither adult females nor kittens are being abandoned (a; = as = 0). The
description of in Section 1.3.7 details the number and type of equilibria exist. This theorem
states that a positive equilibrium (X) will always be stable so long as it is the only positive
equilibrium. In the case that there are multiple positive equilibria (X and y), the equilibrium

with fewer males will be stable while the other will be unstable.

1.3.11 Theorem 1.2.9 and the composite parameter c;;

Theorem 1.2.9 discusses the stability of the equilibria (X) for which all sub-populations are
present in the cases where either adult females or kittens are being abandoned (a; > 0 or
as > 0). When adult females do not experience competition from adult males (co3 = 0), the
equilibrium (X) is always stable. If adult females do experience competition from adult males
(co3 > 0) then this equilibrium will still be stable if the competition adult males experience
from adult females is not too large (csp < ¢33) or it is large (cs2 > ¢i5) but the abandonment

of adult males (a3) is sufficiently small (see the proof of Theorem 1.2.9 for details).
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1.3.12 Theorem 1.2.10 and the composite parameter a°

Theorem 1.2.10 details the asymptotic behavior of populations, that is how populations
behave as time is allowed to grow very large. These results hold when neither adult females
nor kittens are not being abandoned (a; = ay = 0). The theorem states that there is a
number such that, eventually, all population densities will be less than this number. This
theorem also states that if a population has no adult females and no kittens (who might
mature into adult females), then the population will remain this way for all time. Moreover,
this population will tend toward the equilibrium (z) described in Section 1.3.6. Theorem
1.2.10 also states that any population (no matter the initial population) will tend toward this
equilibrium (z) if the net reproduction number is not large enough (Rg < 1). When initial
populations contain either adult females or kittens, the following can be said. If the net
reproduction number is large enough (Ro > 1) and adult females experience no competition
from adult males (co3 = 0), then the population will tend toward the equilibrium (X) described
in Section 1.3.6. If instead adult females do experience competition from adult males but
the competition adult males experience from adult females is not too great (cs» < cj3) and
the rate of abandonment of adult males is not too large (a3 < a3), then populations will still
tend toward this equilibrium (X). An immediate biological result of this theorem is that if
control rates for adult females (s) and kittens (s1) can be raised so that the net reproduction
number is small enough (Rg < 1) then the population will tend toward extinction, so long as

abandonment can be prevented.
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1.3.13 Theorem 1.2.11

Theorem 1.2.11 details the asymptotic behavior of populations, that is how populations
behave as time is allowed to grow very large. These results hold when neither adult females
either kittens are being abandoned (a; > 0 or ay > 0). This theorem states that there exists
a number such that, eventually, all populations densities will be less than this number.
Moreover, it states that whenever adult females do not experience competition from adult
males (co3 = 0) that the population will always tend toward the equilibrium (X) described in

Section 1.3.8.

1.4 Intermediate results

The theorems are proved using results that we will state in the form of lemmas. Let R, =
{U:U >0}.
Lemma 1.4.1. Let A>0, B>0, and C >0. Let

U=A-FU), U(T)>0

with F(U)=BU or F(U)=U(B+CU). Let U* be the non-negative solution of A= F(U).

(a) The solution U(t) is unique, non-negative, bounded, and exists for t >T.
(b) IfU(T) >0, then U(t) >0 fort>T.

(c) If A=0, then U* =0 and if A>0, then U* > 0.
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(d) U= is LAS and its basin of attraction includes R, .

(e) If —=F(V)<V < A-F(V) with V(T) 20 and V is a continuous function of V and t,

then
(i) V(t) ewists fort>T

(i) 0< lim inf V(¢) <limsup V' (¢) < U*.

t—o00

(f) If V < =F(V) with V(T) >0 and V (t) exists for t > T, then limsup V (t) < 0.
t—o0

(g) If V>A-F(V) with V(T) >0 and V(t) exists fort >T, then lignian(t) >U”".

Proof. Parts (a) to (d) follow immediately from the graph of G(U) = A- F(U) as a function
of U. Observe that G(U) describes either a line with negative slope or a concave downward
parabola. In either case, if A = 0, then F(0) =0 and F(U) <0 for U > 0 and if A > 0,
then there exists U* > 0 such that F(U) >0 for 0<U < U*, F(U*) =0, and F(U) <0 for
U > U*. We now prove part (). Let -F(V) <V < A= F(V) with V(T) > 0 and consider the
comparison equations U = —F(U) with U(T) = V(T) and W = A-F(W) with W(T) = V(T).
Then U(t) < V(t) < W(t) so long as all three functions exist. The assumption that V is
a continuous function of V' and ¢ implies that V(t) exists as long as it remains bounded.
Recall from parts (c) and (d) that U(t) - 0 ast - oo and W(t) - U* as t - oo where U* > 0.
Therefore, U(t) and W (t) are bounded. It follows that V'(¢) is also bounded, it exists for
t>T, and that 0 < ligioan(t) < lirtnj:}p V(t) <U*. Parts (f) and (g) are proved in a similar

manner. O
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Let R?2 = {(U,V) : U,V are real numbers}, R2 = {(U,V):U >0 and V >0}, Int(R2) =
{(U,V):U>0and V >0}, and 0R? = R2 — Int(R2). Let 0 = (0,0). If a vector u is in R2,
then u is non-negative and we write u > 0. If a vector u is in Int(R2), then u is positive and
we write u > 0. Also, for u,v € R? define u < v when v—-u e R2, u<v when v—-u e R2-{0},

and u < v when v —u € Int(RR?).

Lemma 1.4.2. Let
U=-U(5 +2m), U(0) >0

V=-V(0y+cV), V()20

(a) The solution (U(t),V (t)) is unique, non-negative, bounded, and exists for all time.

(b) The origin is an equilibrium.

(¢) The positive U-azxis and positive V -azis are forward invariant sets.

(d) If (U(0),V(0)) is positive, then (U(t),V(t)) is positive for all time.

(e) The origin is LAS and its basin of attraction includes R2.
Proof. The fact that the origin is an equilibrium is obvious. The equation for U is one that
is described by Lemma 1.4.1, and so U(t) is unique, non-negative, bounded, and exists for
all time. Also, if U(0) =0, then U(t) =0 for ¢ > 0, and if U(0) > 0 then U(t) >0 for t >0

with U(t) - 0 as t - co. The same comments hold for V(). Parts (c), (d), and (e) all follow

immediately from these remarks. O]
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Lemma 1.4.3. Let
U=bV-U(d; +2m), U0)20

(1.4.1)
V=mU-V(6+cnV), V()20
(a) The solution (U(t),V (t)) is unique, non-negative, bounded, and exists for all time.
(b) The origin is an equilibrium.
(c) If (U(0),V(0)) is on OR2 — {0}, then (U(t),V(t)) immediately enters Int(R?2).
(d) If (U(0),V(0)) is positive, then (U(t),V(t)) is positive for all time.
(e) If Ry <1, then the origin is LAS and its basin of attraction includes R2.
(f) If Ry > 1, then
(i) There is a second equilibrium P(U*,V*) and it is positive

(il) U* and V* satisfy Rod2V* = mU* and Rydy = 0y + cooV'*

(i) P(U*,V*) is LAS and its basin of attraction includes R? — {0}.

Proof. The right side of system (1.4.1) is a continuously differentiable function of U and V.
Therefore, a local solution exists starting from anywhere in R? and is unique so long as it
exists. Also, it is clear that the origin is an equilibrium. We now show that every solution
that starts on OR? — {0} immediately enters Int(R2). It is clear from (1.4.1) that if U(0) =0
and V(0) > 0, then U(0) = bV (0) > 0. Thus, U(t) > 0 for small ¢ > 0. Next, if U(0) > 0
and V(0) = 0, then V(0) = mU(0) > 0. Hence, V(t) > 0 for small t > 0. It follows that

if (U(0),V(0)) is on OR2 - {0}, then (U(t),V(t)) immediately enters Int(R2). Also, we
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obtain that if (U(0),V(0)) is non-negative then (U(t),V(t)) remains non-negative so long

as 1t exists.

System (1.4.1) forms a planar strictly cooperative system (8U /8V > 0 and 8V /U > 0)
whose orbits either converge to an equilibrium or become unbounded [45]. It is useful to
introduce the nullcline curves for U and V' (in the UV-plane),

m={(U,V):0V =U(61 +2m)} (along which UzO)

v2 = {(U, V) :mU =V (09 + c22V)} (along which V = 0)
The line v, and the parabolic curve 7, both pass through the origin and are increasing
functions of U. Suppose first that Rg < 1. Equation (1.2.4) implies that the slope of v,
(5”%) is no less than the slope of 7 at the origin (§). Therefore, the origin is the only
point of intersection for 4, and ~,. In general, U > 0 to the left of 41, U = 0 along 7, and
U <0 to the right of ;. Also, V <0 to the left of 7, V = 0 along 72, and V > 0 to the right
of 75. The corresponding vector field configuration appears in Figure 1.5 (a). The figure
suggests that any trajectory (U(t),V(t)) that starts in R? is bounded and, based on the
remarks above, approaches the origin. Toward this end, consider the candidate Lyapunov

function

E(U,V) = imU? + LpV?

It is clear that £ > 0 on R? and that £ = 0 if and only if (U, V') = (0,0) (E is positive definite).

Also, notice that E(U, V') - oo whenever U — oo or V' — oo (F is radially unbounded). Next,
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we calculate

E=mU-U+bV -V
=mU[bV = U (81 +2m) ] + bV [mU - V(62 + c2V) ]
= —m(6; +2m)U? + 2omUV — b5y V? — begy V3
= —[Vm(6y +2m)U =66,V = 2/bm[\/ (81 + 2m)85 = Vbm|UV = by, VP

< —6022 V3

The final inequality follows from the assumption Ry < 1 and (1.2.4) which together imply
that bm < (6, + 2m)dy. If V > 0, then V3 > 0 which implies that £ < 0. If V = 0 and
U >0, then E = -m(d; +2m)U? < 0. Hence, E <0 on R2 - {0} (E is negative definite). As
E is a strict Lyapunov function, the origin is LAS and its basin of attraction includes R2.
As a consequence, every trajectory (U(t),V(t)) exists for all time. Now we show that if
(U(0),V(0)) is positive, then (U(t),V (t)) remains positive for all time. Let (U,.(t), Vi (t))
be the system described in Lemma 1.4.2 with U,(¢t) = U(0) > 0 and V,.(¢) = V(0) > 0.
According to Theorem B.1 in [48], we have that U(t) > U.(t) and V (¢) > V. (t) for all time.
As U,(t) and V. (t) are positive for all time, it follows that U(t) and V' (t) are also positive

for all time.

Suppose now that Rqg > 1. In this case, the slope of v (5”%) is less than the
slope of v, at the origin (%) Therefore, 7, and <, intersect at the origin and at a second
point P(U*,V*) in Int(R2). Again, U > 0 to the left of v, U = 0 along ~;, and U < 0

to the right of 7. Also, V < 0 to the left of 75, V = 0 along 7,, and V > 0 to the right
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Figure 1.5: Vector field for U and V' in the proof of Lemma 1.4.3 when (a) Rgp <1 and (b) Rg > 1.

of 79. The corresponding vector field configuration appears in Figure 1.5 (b). The figure
suggests that any trajectory (U(t),V(t)) that starts in R2 - {0} is bounded and approaches
P. The coordinates of P satisfy bV* = U*(d; + 2m) and mU* = V*(ds + co2V*). Equation
(1.2.4) implies that RodoV* = mU* and Rgda = d2 + c2V'*. Consider the candidate Lyapunov
function
E(U,V)=3bm(V*U -U*V)? + 2bepeU*V*(2V + V*)(V - V*)?

on the set © = R2 - {0}. It is clear that £ > 0 on Q and that E = 0 if and only if
(U, V) =(U*,V*). Also, E(U,V) — o0 whenever U — oo or V' — oo. Next, we calculate

aE * * *

o = bm(VU UV
=m(bV*U - bU*V)V*
=m[(6y +2m)U*U -bU*V)V*

=mU*V*[(6; +2m)U - bV ]
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=mU*V*(-U)
aE * * * 1 *Y % *\2 1 *Y 7% * *
5 = (VU =UV)(U*) + §heanU* VAV = V) + gbealU "V (2V + V) (V = V)

— DU [m(UV = V*U) + LengV*(V = V)2 4 LoV (2V + V)(V = V)]

= WU [m(U*V = V*U) + eV V(V = V)]

=bU*[mU*V = mV*U + cuV*V? = c0(V*)?V]

= bU*[V*((sg + CQQV*)V -mV*U + C22V*V2 - 622(‘/*)2‘/]

=bU*V*[V (62 + coV') —=mU]

= U V*(-V)

It follows that

E= Z—UU + g—vv = UV (=U2) + UV (=V?2) = U V* (mU? + bV'?)

Thus, £ <0 on Q- {(U*,V*)}. As E is a strict Lyapunov function on Q, we conclude
that P(U*,V*) is LAS and that its basin of attraction includes Q. This result also implies
that every trajectory (U(t),V (t)) exists for all time. The argument that if (U(0),V(0)) is
positive, then (U(t),V (t)) remains positive for all time is the same as when Ry < 1. O

Lemma 1.4.4. Let

U=bV+a,-U(0; +2m), U(0)>0
(1.4.2)

V=mU+ay-V(6+cV), V(0)=0

with a1 >0 or as > 0.

(a) The solution (U(t),V (t)) is unique, non-negative, bounded, and exists for all time.
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(b) If (U(0),V(0)) is on ORZ, then (U(t),V (t)) immediately enters Int(R?).
(c) If (U(0),V(0)) is positive, then (U(t),V(t)) is positive for all time.

(d) There is a unique equilibrium P(U*,V*) and it is positive.

(e) U* and V* satisfy bV* + ay = U* (61 +2m) and mU* + ag = V*(dz + co2V'*).

(f) P(U*,V*) is LAS and its basin of attraction includes R2.

Proof. The right side of system (1.4.2) is a continuously differentiable function of U and V.
Therefore, a local solution exists starting from anywhere in R? and is unique so long as it
exists. We now show that every solution that starts on OR? immediately enters Int(R2).
Suppose first that a; > 0. It is clear from (1.4.2) that if U(0) = 0, then U(0) = bV (0) +a; > 0.
Thus, U(t) > 0 for small ¢ > 0. Next, if V(0) = 0, then V(0) = mU(0) + ay. If U(0) >0 or
ay > 0, then V(0) > 0 which implies that V(¢) > 0 for small ¢ > 0. However, if U(0) = 0 and
as = 0, then V(0) = 0. In this case, V(0) = mU(0) > 0. Here, we have used the fact that
V(0) =0 and V(0) = 0. Again, we obtain that V(¢) > 0 for small ¢ > 0. Suppose now that
a; = 0. Then ay > 0. If V(0) = 0, then V(0) = mU(0) +ay >0 and so V(¢) > 0 for small ¢ > 0.
If U(0) = 0, then U(0) = bV (0). If V(0) > 0, then U(0) > 0 and so U(t) > 0 for small ¢ > 0.
If V(0) = 0, then U(0) = 0 and U(0) = bV (0) > 0. Again, U(t) >0 for small ¢ > 0. Hence, in
all cases, if (U(0),V(0)) is on OR?2, then (U(t),V (t)) immediately enters Int(R?). Also, it
follows from these remarks that if (U(0),V(0)) is non-negative, then (U(t),V (t)) remains

non-negative so long as it exists.
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As was the case for system (1.4.1) in the proof of Lemma 1.4.3, system (1.4.2) forms a
planar strictly cooperative system (BU /0V >0 and BV/BU > 0) whose orbits either converge
to an equilibrium or become unbounded. Consider the nullcline curves for U and V' (in the
UV -plane),

Y ={(U,V):bV +a; =U(6 +2m)} (along which U = 0)

Yo = {(U,V):mU +as =V (0 + c22V)} (along which V = 0)
The line 7, is an increasing function of U and has a non-negative U-intercept. The parabolic
curve 7, is an increasing function of U and has one non-negative V-intercept. The assumption
ay > 0 or ay > 0 implies that v, and 7, cannot both pass through the origin. Therefore, v,
and 7, meet at a single point P(U*,V*) in Int(R2). In general, U > 0 to the left of 7y, U = 0
along 71, and U < 0 to the right of 7,. Also, V <0 to the left of 7, V = 0 along 2, and V > 0

to the right of 7,. The corresponding vector field configuration appears in Figure 1.6.

U -V vector field

T ¥,
._l

Figure 1.6: The vector field for U and V' in the proof of Lemma 1.4.4.
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The figure suggests that any trajectory (U(t),V(t)) that starts in R2 is bounded
and, therefore, approaches the equilibrium point P. The coordinates of P satisfy bV* + a; =

U*(61 +2m) and mU* + ag = V*(02 + c2V'*). Consider the candidate Lyapunov function
E(U,V) = $bm(V*U-U*V)*+3benU*V* @V AV ) (V-V*)*+3ma V(U-U*)?*+3basU* (V-V*)?

Observe that £ >0 on R2 and that £ =0 if and only if (U, V) = (U*,V*). Also, notice that

E(U,V) = oo whenever U - o0 or V — oo. Next, we calculate

E
g_U (VU - UVIV* 4+ mayV* (U - U”)
=mV* bV U - bU*V + U - a;U"]
=mV*[(BV* +ay)U = bU*V = aU*]
= mV*[U*(6; + 2m)U = bU*V = a,U*]
=mU*V*[(6; +2m)U - bV — a,]
=mU*V*(-U)
aE * * * 1 *Y % *\2
oy = (VU = UV)(-U*) + 3benU Ve (V = V)

+ Lbeo U V2V + V) (V = V) + bagU* (V = V)
S [V = mV*U + Loy VA (V = V)2 4 Loy VAV 4 V)V = V*) + 0oV — agV*]
= bU*[(mU* + az)V = (mU + a2)V* + e VH{(V - V) + 2V + V*)(V - V*)}]
= DU [V* (85 + canV*)V = (U + as)V* + eaaV*V(V = V¥)]
— DUV (8 + 2V )V = U = ag + V2 — 3V *V]

= bU*V*[(52 + CQQV)V -mU - CLQ]
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= bU*V*(-V)

It follows that

o Z—UU + g—vv = UV (=U2) + UV (=V?2) = U V* (mU? + bV'?)

Thus, F < 0 on R2 — {(U*,V*)}. As E is a strict Lyapunov function on R2, we
conclude that P(U*,V*) is LAS and that its basin of attraction includes R2. Moreover,
every trajectory (U(t),V (t)) exists for all time. It remains to show that if (U(0),V (0)) is
positive, then (U(t),V(t)) remains positive for all time. Let (U.(t),V.(t)) be the system
described in Lemma 1.4.2 with U, (¢t) = U(0) > 0 and Vi (¢) = V(0) > 0. According to Theorem
B.1 in [48], we have that U(t) > U.(t) and V(t) > V,(¢) for all time. As U,(t) and V,(t) are

positive for all time, it follows that U(t) and V' (¢) are also positive for all time. O]

Lemma 1.4.5. Let X (t) and Y (t) be functions with X = bY - X (6, +2m), X(T) >0, and
Y(T) > 0. Let U(t) and V(t) be as in (1.4.1) in Lemma 1.4.8 with U(T) = X(T) and

V(T)=Y(T).

(a) If Y <mX =Y (63 + ¢2Y) and Y (t) exists fort > T, then (X (t),Y(t)) < (U(t),V(t))

fort>T.
(b) IfY >mX - Y (82 + c22Y) and Y (1) exists for t > T, then (X(1),Y (1)) > (U(t),V(t))

fort>T.

Proof. These results follow from Theorem B.1 in [48] together with the fact that system

(1.4.1) is a cooperative system (8U/8V >0 and 8V /oU > 0). O
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1.5 Proofs of all theorems

1.5.1 Proof of Theorem 1.2.1

Let a; = 0 and ag = 0. The right side of system (1.2.1) is a continuously differentiable function
of the state variables 1, x5, and x3. Therefore, a local solution exists starting from anywhere
in R? and is unique so long as it exists. Now, we show that the non-negative x3-axis is a
forward invariant set. Let x(¢) be the unique solution of (1.2.1) that starts at (0,0, z3(0))
with 23(0) > 0 and consider the initial value problem Z = a3 — z2(d3 + c332) with z(0) = z3(0).
Lemma 1.4.1 implies that z(¢) is non-negative and exists for all time. A direct substitution
shows that (0,0, 2(t)) is a solution of (1.2.1). Therefore, x(¢) = (0,0, 2(¢)) for £ >0 and the

non-negative rs-axis is a forward invariant set.

Next, we show that if x(0) is on the boundary but not on the non-negative xs-axis,
then x(¢) immediately enters the positive cone. Suppose first that z1(0) = 0. Then x5(0) >0
and #1(0) = bx2(0) > 0. Thus, x1(¢) >0 for small ¢ > 0. Similarly, if z5(0) =0, then x1(0) >0
and 22(0) = mx1(0) > 0. In this case, x2(t) > 0 for small ¢ > 0. Finally, if z3(0) = 0, then
23(0) = max1(0) + ag. If 1(0) > 0 or ag > 0, then #3(0) > 0 which implies that z3(¢) > 0
for small ¢ > 0. However, if 21(0) = 0 and a3 = 0, then #3(0) = 0 and #3(0) = mi,(0) > 0.
Here, we have used the fact that z3(0) = 0, #3(0) = 0, and #,(0) > 0. We conclude that

x3(t) > 0 for small £ > 0. In all cases, x(¢) immediately enters the positive cone. The forward
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invariance of the non-negative x3-axis implies that if x(0) is non-negative, then x(¢) remains

non-negative so long as it exists.

Next, we show that every solution x(¢) is bounded and hence exists for all time.

Consider the comparison system from above

?)1 = b?]g - ’U1(51 + 2m), Ul(O) = .1'1(0)
U2 = muy = v2(02 + C2202), v2(0) = 22(0) (1.5.1)
’[)3 =muvy +ag— U3(53 + 0331)3), Ug(O) = 1'3(0)

and note that it is cooperative (09;/0v; > 0 when ¢ # j). Let v(t) = (v1(¢),v2(t),v5(t)).
According to Theorem B.1 in [48], we have that x(¢) < v(¢) so long as both functions exist.
We now bound v(t). Observe that the equations for v; and vy in (1.5.1) are described by
Lemma 1.4.3. Thus, vi(t) and ve(t) exist for all time and given any (x,(0),z2(0)) in R2,
there exists some M > 0 (depending on the initial condition) such that 0 < v;(¢) < M and
0 <we(t) < M for t > 0. Next, observe that —vs3(d3 + c33v3) < 03 < mM + az — v3(03 + c3303).
Also, v3 is a continuous function of v; (which is itself a continuous function of ¢) and vs.
According to Lemma 1.4.1, v3(t) exists for all time and is bounded. Based on the remarks
above, v(t) is bounded and exists for all time. Recall that 0 < x(¢) < v(¢) so long as x(t)
exists. A non-negative and bounded solution to a system of differential equations whose
domain includes the non-negative cone must exist for all time. Thus, x(t) exists for all time,
and it is bounded. Note that the upper bounds for v;(t), vo(t), and v3(t) all depend on M

(which in turn depends on the initial condition).
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It remains only to show that if x(0) is positive, then x(¢) remains positive for all
time. The argument above implies that there exists some N > 0 (depending on the initial
condition) such that 0 < z;(t) < N for ¢ =1,2,3 and ¢ > 0. Consider the comparison system

from below

ul = —U1(51 + Qm), Ul(O) = fEl(O)
g = —ug (0 + Cogig + Co3IN ), u2(0) = z2(0)
7,.L3 = —U3((53 + CgQN + Cg3u3), uS(O) = 1'3(0)

whose equations completely decouple. Let u(t) = (uq(t),uz(t),us(t)). According to Theorem
B.1 in [48], we have that x(¢) > u(t) so long as u(t) exists. Lemma 1.4.1 implies that each
u;(t) >0 for t > 0 with u;(t) - 0 as t > oo. As u(t) is positive for all time, it follows that

x(t) is also positive for all time.

1.5.2 Proof of Theorem 1.2.2

Let a; > 0 or as > 0. Again, the right side of system (1.2.1) is a continuously differentiable
function of the state variables xy, x9, and x3. Therefore, a local solution exists starting
from anywhere in R3 and is unique so long as it exists. We now show that every solution
that starts on the boundary (of the non-negative cone) immediately enters the positive cone.
Suppose first that a; > 0. It is clear from (1.2.1) that if 21(0) = 0, then 44 (0) = bx2(0)+a; > 0.
Thus, z;(t) > 0 for small ¢ > 0. Next, if 25(0) = 0, then #5(0) = ma1(0) + az. If 2,(0) >0

or as > 0, then #5(0) > 0 which implies that xo(t) > 0 for small ¢ > 0. However, if z1(0) =0

38



and ay = 0, then @5(0) = 0. In this case, #3(0) = m&1(0) > 0. Here, we have used the fact
that ©1(0) > 0 when z1(0) = 0. Again, we obtain that z5(¢) > 0 for small ¢ > 0. Finally, if
x3(0) = 0, then #3(0) = mx1(0) + a3. A similar argument to the one just used shows that

x3(t) > 0 for small ¢ > 0.

Suppose now that a; =0. Then ay > 0. If 25(0) = 0, then @5(0) = max1(0) + az > 0 and
so xo(t) > 0 for small ¢ > 0. If 21(0) = 0, then 1(0) = bx2(0). If 25(0) > 0, then £,(0) >0
and so x1(t) > 0 for small ¢ > 0. If 25(0) =0, then #1(0) =0 and %;(0) = bi5(0) > 0. Here, we
have used the fact that #5(0) >0 when z2(0) = 0. Again, z1(¢) > 0 for small ¢ > 0. Finally, if
x3(0) =0, then #3(0) = mz1(0) +ag. If £1(0) >0 or az >0, then #3(0) > 0 which implies that
x3(t) > 0 for small ¢ > 0. However, if 21(0) = 0 and a3 = 0, then #3(0) = 0 and #3(0) = mi1(0).
As argued above, #1(0) > 0. If ©,(0) > 0, then #3(0) > 0 and so z3(t) > 0 for small ¢ > 0.
However, if #1(0) = 0, then #3(0) = 0. In this case, T3(0) = m%1(0) > 0. Here, we have used
the fact that #1(0) >0 when 21(0) =0 and #,(0) = 0. We conclude that xz3(t) > 0 for small
t > 0. In all cases, if x(0) is on the boundary, then x(¢) immediately enters the positive
cone. Also, it follows from these remarks that if x(0) is non-negative, then x(¢) remains

non-negative so long as it exists.

The argument establishing that every solution x(t) is bounded and exists for all time

is the same as the one presented in the proof of Theorem 1.2.1 but with two minor differences.
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The first difference is that it involves a slightly different comparison system from above:

1.]1 Zb’U2+CL1 —01(514‘2771), Ul(O) =.T1(0)
Uy = My + ag — v2(d + Ca2v2), v2(0) = 22(0) (1.5.2)
1)3 =muv; +asz— 03(53 + 0331}3), Ug(O) = .1'3(0)

The second difference is that the equations for v; and vy in (1.5.2) are now described by
Lemma 1.4.4 (previously there were described by Lemma 1.4.3). The argument showing

that if x(0) is positive, then x(¢) remains positive for all time remains unchanged.

We conclude by showing that system (1.2.1) is strongly persistent. There exists some
N > 0 (depending on the initial condition) such that 0 < z;(¢t) < N for i =1,2,3 and ¢ > 0.
Suppose first that a; > 0. Observe that @ > a; — x1(d1 + 2m) for ¢ > 0. According to Lemma
141, 0 <wy < ligr_{glfxl(t), where w; is the unique positive solution of a; = wy(d; + 2m).
Moreover, given 0 < w; < w; there exists some 7" > 0 such that z1(¢) > w; for ¢t > T Next,
observe that &o > mw; + ag — x2(02 + Coox9 + co3N) for ¢ > T. Lemma 1.4.1 implies that
ligl_l)glf x5(t) > Wy > 0 where W, is the unique positive solution of mw; + as = wa(de + coows +
c23N). A similar argument shows that li£1_1> glf x3(t) > w3 > 0 where w; is the unique positive
solution of mw; + as = w3(d3 + c3aN + c33ws). That is, li?_l)glf z;i(t) >w; >0 for i =1,2,3. As
w; depends on N for ¢ = 2,3 and N depends on the initial condition, it follows that system

(1.2.1) is strongly persistent.

Suppose now that a; = 0 and as > 0. Here, we observe that &s > as—x2(d2+coxa+C23N)
for ¢ > 0. Lemma 1.4.1 implies that lign inf z5(t) > Y, > 0 where 7, is the unique positive

solution of ag = yo(da + cooy2 + c23N'). Moreover, given 0 < y; < ¥y, there exists some 7" >
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0 such that zy(t) > y3 for t > T. Next, observe that @ > by; — x1(d1 +2m) for ¢t > T.
According to Lemma 1.4.1, ligl glf z1(t) > 7y, > 0 where g, is the unique positive solution
of by; = y1(61 + 2m). Moreover, given 0 < y; < ¥, there exists some U > T such that
x1(t) > y; for t > U. Finally, observe that 3 > my; + as — x3(d3 + c3oN + c33x3) for t > U.
Lemma 1.4.1 implies that ligr_{ Inf x3(t) > y; > 0 where 5 is the unique positive solution of
my; +az = ys(03 + c3aN + c33y3). Again, li?_l)ionfxi(t) >7, >0 for i =1,2,3 and system (1.2.1)

is strongly persistent.

1.5.3 Proof of Theorems 1.2.3, 1.2.4, and 1.2.5

Let a; =0 and as = 0. Recall that a constant vector X = (Z1,72,73) in R? is an equilibrium

provided that it satisfies (1.2.2). In the case studied here, those equations become

bZTo =T1(01 +2m), mTy = To(02 + CooTa + €23T3), and mTy + az = T3(03 + C32To + C33T3)

(1.5.3)
First, we establish that z = (0,0, Z3) is the only boundary equilibrium, where Z3 is the unique
non-negative solution of (1.5.3). A direct substitution of z into (1.2.2) demonstrates that
Z is an equilibrium, and the uniqueness of Zz3 implies that z is the only equilibrium on the
xz-axis. For sake of contradiction, let X be a second boundary equilibrium (different from
z). Since X cannot be on the xs-axis, it must be that z; >0 or To > 0. If 7 = 0, then (1.5.3)
implies that T, = 0, a contradiction. Similarly, if To = 0 then (1.5.3) implies that 7; = 0,

again a contradiction. We conclude that z is the only boundary equilibrium.
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We now consider the existence (and possible uniqueness) of a positive equilibrium

X = (71,72, T3). Equations (1.2.4) and (1.5.3) together imply that
Ro(SQfg = mfl, RD(SQ = (52 + CQQTQ + 62353, and Ro(SQfg +asz = 53(53 + 03252 + ngfg) (154)

The first two equations imply that Z; and T, are uniquely determined by the expression
co3%3. Moreover, necessary and sufficient conditions for a positive equilibrium to exist are
that

T3 > 0 and Ro(SQ > (52 + Co3T3 (155)

If Ry < 1, then the second condition in (1.5.5) cannot be met. In this case, X does not exist.
Suppose now (and for the remainder of the argument) that Rg > 1. If co3 > 0 then (1.2.5)
implies that the necessary and sufficient conditions in (1.5.5) for a positive equilibrium to
exist are equivalent to

0<T3<k” (1.5.6)

If co3 = 0, then the second condition in (1.5.5) is always met. If we make the convention
that k* = oo in this case, then (1.5.6) again forms the necessary and sufficient conditions for
a positive equilibrium to exist. We seek now to discover exactly when (1.5.6) occurs. The

second and third equations of (1.5.4) together imply that T3 must satisfy
Ro82 2= (Rodz — 0y — CosT3) + a3 = Ts[ 03 + S2(Roba — 02 — Co3T3) + €373

Rearrangement produces a quadratic equation in T3

(622033 - 023032)f§ + [02253 + co3Ro02 + C32(R0 - 1)52]53 - R052(30 - 1)52 = C2203
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Notice that the right side is a non-negative constant. Our aim is to find all solutions of
q)(fg) = C9203 with 0< T3 < k* (157)
where

(I)(é) = (022633 - 623632)52 + [62253 + 023R052 + CgQ(RO — 1)(52]6 - R052(R0 — 1)(52 (158)

Observe from (1.2.4) and (1.5.8) that ® does not depend on ag, and that the expressions
2203+ C23R002+¢32(Ro—1)d2 and Roda(Rg—1)ds are both positive. Thus, ®(0) < 0 and ¥/(0) >
0. If co3 = 0, then ® is concave upward, which implies that (1.5.7) has a unique solution T3
(recall that in this case k* = o0). It follows, then, that a unique positive equilibrium X exists.
Suppose now (and for the remainder of the argument) that ce3 > 0. Equations (1.2.5) and

(1.5.8) imply that

D(k*) = (cogcsz — ca3c32) (K*)? + [Ca203 + cozRoda + c32(Ro — 1)d2]k* = Roda(Ro — 1)
= (022033 - 023032)(]?*)2 + (02253 + co3Ro0o + 02303215*)]?* — co3Rp02k™
= 622((53 + 633]{7*)]{3*

*
= ngag

If cooc33 > cogesn (i€, 32 < %), then @ is concave upward (or possibly linear) and therefore
increasing on [0, k*]. Thus, if a3 < aj, then (1.5.7) has a unique solution and if az > a3, then it
has no solution. The first inequality allows for a single positive equilibrium X, and the second

one does not. Suppose now (and for the remainder of the argument) that coocss < cogess (ive.,
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C39 > %) Then @ is concave downward and attains its maximum at the positive number

_ 022(53 + 023R0(52 + C32(R0 - 1)52

2(ca3C32 — C22C33)

é‘*
Observe from (1.2.5) that c3, > <283 If ¢35 < c3,, then

2c99C33 €203 + Ca3R002
C23 (Ro - 1)52

C32 <

— 023032(R0 - 1)52 < 2622633(R0 - 1)52 + 623(62253 + C23R052)

= 2(023032 - 022033)(R0 - 1)52 < 023[02253 + co3Ro02 + 032(R0 - 1)52]

(Ro - 1)52 < 02253 + CQgRQ(SQ + ng(Ro - 1)52

Co3 2(c3C32 — C22C33)

_— k*gf*

Again, @ is increasing on [0,k*]. As before, if a3 < aj, then (1.5.7) has a unique solution
and if a3 > a3, then it has no solution. Again, the first inequality allows for a single positive
equilibrium X, and the second one does not. The final case to consider is c3s > cj,. Reversing
the inequalities in the argument above shows that 0 < £* < k*. Recalling that & is a quadratic

polynomial, its maximum value can be computed to be (using the vertex formula)

[022(53 + CQSRO(SZ + ng(Ro - 1)52]2

4(co3C32 — C22C33)

D(E7) = - Rpda(Ro — 1)dg = c0a3”

In the last step, we used (1.2.6). Recalling that ®(k*) = co0aj, it must be that aj* > aj.
Based on the remarks above, if as < aj, then (1.5.7) has a unique solution, if a} < a3 < a3*,
then it has two solutions (whose midpoint is £*), if ag = aj*, then it has a unique solution,
and if az > a3*, then it has no solution. The first and third cases allow for a single positive

equilibrium X, the second case produces two positive equilibrium points X = (71, T2, T3) and
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Y = (¥, Yo, 73) With 0 < T3 < £* <75 < k*, and the final case results in no positive equilibrium

points.

1.5.4 Proof of Theorem 1.2.6

Let a; > 0 or as > 0. Recall that a constant vector X = (T1,%2,73) in R? is an equilibrium
provided that it satisfies (1.2.2). First we establish that an equilibrium cannot reside on the
boundary. Let X = (Z1, T2, T3) be any equilibrium, and suppose first that a; > 0. If 7; = 0,
then bZy + ay = 0, which is a contradiction. Therefore, Ty > 0. If Ty = 0, then mz; + a5 =0 (a
contradiction) and if T3 = 0, then mZ; + a3 = 0 (also a contradiction). It follows that X must
be positive. Suppose now that a; = 0 and ay > 0. If 5 = 0, then mz; +as = 0, a contradiction.
Thus, Ty > 0. Next, if 71 = 0 Then bTy = 0, another contradiction. So x; > 0. Finally, if
T3 = 0, then mT; + a3 = 0 (a contradiction). Again, we conclude that X must be positive.

That is, there cannot be a boundary equilibrium.

We now establish the existence of at least one positive equilibrium X. The nullcline

surfaces for system (1.2.1) are

Iy ={xeR3:bxy+ay =x1(01 +2m)} (along which #; = 0)
[y ={xeR3 :mxy +ay =x2(da + Cooa + Co373) } (along which &5 = 0)
Fg = {X € R% tmxi +as = I3(53 + C329 + C33.§L’3)} (along which .’jﬂ'3 = 0)

Notice that I'; describes a plane. It is useful to let 77 and y2(k) be the intersections,

respectively, of I'; and I'y with the plane x3 = k for £ > 0. The line ; (which is independent
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7 — 72 plots

X2 X3
A Y1 f
y5(0)
Yz(k>
Q)
0+ X 0 | X,
0 0

(@ (b)

Figure 1.7: (a) The line v; and the curve v2(k) in the plane z3 = k. (b) The curve v3(¢) in the

plane xo = /.

of k) is an increasing function of z; and has a non-negative zi-intercept. The curve yo(k),
which satisfies

mx,+ag = Iz(dz + Coo9 + ngk) (159)

is described by a parabola that opens in the positive x;-direction and has a non-negative
xo-intercept. The assumption a; > 0 or as > 0 implies that 77 and 2(k) cannot both pass
through the origin. It follows that v; and 2(k) meet at a single point Q(k) in Int(R?)
for each k& > 0. See Figure 1.7(a). Observe from (1.5.9) that, for a fixed value of x; > 0,
an increase in k has no effect on x9 when c93 = 0 and it results in a decrease in xy when
co3 > 0. It follows that Q(k) either remains fixed as k increases (when co3 = 0) or it moves
“southwest” along v; as k increases (when co3 > 0). Let  be the smallest rectangle in the

x1x9-plane whose diagonal includes {Q(k) : k > 0}. The related set {(Q(k),k) : k > 0} defines
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a continuous parametric curve q(k) residing on a subset of I';. Its tangent vector at every k
has the form (uq,us,1) with u; <0 and uy < 0. We claim that the surface I's intersects q(k)
at some k > 0. Let 73(¢) be the intersection of I's with the plane x5 = ¢ for £ > 0. The curve
v3(¢), which satisfies

mxq+asz= ZE3(53 + 632£ + 0331'3)

is described by a parabola that opens in the positive x;-direction and has a non-negative
xg-intercept. See Figure 1.7 (b). For a fixed value of z; > 0, an increase in ¢ has no effect
on r3 when c3; = 0 and it results in a decrease in x3 when c3; > 0. The union of these
parabolic curves «3(¢) forms the surface I's. The portion of the surface I's that overlies the
compact set ) attains its maximum in the z3-direction. However, the parametric curve q(k)
is unbounded in the x3-direction. It follows from these geometric considerations that there
exists at least one point of intersection between I's and (k). This point occurs when k > 0
and corresponds to a positive equilibrium point X. Notice that if cy3 = 0, then q(k) describes
a vertical line emanating from the x;xo-plane. In this case, the surface I's intersects q(k)

exactly once. That is, there is a unique positive equilibrium point X.

Next, we establish an upper limit on the number of positive equilibrium points. Based
on the remarks above, we may restrict attention to the case cp3 > 0. The first equation in

(1.2.2) implies that

_ bfg + aq

= 1.5.10
= (51 +2m ( )
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Thus, Z; is uniquely determined by Z». Equation (1.5.10) and the second equation in (1.2.2)

together imply that

bfg + a1

. + a9 = 52(52 + CQQEZ + 02353)
51 +2m

It is useful to rearrange this equation to get

b
{02252 + Co3T3 — 3 _:Zm + 52}@ __am as (1.5.11)
1

Treating T3 as a fixed constant, the left side of (1.5.11) is a quadratic polynomial in Ty whose
graph is concave upward and passes through the origin. Since the right side of (1.5.11) is a
positive constant, there is one positive solution Z,. Based on these remarks, a necessary and
sufficient condition for a positive equilibrium X to exist is that 3 > 0. We seek now a single

equation for Z3. Equation (1.5.10) and the third equation in (1.2.2) together imply that

bm
01 +2m

aim
01 +2m

bfg + aq
01 +2m

+asg = 53(534-03252-1—03353) > { —03253}52 = 53(534*03353)— —Aas

Equation (1.5.11) implies that

61+2m

+4 Co3T3 — b +9 bm — 323 p{ T3(03 + C33T3) — am__,
283 = 5o Y02 gy, T Carta ) Bal0s ¥ CanTy) — oo s

= aum +a bm — €327 2
- 51+2m 2 51+2m 23

This fourth degree polynomial equation in T3 has at most four positive solutions and each

2
— _ aym
022{333((53 + C33$3) - - a3}

such solution corresponds to a positive equilibrium X.
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1.5.5 Proof of Theorem 1.2.7

Let a; =0 and ay = 0. In general, the Jacobian matrix for system (1.2.1) at an equilibrium

X has the form

-01 —2m b 0
J(X) = m —52 - 2622f2 — 02353 —ngfg
m —C32T3 —03 — C32T2 — 23373

At z = (0,0,%3) this becomes

-01 —2m b 0
J(Z) = m —52 - 02323 0
m —C3273  —03 — 2¢3323

Because of its block triangular form, the eigenvalues of J(z) are those of the blocks

-0 —2m b
A= and B = l_53 — 203333] (1.5.12)
m —(52 - 02323
Notice that the matrix B is always a stable matrix (its spectral bound is negative). Therefore,
J(z) is a stable matrix if and only if A is a stable matrix. It is well known that this occurs if

and only if tr (A) < 0 and det(A) > 0 [49]. Next, observe that tr (A) = =0, —2m—0d2— 2323 < 0

and det(A) = (01 + 2m) (02 + co3Z3) — bm. We consider various cases:

1. If Ry < 1, then det(A) > (07 +2m)dy —bm >0 by (1.2.4). In this case, Z is LAS.

2. If Ry > 1 and ¢o3 = 0, then det(A) = (61 + 2m)dy —bm < 0 by (1.2.4). In this case, 7 is

unstable.

49



3. Let Rg > 1, ¢35 >0, and a3 < aj. It follows from (1.2.3), (1.2.4), and (1.2.5), that

det(A) < (61 +2m) (g + cazk™) —bm
= (01 +2m)[dy + (Ro— 1)da] — bm
= (01 +2m)Rpdy — bm
=bm —bm

=0

In this case, z is unstable.

4. Let Ro > 1, cp3 > 0, and a3 > a3. Then an argument similar to the previous one shows

that det(A) > 0. In this case, z is LAS.

Linear stability analysis is inconclusive in the two remaining borderline cases: (i) Ro = 1 and

(11) Rg > 1, Cog > 07 and as = ag.

1.5.6 Proof of Theorem 1.2.8

Let a; = 0 and ay = 0. Let X = (T1,T9,T3) be any positive equilibrium point. In view of

Theorem 1.2.3, we may assume that Rg > 1. The Jacobian matrix for system (1.2.1) at X is

—(51 -2m b 0
‘](X) = m —(52 - 20221’2 — C23T3 —C93T2
m —C3273 —03 — C323 — 23373
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For the sake of clarity, we have dropped the overline notation for the coordinates of x. Also,

we recall the relations (1.5.4) that were obtained in an earlier proof:
Ro(SQZL‘Q =mxy, R052 = 52 + CooX9 + C23T3, and R0525E2 +as = ZL’3(53 +C39%9 +6335L‘3) (1513)

Apart from sign, the characteristic polynomial for J(X) has the form p;(X) = A3+ AA2+BA+C.
The positive equilibrium X is stable provided that the Routh-Hurwitz conditions are satisfied:

A, B,C >0 and AB > C. We calculate

A = —(JH + J22 + J33)
= ((51 + 2m) + ((52 + 202233'2 + C233§'3) + ((53 + C3229 + 20331'3)

>0

B = (Ji1J2s — Ji2Jo1) + (J11J33 — J13J31) + (JaaJ33 — JozJ32)
= { (01 +2m) (02 + 2200 + Co3x3) — bm } + { (61 + 2m) (03 + 3212 + 2c3373) — 0}
+ {(52 + 2009%9 + C23w3) (03 + C32X9 + 2C33T3) — Ca3a - 032:63}
= (01 +2m)(Rod2 + coox2) — (01 + 2m)Roda + (01 + 2m) (93 + 300 + 2¢3313)
+ (02 + 2C909 + C2373) (03 + €302 + 2¢33%3) — C23C32T2T3 (by (1.2.4) and (1.5.13))
= (01 +2m) (03 + CooTo + C32T9 + 2¢3373)
+ (09 + 20909 (03 + 2¢33%3) + Co3w3(03 + 2¢333) + C3022(02 + 2Co2%2)

>0
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C = ~J11(JaaJ33 = JazJ32) + J1o(Jo1J33 = J31J23) = Ji3(Ja1 32 — J31Jo2)
= (61 + 2m){(52 + 2C99%9 + C23w3) (03 + C32T9 + 2C3373) — Caza - 032:v3}
+ bm{ — 03 — C39%9 — 2C33%3 + 0231’2}
= (01 + 2m){(52 + 20999 + Co33) (03 + C32%9 + 2C33%3) — C23C32T2 T3
+ %(—53 — 322 — 20333 + 023902)}
= (61 +2m){ (82 + 2005 + Coza3 — F—) (83 + 329 + 2C3323) — C23C32ToT3 + 51{1%023562}
= (01 + 2m){(RO§2 + 299 — Ro02) (03 + 322 + 2¢333) — Co3C32T2X3 + R052023£C2}
(by (1.2.4), (1.5.13))
= (01 + 2m){022x2(53 + (399 + 2C333) — C23C32T2 X3 + R052023$2}
= (01 + 2m)x2{cg2(53 + C32%9 + 2C333) — C23C32%3 + R052623}
= (01 + 2m)x2{022(63 + 203313) + C23R002 + C32C0079 — cggcggxg}
= (61 + 2m):1:2{022(53 + 2¢33%3) + Co3R002 + c32(Roda — 02 — coz3) — 023032.7:3} (by (1.5.13))
= (6 + Qm)x2{02253 + c23Rp02 + c32(Ro — 1) 09 + 2(co2c33 — 023032)963}
The sign of C' will be found below. Omitting terms (some positive and some non-negative),

we have

AB = {(51 + 2m) + }{ + (52 + 26221‘2)(53 + 2633$3) + 623113(53 + 26331‘3) + 632x2(52 + 2022$2)}
> (61 + 2m){(52 + 20221’2)(53 + 2033{E3) + 0231‘3(53 + 26331’3) + 032.172(52 + QCQQIQ)}
> ((51 + 2m){02253x2 + C23.T3((53 + 0331’3) + 032132(52 + 0221’2) + 20226331’21‘3}

= ((51 + 2m){02253x2 + 6231‘3(63 + C3229 + 033.1’3) + 632372((52 + CooXo + 623373)
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+2(caC33 — 023032)552903}
> (01 + Qm){02253332 + c23R00020 + c3202R02 + 2(Cooc33 — 023032)332;153} (by (1.5.13))
= (01 + 2m)x2{02253 + c23R02 + c32Rpd2 + 2(cooc3s — 023032)m3}
> (01 + 2m)x2{022(53 + c93Ro02 + c32(Ro — 1) + 2(cancas — 023032)x3}

=C

The Routh-Hurwitz conditions are satisfied whenever C' > 0. Recall from Theorems 1.2.3,
1.2.4, and 1.2.5 that X exists in these cases: (i) co3 =0, (ii) co3 > 0, 32 < ¢35, and a3 < a3, and

(i) co3 > 0, €32 > ¢y, and a3 < a3*. We examine each case separately.
1. If c93 = 0, then there is one positive equilibrium X (see Theorem 1.2.3). Also,
C=(01+ 2m)x2{022(53 + 23R + c32(Ro — 1)d2 + 2c22033x3} >0
In this case, X is LAS.

2. If 93>0, ¢33 < 35, and ag < aj, then there is one positive equilibrium X (see Theorem

1.2.4). Observe from (1.2.5) that 0 < €298 < ¢, If ¢39 < 2292 then
c23 32 C23

C > (51 + 2m):1:2{02253 + 623R052 + CgQ(RO - 1)52} >0

In this case, X is LAS. Suppose now that ¢sp > 2222, Recall from the proof of Theorem

1.2.4 that z3 < k* <£*. Equation (1.2.6) implies that

C = (51 + 2m)x2{02253 + CQ3R052 + CgQ(RO - 1)52 + 2(022033 - 023032)1’3}
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= (01 + 2m)x2{2(023032 — Coa33)§" — 2(ca3ca2 — 022033)5U3}
= 2(61 +2m)wa(casesn — cazes3) (£ — x3)

>0
Again, X is LAS.

3. Finally, let co3 > 0, ¢32 > ¢, and ag < a3* (linear stability analysis is inconclusive in
the borderline case ag = a3*). Then cso > % If a3 < aj then there is one positive
equilibrium X = (21, x9,23) and x3 < £* (see Theorem 1.2.5). The second argument
in the previous case applies to this situation and so X is LAS. Suppose now that
a;j < az < aj*. Then there are two positive equilibrium points X = (21,22, 73) and
Y = (y1,%2,y3) and they satisfy x5 < £* < y3 (see Theorem 1.2.5). The equilibrium X
is stable (the argument is the same as when a3 < a3). The equilibrium y is not stable

(C' <0 in this case).

1.5.7 Proof of Theorem 1.2.9

Let a; >0 or ay > 0. Let X = (T1,T2,%3) be any positive equilibrium point. The Jacobian

matrix for system (1.2.1) at X is

—(51 -2m b 0
‘](X) = m —(52 - 20221’2 — C23T3 —C93T2
m —C3273 —03 — C323 — 23373
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Again, we drop the overline notation for the coordinates of X. As in the proof of Theorem
1.2.8, the characteristic polynomial for J(X) has the form p;(X) = A3+ AN+ BA+ C and X

is stable if and only if A, B,C' >0 and AB > C'. We calculate

A = —(JH + J22 + J33)
= ((51 + 2m) + ((52 + 20221'2 + 0231'3) + ((53 + C39X9 + 20331)3)

>0

B = (JuiJoz = Ji2Jo1) + (JinJss = JizJs1) + (o233 — JasJ32)
= {(51 +2m)(0g + 2¢o%9 + Co3x3) — bm} + {(51 +2m) (03 + C30%9 + 2¢3373) — 0}
+ {((52 + 2C09%9 + C23w3) (03 + C32X9 + 2C333) — Caza - ngxg}
= bx;%(%:“? + Coa%2) —bm + (61 +2m) (03 + 3222 + 2¢3373)
+ (02 + 2C909 + C2373) (03 + €302 + 2¢33%3) — C23C32T2T3 (by (1.2.2))
= D292 4 cpymy) + B (I 4 copy) + (01 + 2m) (0 + 3oy + 2333)
+ (09 + 20909 (03 + 2¢3373) + Co3w3(03 + 2¢333) + C3022(d2 + 2Co2%2)

>0

C= _Jll(J22=]33 - J23J32) + J12(J21J33 - J31=]23) - J13(J21J32 - J31J22)

= (51 + 2m){((52 + 2022&72 + 023.1'3)(53 + C39%9 + 26331’3) — C93X9 * 03233'3}

+ bm(—53 — C32X9 — 20331’3 + 0231‘2)
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= ((51 + 2m){(52 + 2022%2 + 02333'3)((53 + C39X9 + 20331’3) — (C23C3272X3

61+2m (03 + C30%9 + 2¢3373 — 023932)}
= (61 +2m){ (82 + 2205 + Coz3 — 6111—"2‘”1)(53 + 399 + 2C3313) + 51[:_—7ng231'2 — C23C3TaT3)
The sign of C' will be found below. Omitting terms (some positive and some non-negative)
yields
AB = {(51 +2m) + (02 + 2Co09 + Co3x3) + }{ + (01 +2m) (03 + 300 + 2¢3373)
+ o33 (03 + 2¢33w3) + }
> (09 + 20909 + Co33) (01 + 2m) (93 + 3022 + 2¢3323) + (01 + 2m) o33 (03 + 2¢3323)
> (01 + 2m){(52 + 209T9 + C23w3) (03 + C32X9 + 2¢33w3) + Cazws3(d3 + 033333)}
= (01 + 2m){((52 + 2009%9 + C23w3) (03 + C32X9 + 2¢3313) + Cozw3(03 + C3020 + C3373)
- 023032552333}
= (01 + 2m){(52 + 2C99T9 + o33 ) (03 + C30T9 + 2¢33w3) + coz(mxy + ag) — 023032x2x3}
(by (1.2.2))

2 (51 + 2m){(52 + 2¢99T9 + C23$3)(53 + C32X2 + 2033333) + Co3MIxy — 02363233'2.1'3}

> ((51 + Qm){ 52 + 2CQQ$2 + 0231'3)((53 + C39%9 + 2033333) + Co3MT1 — 0236321'2273}

bx2+a1

= (51 + 2m){(52 + 20221’2 + 6231‘3)(53 + C39%9 + 2633373) + b};zlf;l Co3To — 6236321’21'3}
= (51 + 2m){(52 + 20221'2 + 0231’3)(53 + C390%9 + 2633[E3) + %0231‘2 - 023032.1721‘3}
> ((51 + 2m){(52 + 2C90T9 + Co3x3 — §1+2m)(53 + C32029 + 2C33.T3) + %CQ;}LEQ - CQgCgQ(L’QZEg}

-C
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The Routh-Hurwitz conditions are satisfied whenever C > 0. Recall from Theorem 1.2.6 that

X always exists. Observe that

bm bm
C= (51 + 2m){((52 + 2C22$2 + Co3x3 — 61+2m)(63 + C32T9 + 2C33.T3) + 51+2mC23132 - C23032x2133}

= (51 + 2m){(%;“2 + Coolo — bx2+a1 )(53 + C32%9 + 2033.1'3) — C23C32X9X3 + 51+2m023x2}
(by (1.2.2))

= (51 + Qm){(%;@ - l)b;:—fall)((si)* + C390%9 + 2033$3) + 022.%'2((53 + C39X9 + 0331'3)

bm
* 5ramC23T2 (co2cs3 — 623032)5521’3}

= (51 + Zm){(ble - bb;:—f;l + ;—z ((53 + C32X2 + 2C33$3) + 622513'2(53 + 632.1'2)

b

m
* 5ramC2sT2 (2co2c33 — 023032)332333}

= (51 + Qm){(% + Z—;)(ég + C39%9 + 2033$3) + 022372((53 + 0321'2)

bm
+ 5 Ca3ta + (2022033 — 023032)$2$3}

If (i) co3 =0 or (ii) co3 > 0 and ¢35 < QCizs‘f“, then C' > 0. In these cases X is LAS. Suppose now

that c3p > %iz% Then

C = (51 + 2m){(M + == (63 + C3229 + 20331’3) + 622513'2(53 + 6321'2) + C23T2

2 (bxro+ar) 61+2m

+ (2co2c33 — 023032)5U2373}

_ az(bra+ar)+armey bmaxy
= (51 + Qm){ 22 (bzatar) (53 + C32T9 + 26331’3) + CQQ$2(53 + 032372) + bog+al Co3T9

+ (2c2€33 — 023032)$2$3}

_ bagre+ai (mzi+az) mzl+a3 maxi+as bmzy
= ((51 + 2m){ 22 (bwotar) ( + 6331'3) + CooT9 * T + bagtay Co3%9

+ (Ca2c33 — 023032)$2$3}
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_ bagzo+ai (mzi+a2) f mai+as mxi+as T3 bmx1
- (51 + Zm){ z2(bra+ai) ( x3 + 0331‘3) + z3 (022x2 + mzi+as  bra+ai CQS:CQ)

+ (C22€33 — 023032)3325U3}

aq mxi+as bmxq

> (01 + 2m){— PR 399 + C3202 * (i heaas * CosTa) + (CozCaz — 023032)$2$3}

bro+aq T2 mxi+asz bro+ai

T2 bmax1

ai
> (01 + Qm){bmml " C23%3 - C32X2 + C32T2 (mmlm3 " bagtar Ca33) + (CoaC33 — 023032)$2$3}

_ a1 o L bmaxy }
= ((51 + 2m){(bx2+a1 + mar+as | brgtas 1)6230321’2ZL’3 + C92C33L2T3

— a1 bro  _mzi  _ brotay }
- (51 + zm){(bx2+a1 + bro+ar mzi+az  bre+ar )623632 + C22C33§ ToT3

_ bro mry bro
N (51 + Qm){(bx2+a1 "mzi+az | brzatar )623032 + 622033}332373

_ bz maxi
- (51 + 2m){b:c2+a1 (m:c1+a3 - 1)023632 + 622033}3:2333

bx a
- (51 + Qm){ bm2+2a1 ( N mx;:—a:), )023032 + ngng}l’QIg

If ag =0 or a3z > 0 and is sufficiently small, then C > 0.

1.5.8 Proof of Theorem 1.2.10

Let a; = 0 and ay = 0. We first show that the basin of attraction for z = (0,0, Z3) includes

the non-negative xz-axis. Let x(t) = (z1(t),x2(t),x3(t)) be a solution of (1.2.1) that starts

on the zz-axis. Theorem 1.2.1 implies that x(¢) remains on the zs-axis for ¢ > 0. Hence,

&3 = ag — x3(03 + c3gxg) for ¢ > 0. Lemma 1.4.1 and equation (1.2.3) together imply that

x3(t) > Z3 as t > oo. Thus, x(t) - z as t - oo. That is, the basin of attraction for z includes

the non-negative xs-axis.
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Next, we show that system (1.2.1) is point dissipative, that is, there exists a compact
subset £ of R? with the property that if x(¢) = (21(t),z2(¢),23(t)) is a solution of (1.2.1)
with x(0) > 0, then x(t) € £ for ¢ sufficiently large. The argument above shows that if x(0)
starts on the non-negative xz-axis, then x(t) -z as t - co. Also, Theorem 1.2.1 states that
if x(0) is on the boundary but not on the z3-axis then x(¢) immediately enters the positive
cone. Thus, we may restrict attention to solutions x(¢) that start inside the positive cone.
Recall from the proof of Theorem 1.2.1 that x(t) is dominated from above by the solution

v(t) = (v1(t),v2(t),v3(t)) of the comparison system

’l.}l = bUg - 01(51 + 2m), Ul(O) = .1'1(0)
?)2 =muvy — ’U2(52 + C22’U2), 1}2(0) = ;L'Q(O) (1514)
U3 = muy + ag — v3(J3 + Cc33v3), v3(0) = x3(0)

That is, 0 < x(t) < v(t) for £ > 0 (it was also established that v(¢) exists for all time). It
suffices to show that the comparison system (1.5.14) has an equilibrium v in R? that attracts
all solutions that start in the positive cone. The result that (1.2.1) is point dissipative will
then follow by taking £ to be the box having one corner at the origin and another corner
at (M, M, M) with M > |z||. and M > |V|.. Suppose first that Rg < 1. Lemma 1.4.3
implies that every trajectory (vi(t),v2(t)) approaches (0,0) as t - oco. We now consider
v3(t). Given a small € > 0 there exists 7' > 0 such that 0 < v1(t) < € and 0 < vy(t) < € for
t > T. Therefore, az — v3(d3 + c33v3) < V3 < me + ag — v3(d3 + cg3v3) for t > T. Also, 03 is a
continuous function of vy (which is itself a continuous function of t) and vs. Lemma 1.4.1

implies that @ < liminfvs(¢) < limsupwvs(t) < W where @ and @ are the unique nonnegative

t—o00 t—o0
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numbers such that az = w(d3+c33u) and me+az = wW(d3+c33w). Since € is arbitrary, it must be
that u < lign inf vg(t) < limsupws(t) <w. That is, v3(t) > U as t - oo. Letting v = (v1,09, 1),
—> 00 t—o00

it follows from the remarks above that v(t) — ¥V as t - oo whenever x(0) is in Int(R3).

Suppose now that Rg > 1. Lemma 1.4.3 implies that every trajectory (vi(t),va(t))
approaches P(71,72) as t — oo where 77 > 0 and vy > 0 satisfy RodoUs = mv; and Rgde =
Jo + C29U. It remains to determine the behavior of v3(t). Given a small € > 0 there exists
T > 0 such that 77 —€ < v1(t) < Ty +€ and Ty — € < vo(t) < Uy + € for t > T. Therefore,
m(v1 — €) + az — v3(03 + c33v3) < V3 < m(Ty + €) + ag — v3(d3 + ca3v3) for t > T. Also, 03 is a
continuous function of vy (which is itself a continuous function of ¢) and vs. Lemma 1.4.1
implies that u < 1i£1_1) (ix)nf v3(t) < lirtri sup v3(t) < w where u and W are the unique positive
numbers such that m(v; — €) + ag = w(d3 + cg3u) and m(v; + €) + ag = W(J3 + c33w). Since
€ is arbitrary, it must be that 75 < h?_l) ionf v3(t) < limsupws(t) < U3 where 73 is the unique

t—o0

positive number such that mv; + ag = U3(J3 + c3303). That is, v3(t) - U3 as t - oo. Letting

V = (U1,03,03), it follows from the remarks above that v(t) -V as t - co whenever x(0) is

in Int(R?). This completes the argument that system (1.2.1) is point dissipative.

In some cases, we can ascertain the basin of attraction for an equilibrium. We treat

those cases separately.

Case 1. Let Ry < 1. We will show that z = (0,0,%3) is a global attractor (its basin of

attraction is R?). Recall from the argument above that the basin of attraction for z includes

the xz-axis, and that if x(0) is somewhere else on the boundary, then x(¢) immediately
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enters the positive cone. Thus, we may restrict attention to solutions x(t) that start inside
the positive cone. Recall from the argument above that x(¢) is dominated from above by the
solution v(t) = (v1(t),v2(t),v3(t)) of the comparison system (1.5.14). That is, 0 < x(¢) < v(¢)
for ¢ > 0. Again, Lemma 1.4.3 implies that v,(¢) - 0 and vy(t) = 0 as t - oo, and therefore
x1(t) - 0 and x9(t) - 0 as t > oco. We now show that z3(t) - Z3 as t - oo. Given
€ > 0 there exists T" > 0 such that 0 < z1(f) < € and 0 < x9(t) < € for t > T. Therefore,
az — x3(03 + C30€ + c3373) < I3 < me + ag — x3(3 + c33x3) for t > T. Also, &3 is a continuous
function of z; and xo (which are both itself a continuous function of ¢) and z3. According
to Lemma 1.4.1, u < li?_l)glf z3(t) < lirtliilp x3(t) < w where u is the unique non-negative
number such that az = u(d3 + c32€ + c33u) and w is the unique non-negative number such that
me+ag = W(03+c33w). However, € is arbitrary, so in fact z3 < h?_l)glf x3(t) < hniillp x3(t) < Z3.
Here, we use the fact that the limiting equations for w and w as € - 0 coincide with the
equation for Z3 in (1.2.3). Thus, x3(t) > Zz3 as t - co. It follows from these considerations

that x(t) — z as t - oo for all non-negative initial conditions. That is, Z is a global attractor.

This result and Theorem 1.2.7 together imply that z is GAS when Ry < 1.

Case 2. Let Ry >1 and cy93 = 0. Recall from Theorem 1.2.3 that there is a unique positive
equilibrium X = (71, T2, T3) whose coordinates satisfy (1.2.2). We will show that the basin of
attraction for X is R3 minus the xz-axis. As before, if x(0) is on the boundary but not on
the z3-axis, then x(¢) immediately enters the positive cone. Thus, we may restrict attention

to solutions x(¢) that start in Int(R3). As co3 = 0, the first two equations in system (1.2.1)
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decouple from the third, and so we may consider them in isolation

1 = bry — x1(81 +2m), 21(0) >0

To =mxy — x2(dg + Coola), x2(0) >0
Lemma 1.4.3 implies that every trajectory (x1(t),xz2(t)) approaches P(Z1,75) ast - co. That
is, x1(t) > T1 and x9(t) - Ty as t > oo. We now show that z3(t) - T3 as t > oco. Given € >0
there exists T' > 0 such that Z1—€ < x1(t) < Ty +€ and To—€ < 29(t) < To+e€ for t > T. Therefore,
m(Ty — €) + az — 3{03 + c32(Ta + €) + c3323} < T3 <M(T1 +€) + ag — x3{03 + c32(T2 — €) + c3373}
for t > T. Lemma 1.4.1 implies that u < ligriionfx3(t) < lirtrliilpxg(t) < w where w and w
are the unique positive numbers such that m(x; — €) + ag = u{d3 + c32(T2 + €) + c33u} and
m(ZTy + €) + ag = W{d3 + c32(T2 — €) + c33w}. However, € is arbitrary, so it must be that
Ty < ligglf x3(t) < hlﬁ,illp x3(t) < T3. Here, we use the fact that the limiting equations for
u and W as € - 0 coincide with the equation for Z3 in (1.2.2). Thus, x3(t) - T3 as t - oo.
It follows from these considerations that x(¢) — X as t - oo, That is, the basin of attraction

for X is R3 minus the xz-axis. This result and Theorem 1.2.8 together imply that X is GAS

relative to R? minus the zs-axis.

Case 3. Let Ry > 1, co3 >0, and a3 < a§ where a§ satisfies (1.2.8). Here, we assume that
a3 > 0 (this will always be the case when ¢y, is sufficiently large or co3 is sufficiently small).

Equations (1.2.5) and (1.2.8) together imply that

as =

(RO - 1)52 {53 + 033(R0 - ].)(52} _ Roég(RO — 1)(52

Ca3 C23 C22

Roda(Ro —1)d2

C22

= k*((gg + 03315*) -
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B R052(R0 - 1)52

C22

*

= U3

Therefore, a3 < a3 < aj. Theorem 1.2.4 implies that there is a unique positive equilibrium
X = (71,72, T3). We will show that the basin of attraction for X is R? minus the zs-axis. As
before, if x(0) is on the boundary but not on the zs-axis, then x(¢) immediately enters the
positive cone. Thus, we may restrict attention to solutions x(¢) that start in Int(R3). Fix
such a solution x(t). As mentioned earlier, x(¢) is dominated from above by the solution
v(t) = (v1(t),ve(t),v3(t)) of the comparison system (1.5.14). That is, 0 < x(¢t) < v(¢t) for
t > 0. In addition, it was shown that v(¢) approaches a positive vector v. Let x, be the vector
in R3 whose ith coordinate is h?_l} glf x;(t) for 1 =1,2,3 and let x* be the vector in R? whose
ith coordinate is limsup x;(t) for i = 1,2,3. The remarks above imply that 0 < x, < x* < V.

t—o0

Our goal is to construct sequences {u/}?2; and {w/}%, in R} such that

.0l <« 2Kk <K+ <KX K <KW wl «wl «v
2. w<x, <x*<wlfor j>1

3. W >Xand w/ > X as j —» oo

It will, then, follow that x, = x* =X. That is, x(¢) - X as t — co. Recall that the coordinates

of Vv = (U1, U2, 73) satisty
Roégﬁg =mu, R,O(SQ = (52 + C9009, and Roég@g +as = 53(53 + 63353) (1515)
Also, it follows from (1.2.2) and (1.2.4) that

Roégfz =My, R052 = 52 +Co0To + 62353, and Roégfg +as = 53(53 +C30To + 63353) (1516)
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In view of (1.5.15) and the fact that X is positive, it must be that
0<zy < Uy, 0<52<52, and 0<T3<v3 (1517)
Hence, 0 << X << V. Recall also that

R052(RO - 1)52 o R052(R0 - 1)(52
+a q —>

+ a3 < (l;
C22 C22

It follows from this result and the second equation in (1.5.15) that Rodavs + ag < aj. We
obtain from the third equations each in (1.2.5) and (1.5.15) that v3 < k*. This fact, together
with the relation Rgdy = d3 + co3k* (obtained from the first equation in (1.2.5)), implies that

Roda > 0o + co303. We proceed in four steps.

1. Select €; > 0 such that Rgdg > d2 + co3(T3 + €1) and Ty > 0 such that x3(t) < U3+ ¢; for
t >Ty. Then &1 = brg—x1(01+2m) and &g > maxy —xo{ds + Coaa + Co3(T3 +€1)} for t > T7.
Lemmas 1.4.3 and 1.4.5 together imply that lig(i)onf.rl(t) > up and ligglfxg(t) > Uy
where u; and us are the unique positive numbers such that Rgdaus = mu; and Rgds =
g + Caolig + C23(T3 + €1). Equations (1.5.16) and (1.5.17) imply that 0 < uy <71 < 77 and
0 < ug < Ty < V.

2. Select €5 in (0,¢€;) such that u; > € and Ty > T} such that x1(t) > u; — €3 and z5(1) <
Ug + € for t > Ty. Then &3 > m(uj — €3) + ag — x3{03 + c32(V2 + €2) + cg323} for t > Ts.
Lemma 1.4.1 implies that lig i?f x3(t) > uz where ugz is the unique positive number
such that m(u; — €2) + az = u3{d3 + c32(Va + €2) + cazuz}. In view of the fact that
0 < m(uy — €2) = Rodaug — mey < RodoTa, it follows from (1.5.16) and (1.5.17) that

0 < u3 < T3 <v3. Also, the relation us < v3 < k* implies that Rgds > 0o + cogus.
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3. Select €3 in (0,€) such that uz > €3, and T3 > Ty such that x3(t) > uz — €3 for t > Ts.
Then &1 = bxy — x1(d1 + 2m) and @9 < mxy — x2{0s + Cooa + ca3(uz — €3)} for t > Tj.
Lemmas 1.4.3 and 1.4.5 together imply that lirtn supz(t) < wy and lirtn sup z2(t) < we
where w; and ws are the unique positive numbers such that Rydows = mw; and Rgds =
0o + CoaWs + Co3(uz — €3). Equations (1.5.15) and (1.5.16) and the relation us < T3 imply

that 0 <uy < Ty <w; <01 and 0 < ug < Ty < wo < Vs.

4. Select €4 in (0, €3) such that ug > ¢4 and Rodawsy + mey < Rodovs and Ty > T3 such that
x1(t) <wy+eq and 29(t) > ug — €4 for t > Ty. Then @3 < m(wy +€4) +az—x3{03+ c32(us —
€4) + c3zx3} for t > Ty. Lemma 1.4.1 implies that lirtn sup x3(t) < wz where ws is the
unique positive number such that m(wy +€,) +ag = w3{d3 +cz2(ug —€4) + c33ws }. In view
of the fact that m(w; + €4) = Rodows + mey € (RodaTa, Rodavs), it follows from (1.5.15)

and (1.5.16) and the relation €4 < ug < Ty that 0 < uz < Tg < ws < v3. Also, the relation

w3 < V3 < k* 1mphes that R052 > 52 + Co3Ws3.

Let ul = (uq,us2,u3) and w! = (wy,wy,w3). Then 0 K u! « X K w! <« v and u! <x, <x* <
wl. Letting €, = ¢; for k = 1,2,3,4, we can repeat steps 1 to 4 indefinitely (but with e{“
in (0,2¢]) and w and w7 in place of 0 and ¥) to obtain sequences of vectors {u/ }52, and

{w7}22, in R} such that

l. 0l <« 2Kk K+ KX K - <kWwl «wl «v

2. w<x, <x*<wlfor j>1
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Explicitly, with u® = 0 and w® =V, we have
; i1 . . . . i1 . .
R052u2 = mujp R052 = (52 + CQQU; + 023(w§ + EJI), m(u{ - eé) +as = u§(53 + C32(’LU% + 6%) + C33’LL§)
R062w2 = mw{, R052 = (52 + CQQw% + ng(u% - 6?;)), m(w{ + GZL) +as = wé{ég + 632(’&% - 631) + ng’U]é}

1
with 0 < ¢} < e <€, <] and 0 < € <

1¢) for j > 1. It remains to show that w — X
and w/ — X as j > co. The sequences {u/}%, and {w/}%, are both bounded and strictly

monotone. Therefore, they both converge. That is, there exist u® and w* in R3 such that

w - u* and w/ > w*™ as j - oo. Moreover,

<l

1. 0K u® <X <W™® K

2. u® <X, <X*<W®

It suffices to show that u® = w* (for then x, = x* = X). Since max{|e,|:k=1,2,3,4} - 0

as j — oo, we have in the limit

R052u§° = muix’, RO(SQ = 62 + 022u§° + 023w§°, mu? + a3 = u§°(53 + 032w§° + 033u§°)
Ropdows® = mwi®, Ropda = 02 + coows” + cagus’, mwi® +az = ws (03 + c3aus” + c33ws. )
(1.5.18)

Eliminating u%°, we, v, and w$, we obtain
1> 1 29 2

RC(;& [(Ro —1)d2 — cogws ] +ag = u§ {53 ] [(Ro —1)dy — co3ug ] + c33u§°}
RCZ? [(RO - 1)52 - 023u§°] s = W3 {53 to— - [(RO - 1)52 — C23W3 ] + 033w§°}

That is, U(uP, ws) = caas and V(ws, uy) = coeas where

\IJ(U, W) = (C22033 - 023632)U2 + [62253 + C32(R0 - 1)62]U+ 023R052W - R052(R0 - 1)52 (1519)
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We claim that if (U*,W*) in Int(R?) is a solution of the system of quadratic equations

\I/(U, W) = C9203 and \I/(I/V, U) = Co203 (1520)

Then U+ = W+. Let ®(£) be as in (1.5.8) in the proof of Theorems 1.2.4 and 1.2.5 (and
recall it properties). Then U(7T3,73) = ®(T3) = cooas. Hence (U, W) = (T3,T3) is a solution
of (1.5.20).

Let 1 be the graph of the first equation in (1.5.20) in the UW-plane and suppose

first that coocs3 > cogege. Then 7y is a parabola that opens downward with its vertex in the

left half-plane. Let A be the W-intercept of v;. Letting U = 0, we obtain

\I’(O, A) = C9o03 — 023R052A = Roég(Ro - 1)(52 + Co903 (1521)

Equation (1.2.5) and the relation a3 > 0 imply that A > k*. The positivity of A implies that
the vertex of ~; lies in the second quadrant and that v; has a unique positive U-intercept,
say at B. The curve 7, meets the line W = U at two points: (Z3,73) and (C,C) with C' < 0.
The second equation in (1.5.20) defines a second parabolic curve v2. By symmetry, its graph
is the reflection of 7, about the line W = U, and so it opens to the left, its vertex lies in
the fourth quadrant, its U-intercept is at A, its positive W-intercept is at B, and it meets
the line W = U at (Z3,73) and (C,C). Since 7, and 7y, are distinct parabolas, they can
meet at most four times (in general, W = aU? + BU + v and U = aW? + W + 7 determine a
fourth degree polynomial equation). There are three sub-cases to consider. If A > B, then
~v1 and 7, meet inside the interior of each quadrant. Since there can be at most four points

of intersection, it must be that (Z3,T3) is the unique intersection in Int(R2). If A < B, then
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v and 7, meet twice: once at (T3,Z3) and once at (C,C). Again, (Z3,73) is the unique
intersection in Int(R?2). Finally, if A = B, then v, and 2 meet at (Z3,73), (4,0), (0,4), and
(C,C). Since there can be at most four points of intersection, (73, 73) is again the unique

intersection in Int(R?2).

Suppose next that coocss = cogcze. Then v is a line with negative slope and its W-
intercept is again the number A in (1.5.21) satisfying A > k*. Let B be the unique positive
U-intercept of ;. The second equation in (1.5.20) defines another line v,. By symmetry, its
graph is the reflection of 74 about the line W = U, and so it has negative slope, its U-intercept

is at A and its positive W-intercept is at B. The relation W(B,0) = cysas implies that
[62253 + CgQ(RD - 1)52]3 = Roég(Ro - 1)52 + CooQ3 = 622(a§ - CL§ + 0,3) < 022a§

Here, we used the fact that as < a5. On the other hand, the relation cascss = co3c32 and
(1.2.5) imply that

M]B = (03 + c33k*) B

[022(53 + CSZ(RO - 1)(52]3 = 022[53 + C33
Ca3
Thus, B(03 + c33k*) < aj. In view of (1.2.5), it must be that B < k*. That is, B < A. Hence,

the lines v; and v, meet exactly once in Int(R?). By the previous remarks, it must be that
they meet at (Z3,73).

It follows from these considerations that u$® = w$®. Equation (1.5.18) implies that
uP = wi® and ug® = w$°. That is, u™ = w*. As mentioned earlier, it follows that x, =x* =X
and hence x(t) — X as t - oo. That is, the basin of attraction for X is R? minus the x3-axis.

This result and Theorem 1.2.8 together imply that X is GAS relative to R? minus the z3-axis.
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1.5.9 Proof of Theorem 1.2.11

Let a; > 0 or az > 0. We first show that system (1.2.1) is point dissipative, i.e., there exists a
compact subset £ of R? with the property that if x(t) = (z1(t), z2(t),x3(t)) is a solution of
(1.2.1) with x(0) > 0, then x(¢) € £ for ¢ sufficiently large. Theorem 1.2.2 states that if x(0)
is on the boundary, then x(¢) immediately enters the positive cone. Thus, we may restrict
attention to solutions x(t) that start inside the positive cone. Recall from the proof of
Theorem 1.2.2 that x(t) is dominated from above by the solution v(t) = (v1(t),v2(t),v3(t))

of the comparison system

U1 :bv2+a1 —01(51+2m), ’Ul(O) =ZE1(0)
1.}2 =muvy +as — ’U2((52 + 0221)2), UQ(O) = ZEQ(O) (1522)
@3 =muvy +asg— U3((53 + C33U3), Ug(O) = .T3(O)

That is, 0 < x(t) < v(t) for £ > 0 (it was also established that v(¢) exists for all time). It
suffices to show that the comparison system (1.5.22) has a positive equilibrium v in R3? that
attracts all solutions that start in the positive cone. The result that (1.2.1) is point dissipative
will then follow by taking £ to be the box having one corner at the origin and another
corner at v + (¢€,¢,¢) with € > 0. Lemma 1.4.4 implies that every trajectory (vy(t),va(t))
approaches P(71,73) as t - oo where U7 > 0 and vy > 0 satisfy bvs + a; = v1(6; + 2m) and
MUy + ag = Va( g + C2202). It remains to determine the behavior of v3(t). Given a small € > 0
there exists T' > 0 such that 73 —€ < v1(t) < U1 +€ and Uy —€ < v9(t) < TV +€ for t > T.

Therefore, m(v; — €) + ag — v3(d3 + c33v3) < V3 < M(V1 + €) + az — v3(I3 + cazvs) for t >T. Also,
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03 is a continuous function of v; (which is itself a continuous function of t) and vs3. Lemma
1.4.1 implies that uw < ligriionf v3(t) < liItriillp v3(t) <w where u and W are the unique positive
numbers such that m(v; — €) + ag = u(d3 + c3u) and m(vy + €) + az = W(I3 + c33w). Since
€ is arbitrary, it must be that 73 < li{g cix)nf v3(t) < limsupws(t) < T3 where T3 is the unique

t—o00

positive number such that mv; + ag = v3(03 + c33v3). That is, v3(t) > v3 as t - oo. Letting

Vv = (U1,02,03), it follows from the remarks above that v(t) - Vv as t - co whenever x(0) is

in Int(R2?). This completes the argument that system (1.2.1) is point dissipative.

We now restrict attention to the situation in which co3 = 0. In this case, recall from
Theorem 1.2.6 that there is a unique positive equilibrium X = (71, T2, T3) whose coordinates
satisfy (1.2.2). We will show that the basin of attraction for X is R3. As before, if x(0)
is on the boundary, then x(¢) immediately enters the positive cone. Thus, we may restrict
attention to solutions x(t) that start in Int(R3). As o3 = 0, the first two equations in system

(1.2.1) decouple from the third, and so we may consider them in isolation

11 = bxg + ay — x1(01 +2m), 21(0) >0

To =maxy +as — T2(2 + Coox2),  x2(0) >0
Lemma 1.4.4 implies that every trajectory (z1(t),z2(t)) approaches P(T;,Ts) as t - oo. That
is, x1(t) > 71 and x5(t) — To as t — oo. We now show that z3(t) > T3 as t - oo. Given € >0
there exists T' > 0 such that T1—€ < x1(t) < Ty +€ and To—€ < x59(t) < To+e€ for t > T. Therefore,
m(T1 — €) + as — x3{03 + c32(Ta + €) + c3303} < T3 <M(Ty +€) + ag — x3{03 + c32(T2 — €) + C3323}

for t > T. Lemma 1.4.1 implies that @ < liminfz3(¢) < limsupz3(t) < W where @ and W

t—>o0 t—o0

are the unique positive numbers such that m(T; — €) + az = u{d3 + c32(T2 + €) + c33u} and
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m(ZTy + €) + ag = W{d3 + c32(T2 — €) + c33w}. However, € is arbitrary, so it must be that
Ty < “{Ei?f x3(t) < hrtriillp x3(t) < T3. Here, we use the fact that the limiting equations for
u and w as € - 0 coincide with the equation for T3 in (1.2.2). Thus, x3(t) - T3 as t - oo.
It follows from these considerations that x(¢) — X as t - oo, That is, the basin of attraction

for X is R3. This result and Theorem 1.2.9 together imply that X is GAS.

1.6 Discussion

We have assumed that all parameters are time-independent. While this is common among the
cited models, most feral populations do experience seasonally varying environments [28,42].
During winter, birth and death rates my change, decreasing and increasing respectively.
During non-breeding seasons territoriality decreases [28]. Since many of the colonies we
hope to model are urban in nature, many of the parameters could potentially be functions
of human intervention. Pet cats may be kept inside more (and so decrease their influence).
Control efforts might slow down during seasons where that work is more difficult. Humans
may be more likely to abandon their pets during specific times of year (perhaps at the end
of an academic year) and so influence abandonment rates. The schedules of trash pick-up
would influence the availability of food and so influence competition (¢;;). Increases in road
traffic during tourist seasons may increase death rates (d;). Future work may incorporate

time-dependent parameters to attempt to account for these complexities.
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Literature suggests that while an equal numbers of males and females are born [28],
male and female kittens do not reach reproductive maturity at the same age [28]. In this
work, assumptions (A1) and (A3), imply that kittens are born effectively genderless and
leave the kitten class at equal rates. This replicates the former detail but not the latter.
Future work may have two classes of kitten, one for each gender, each of which with its own

maturation rate.

We have assumed that adult females will always find mates. This justifies assumptions
(A1), that is, that the birth rate is proportional to the adult female density and independent
of the density of adult males. Assumption (A7) implies that adult male house cats are con-
stantly present, which enforces assumption (A1), even in the case where the initial conditions
include no adult males. In very small populations or in populations with no native house
cats (a case not covered in our model), this assumption may fail. Thus our results are not
expected to be observed in populations within cases [30,50]. Future work may utilize a more
complex birth rate, such as a rate which is an increasing but saturating function of x3 such

T for b,v>0.

that the birth rate is zero if 23 = 0. An example of such a birth rate is b = b N
I3 t+v

Assumption (A8) states that abandoned house-cats immediately become feral. In
reality, these members may never fully integrate with the population of ferals. They may
live longer or be less aggressive then their feral counterparts and their friendlier nature may
even make them more susceptible to control methods. Future work may include additional

compartments for these semi-feral cats.
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Assumption (A3) implies that death rates of adults include the density-dependent
Lotka-Volterra type interaction terms, which is common in the cited models. Our model
has four such terms. As with all Lotka-Volterra based models, it is difficult to measure the
introduced coefficients from biological data. Moreover, it is unclear if this form is sufficiently
accurate or whether these interactions can be modeled simultaneously using the same types
of terms. In addition, we have assumed that competition rates for kittens is negligible. This
may not be the case, and a more general model may include this term. To complicate matters
further, familiar females have been known to act collaboratively, such as group defense of
resources or communal liters. Hence, it is possible that death rates of kittens may be a
decreasing function of the number of adult females and the per-capita death and competition

rates of adult females may be a more complicated function of the state variables [31].

The only form of control this model addresses is that of removal, wherein an animal
is removed from the population, which manifests as an increase in the effective death rates
of the sub-population being targeted. Two issues arise here. First, assumption (A4) states
that the per-capita removal rates (s;) are independent of the feral populations they affect.
However, the ability of humans to handle large populations in this way may not be realistic.
In addition, when populations are very small, enacting control on the remaining residents
might become implausible. Future work could incorporate a more complex per-captia which
addresses these concerns. We suggest that the per-capita removal rate be an increasing but

saturating function of the targeted population. An example might be s; = for some

Ti+v

positive v. The second issue is that other forms of control are common, such as prophylaxis,
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which functionally exchanges a reproductive member for a non-reproductive one. A possible
approach might be to include additional compartments for non-reproductive members. The
most common form of prophylaxis, spay and neuter, has been noted to change the behavior
of the animals markedly, and so these members might have lower competitions coefficients
than their unaltered counterparts. We conjecture that the impact of these changes would
be to increase the net population, in accordance with other models and observations of real

populations [40,51,52].

The colonies addressed in this work often do not exist in isolation and the model does
not account for the mobile nature of males, who may interact with two or more groups of
females who themselves never interact [28,31,41]. Chapter 2 will address this by including
a patch-structure in which males are permitted interact with multiple patches while females
and their young remain in their native patch. Questions regarding the persistence of a patch

in the presence of other patches will be addressed.

A main objective of this study is to support a larger study of disease ecology in the
population. Chapter 3 will begin this discussion by introducing an SIR-type model with three
state variables to track the infection status for each state variable presented in this work.
There has been extensive work on the modeling of disease in this population [34-38] , but
the majority of these works described the population with a single state variable, with the
few exceptions [39]. Since life-stage and gender are strong indicators of behavior which may

be relevant to disease modeling, using the model presented here as the underlying ecology
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model may allow for vaccination strategies which one gender is favored over another in what

we are referring to as a “gender-informed” strategy.

If both the epidemiological and spatial aspect are addressed, future work might be
to construct a hybrid model of both extensions. Questions regarding the interplay between
spatial and social behavior with the spread of disease could be addressed. Moreover, it could
be seen if the strategies developed in the single-patch disease model would still apply in
the presence of other patches or if a network would promote the disease, as is common in
such disease models. The effectiveness of single-population vaccination strategies could be
explored when applied to a set of populations. Ultimately, a strategy for a larger set of

patches, such as a large city, could be explored.
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CHAPTER 2

THE PATCH MODEL

2.1 Introduction

As was discussed in Chapter 1, populations of feral cats around the world have had tremen-
dous impacts on local ecologies (in particular on islands) [2,13]. These animals are thought
to pose threats as predators on local wildlife as well as competitors with local predators for
shared prey. Feral cats have played a part in numerous population extinctions and near ex-
tinctions. A recent meta-analysis of the impacts of invasive mammalian predators established
a link between free-roaming cats to the extinction of 63 different animals and the endan-
gered status of 430 more [9]. For example, since their introduction in 1810, free-roaming cats
(along with rabbits) are blamed for eliminating a native parakeet on the Australian territory
of Macquarie Island (though other animals may have also played a role) [10]. Since their
introduction in 1888, free-roaming cats (along with black rats and yellow crazy ants) have
been blamed for the extinction four or five species of mammal on the Australian territory
of Christmas Island [11]. Numerous other examples also exist [5-8,12,13]. Estimates to the
economical impact of the presence of free-roaming cats to the US has been estimated to be as

high as $17 billion per year [13]. In addition to all this, free-roaming these animals also pose
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an indirect threat as vectors of diseases, which affect local wildlife [14,15], pet animals [1],

and humans [1,3,16-19].

Concerns over the impact of free-roaming cats have lead many communities to enact
plans to remove them entirely. The removal techniques which tend to be fastest are typically
lethal (e.g., hunting, trapping [21], and poisoning [22]), though they are difficult to justify
to the public who view them as pet animals. Conversely the techniques which are regarded
as more humane (e.g., trap-neuter-release or trap-adopt) take much longer and are more
expensive. In addition, debate continues on efficacy of these methods. [4,13,21,23-26]. The

key to appropriately managing these populations is understanding their dynamics.

Consider the Swedish population described in [44]. In this population, females were
described to live in alone or in matrilineal colonies. These adult females remained in their
colonies and rarely interacted with the members of other colonies. These colonies were
described as small, localized around some human settlement or some “clumped” resource such
as food or shelter. Adult males, however, were seen to have much larger home-ranges which
included one or more groups of females, presumably to maximize reproductive success [28,53].
Similarly, a population on the Japanese territory of of Ainoshima Island which has over 200
members in two large colonies, centralized around fish dumps. As above, adult males were
the only individuals who were found to move between patches. In this work, we shall consider

similar similar populations.

These cases illustrate common trends in feral cat behavior. Adult females, along with

their immature offspring, tend to form groups around a shared resource such as shelter or
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sources of food (e.g., trash containing food waste or food-providing well-wishers). These cats
have a large degree of overlap with each other, but very little with members of other groups.
Adult males are more nomadic, and tend to have home ranges which include one or more

such groups of females [31,41,54-57].

Here, we build upon the work in Chapter 1 and propose a spatial model for feral
cat population dynamics in the absence of abandonment of house-cats. In Section 2.2 we
describe the assumptions of the model and the system of differential equations they imply
as well as the the main results of our analysis with a focus on the existence, uniqueness
and stability of steady states. In Section 2.3 we interpret selected composite parameters
and theorems biologically. In Section 2.4 we provide proofs for the selected theorems. In
Section 2.5 we detail the weaknesses of the model as well possible directions for future work

to address those weaknesses.

2.2 Mathematical model

2.2.1 Description

As in Chapter 1, there are kittens (i = 1), adult females (i = 2), and adult males (i = 3). Let
x;;(t) be the density of feral cats of type i = 1,2 in patch j =1,2,...,p (or ij-cats) at time
t >0 and let x3(t) be the density of feral adult males at time ¢ > 0. We assume there are

p > 2 patches and we denote the set of patches as Q = {1,2,...,p}. Assume the following:
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(B1) Only feral adult males move between patches.

(B2) A fixed proportion g; € (0,1) of feral adult males are in patch j at all times.

(B3) A fixed proportion go € [0,1) of feral adult males are in transit between patches at all

times.

(B4) The constants g; satisfy: go+ g1 +ga+---+ g, = 1.

Assumptions (B1) through (B4) detail the special way in which adult males move between
patches. Specifically, when there are a total of 23 males in the system, a fixed proportion g;
of these feral adult males will always be present in patch j, experiencing the competition,
the removal and death rates of that patch. For convenience, we refer to adult males in patch

J as 3j-cats.

(B5) Feral adult females in patch j produce feral kittens at rate b; > 0.

(B6) The intrinsic death rate for feral ij-cats is d;; > 0 for i = 1,2, 3.

(B7) Feral kittens mature into feral adults of each sex at per-capita rate m > 0.

(B8) Feral ij-cats are removed from the population at per-capita rate s;; >0 for ¢ = 1,2, 3.

(B9) The competitive effect of feral adult ij-cats on feral adult kj-cats is ¢;,; > 0 for i, k = 2, 3.

(B10) The competition coefficient ¢;;; > 0 for i = 2, 3.

(B11) The density of house ij-cats is n;; > 0.
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(B12) The competitive effect of adult house kj-cats on feral adult ij-cats is e;; > 0 for

ik =23

The comments in Chapter 1 with regard to the analogous assumptions are still generally

applicable. Assumptions (B1) to (B12) produce an initial value problem

T1j = bjwa; — 21 (dyj + 515+ 2m), 1;(0) 2 0

Toj = may; — o5 (doj + 525 + Co2jToj + C23;G;T3 + €22N2j + €235M35) 22;(0) >0 (C)
p

T3 = Z {mx1j — gj3 (dsj + 835 + C32jT2) + 3303 + €322 + €335M35) |, x3(0) >0
j=1

There are total of 2p+ 1 equations (the first 2 hold for j € Q). See Table 2.1 for a description

of all variables and parameters.

Patch model box diagram

b£ 1t +(¥b
xll x21 P PR x22 x12
(W2 c C J
M ‘ m
C

m

Yy L 2B

C
Lis| | Lo | Loa| [ L
btJ ¥ + b

Figure 2.1: A box-diagram visualization of system (2.2.1) with p = 4.

In keeping with Chapter 1, we introduce a notation for the effective death rate for

each category

51j = dlj + S15, 52j = dgj + 825 + €22 M2 + €23;M35, and (53 = dgj + S35 + €325 N2 + €33;13;5 (D)
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The initial value problem can thus be stated as

15 = bjxa; — xlj((glj +2m), 1’1]‘(0) >0 (2.2.1a)

@oj = M) = T2;(02j + Ca2jT2j + 23,95 T3), 2;(0) >0 (2.2.1b)
p

T3 = Z {ma1; — gjz3(035 + c32jT25 + C33;9,%3) } x3(0) >0 (2.2.1¢)
j=1

Again, this represents a total of 2p + 1 equations. Table 2.1 describes the variables and

parameters (and see Figure 2.1).

Numerical simulations of system (2.2.1)

4 A 4 N

Figure 2.2: Small changes in initial conditions can alter the the asymp-
totic ~ behavior of System (2.2.1). The parameter values used here are:
m =10,011 = 16, §12 =5, d21 =59.3, 621 =19.3, 031 = .4, d32 = .02, co01 = 0.00482736, ca20 = 0.02,

C231 = 0.075, C232 = 0.2, C321 = 9, C329 = 0.9, C331 = 0.117188, C3392 = 5, g1 = .8, gz = 2
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Table 2.1: Quantities associated with models (C) and (2.2.1)

Quantity Description (type) Units Equation
t time time (C)
P number of patches none (©)
Q set of patches: {1,2,...,p} none (©)

Tij density of feral ij-cats (i = 1,2) cat (®)
x3 density of feral adult males cat (©)
n; density of house ij-cats cat (C)
90 proportion of feral adult males in transit none (©)
9; proportion of feral adult males in patch j none (©)
b; kitten birth rate in patch j kitten - adult™" - time™ (C)
m kitten maturation rate adult - kitten™" - time™ (©)
d;j intrinsic death rate of feral adult ij-cats time ™ (©)
Sij control rate of feral ij-cats time ™" (©)
Cikj effect of feral adult kj-cats on feral adult ij-cats  adult™ - time~ (©)
Cikj effect of house adult kj-cats on feral adult ij-cats adult™ - time~ (C)
0ij effective death rate of feral ij-cats time ™! (D)
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Table 2.2: Quantities associated with models (C) and (2.2.1).

Quantity Description (type) Units Equation
Tij equilibrium density of ij-cats cat (2.4.1)
T3 equilibrium density of adult males cat (2.4.1c)
R; patch reproduction number none (2.2.2a)
Q a subset of Q2 none
Q set of steady states with support Q none (2.2.2¢)
5 set of LAS steady states with support Q none (2.2.2¢)
ki kG s ko threshold equilibrium density of adult males cat (2.2.2a) and (2.2.2b)
?;(Q) indicator function for subset @ none (2.2.2¢)
A(Q),B(Q),C(Q) composite parameters ( cat - time )™ (2.2.3a)

2.2.2 Statement of main results

This section is dedicated to the main properties of system (2.2.1). Their biological interpre-
tations appear in Section 2.3 and their proofs are found in Section 2.4. First we introduce

notation for some necessary sets. Define

R™ = {(uy,ug, ..., up) = ug,ug,...,u, € R}
R:-L:{(uhu%"'aun) : u120,u220,...,un20},
Int (R}) = {(u1,u, ... uy) : up >0, ug >0, ..., u,>0}.

We refer to the set R” as the non-negative cone and to its elements as non-negative.

We refer to Int (R?) as the positive cone and to its elements as positive. We refer to the set
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OR? as the boundary. For u,v e R we say that u>vifu-veR? u>vifu-veR?-{0}
and u > v if u-v e Int (R?). Since our attention will be focused mostly on n =2p+1, we

enumerate the elements of a vector u € R#*! in the following (non-standard) way:

u-= (Un, U1, U12, U22, - - - , Ulp, U2p, U3) .

Notice that such a vector has the form (kittens, adult females, kittens, adult females, ...
kittens, adult females, adult males). That is, the first subscript refers to the type of cat the
state variable represents (i = 1,2,3) and the second subscript, if any, refers to the patch (j).
Define the set T;; = {u € Rzpﬂ DU = 0} for ¢ = 1,2 and j € Q. Note that Tj; is the set in
which ij-cats are absent. Let x(t) = (211, %01, T12, Ta2, . . ., T1p, Tap, T3) (1) denote a solution

to (2.2.1).

Theorem 2.2.1. For system (2.2.1), the following results hold:

(a) A solution x(t) exists for all time. Moreover, it is unique, non-negative, and bounded.
(b) The non-negative x3-axis is a forward invariant set.

(c) If x(0) € T1; n Ty, then the solution x(t) remains there for all time.

(d) Ifx(0) € (T1; U Tyy) \ (11, nTy;), then the solution x(t) immediately leaves Ty; U Ty;.

(e) Ifx(0) is positive, then the solution x(t) remains positive for all time.

The proof of this theorem is essentially the same as that of the proof of Theorem

1.2.1, found in Chapter 1. The next several theorems describe the number of steady states
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and their properties. A steady state is a constant vector X = (T11, To1, T12, Ta2, - - - » L1ps Tap, L3)
in R?*! that is a solution of (2.2.1). We refer to a steady state X as trivial if X = 0 and we
refer to X as nontrivial otherwise. As in Chapter 1, we continue continue to refer to locally
asymptotically stable steady states as LAS. For a steady state X, we define the support of X
as supp (X) = {j : X ¢T1;N7Ts;}. Define the composite parameters:

bjm

R, - 1)8y;
R, and k= (B = 1)os; for j € Q (2.2.2a)

- (51j + 2m)52j ngjgj
If ¢935 = 0, then we make the convention that if R; <1, then k7 = —oo; if R; =1, then k7 = 0;

and if R; > 1, then £} = oo.

For a subset ) c €2, define
ki =min{k} : jeQ}, kY =max{k} : j¢Q}. (2.2.2b)

If @ =@, we define kj;” = 0o and if () = §2, we define k" = —oo.

Given a subset @) c (), define

Q={XeRP" : supp(X)=Q} and Q={XeQ : Xis LAS} (2.2.2c)
and

p

A(Q) _ Z (622]C33] d;;gf?)c%]cwj ) 9]27 (2.2.3&)
=1
u ngj(Rj—1)52j+623jRj62j

B(Q) = (53]' +0;(Q) o )g,-, (2.2.3b)
7=1
p

C(Q) = X y(Q) s, (2.2.3¢)
J

1l
—

where ¢;(Q) is the indicator function for Q: ¢,;(Q) =1 for j € @ and ¢;(Q) =0 for j ¢ Q.
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Theorem 2.2.2. For system (2.2.1), the following results hold:

(a) The system always admits a trivial steady state X = 0.

(b) IfX is a steady state and T3 =0, then X = 0.

(¢) IfX is a steady state and supp(X) = &, then X = 0.

(d) IfX is a steady state, then R; > 1 for all j € supp (X).

(e) If Rj <1 for all j €, then X =0 is the unique steady state.

(f) fQcQ andXeQ, then 0< Ty <kfy.

(g) If Q< and co3; =0 for all j € Q, then @‘ =1.

(h) Ifo+QcQ, A(Q)20 and A(Q)(k5)?+ B(Q)ky > C(Q), then Q] = 1.
(i) Ife#QcQ, A(Q)20 and A(Q)(k5)? + B(Q)ky" < C(Q), then Q| = 0.
(G) Ifo+QcQ, AQ) <0 and A(Q)(k5)? + B(Q)ky" > C(Q), then Q| =1.
(k) If2#QcQ, AQ) <0 and A(Q)(kS)?+ B(Q)ky < C(Q), then |Q| < 2.
) Ifo+QcQ, AQ) <0 and A(Q)(k5)?+B(Q)kS = C(Q), then [Q| < 1.

Theorem 2.2.3. The following stability results hold for system (2.2.1):

(a) If Rj <1 for all j €Q, then X =0 is LAS.

(b) If R; > 1 for some j €Y, then X = 0 is unstable.
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(c) If Qe andieé, then ki < T3 <k .

(d) There are at most p+ 1 subsets Q € §) such that |5‘ >1 and )’ |5| <2(p+1)
Qe

(e) IfQc, xeQ, and
(1) bj<dj1+2m for all j €@,
(11) m + ngjgjfgj < 52]‘ + QCQQJ'ZEQ]‘ + 023]‘ng3 fOT all j € Q,
cen P P 2
(111) pm + Z ngjgjfg < 2{53]‘ + nggjfgj + 2033]'9]'53}53

j=1 j=1

then X € 5

We appeal to the same definitions presented in Chapter 1 for classifying steady states

as globally attracting (GA) and as globally asymptotically stable (GAS).

Theorem 2.2.4. The following results hold:

(a) If Rj <1 for all j €, then X =0 is GA.

(b) If R; <1 for all j €€, then X =0 is GAS.

The proof of this theorem is essentially the same as that of Theorem 1.2.3 in the
case of a3 =0 (i.e., z = 0). For the final theorem, we consider a system of identical patches.
We will also assume adult males spend an equal proportion of their time in every patch.
By identical we mean that all parameters are equal amongst the patches. For these reason,

this theorem, and it’s proof, shall omit subscripts, with the exception of R;, which will be
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denoted Ry. Since we assume that adult males will spend an equal proportion of their time

1-49o

in each patch, g; = for all j.

Theorem 2.2.5. Let () € ) in a system of identical patches. Then the following results hold:

(a) If Q=@ and Ry <1, then 52 {0}.

(b) If Q=2 and Ry > 1, then Q = .

(¢) fQ+2 and Q#Q, then Q = .

2.3 Biological interpretation of results

Here we interpret the results of the previous section biologically.

2.3.1 The sets @, @ and 5

For a given steady state, let () be the set of patches which have a positive population of adult
females or kittens. This set of patches is called the support of that steady state. Multiple
steady states may share a support, and so we denote the set of steady states with support

Q as Q. We denote the set of stable steady states with support @ as 5
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2.3.2 The sets ﬂj, leUng and ) (leUTQj) N (le mTQj)

The set T;; is the set of states for which the density of ¢j-cats is zero, that is, the density of
i-cats in patch j is zero. The set T1; UT; is the set of states for which the density of either
adult females or kittens in patch j is zero. The set (71;UT5%;) N (11, N T3;) is the set of states

for which the density of either adult females or kittens (but not both) in patch j is zero.

2.3.3 The patch reproduction number R;

The role of the patch reproductive number R; here is analogous to the net reproduction
number Ry in Section 1.3.1. This can be viewed as the maximum number of adult females a
single adult female in patch j is capable of producing in the course of her life. This number
has similar implications as in Chapter 1. For instance, in Chapter 1, if Ry < 1, there was
no steady state which had a positive population of adult females or kittens. If, for some 7,
R; <1 then there is no steady state for which patch j has a positive population of adult

females or kittens.

2.3.4 The composite parameters k7, k5", and k¢

Similar to £* in Chapter 1, the parameter k3 is the number of adult males at equilibrium

which prohibits patch j from supporting adult females or kittens. For a given steady state,
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kg is the smallest value of k7 of all the patches in the support. Similarly, the largest value

of k7 of the patches not in the support is denoted k"

2.3.5 Theorem 2.2.1

Theorems 2.2.1 confirms that no model population can become negative, or can experience
an unending population explosion. If the initial population is composed entirely of adult
males (i.e., no patch has a positive population density of adult females or kittens), then
these population densities will remain zero. Moreover, if the initial population in any patch
has neither adult females nor kittens, that patch’s populations will remain this way. How-
ever, if an initial population in a patch has only adult females, the density of kittens will
immediately become positive. The same holds for an initial population in a patch which has
only kittens. Finally, if the initial population is such that all subpopulations are positive, all

subpopulations will remain positive.

2.3.6 Theorem 2.2.2 and the composite parameters R;, A(Q), B(Q), and C(Q)

Theorem 2.2.2 places restrictions on the number and types of steady states which can exist.
This theorem focuses attention on the trivial and on nontrivial steady states. The trivial
steady state (X = 0) is the steady state for which all population densities are zero. These

steady states have an empty support. Nontrivial steady states have a nonempty support.
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Theorem 2.2.2 states that the model always permits the trivial steady state. More-
over, it is the only steady state for which the density of adult males is zero. A steady state
has a zero population density of males must be the trivial steady state. This has several
biological interpretations. First, it implies that adult males will be present so long as any

other population density is positive.

Theorem 2.2.2 also states that the only patches which can have positive densities at
some steady state are those for which the patch reproduction number is large (R; > 1). A
direct result of this is that if all patch reproduction numbers are small (R; <1 for all j) then
there is no steady state besides the trivial steady state. For any steady state (X) the density

of adult males (73) cannot exceed k.

The remaining result of the theorem places upper limits on the number of steady
states which can exist with support (). First, if adult females suffer no competition for every
patch in the support (j € @), then there is exactly one positive steady state with support
@. The remaining cases are governed by the relative magnitudes of A(Q)(k5)? + B(kg)
and C(Q). Specifically, if A(Q)(k )+ B(kj ) > C(Q), then a single nontrivial steady state
exists with support Q. If A(Q)(k5)?+ B(k ) = C(Q), then a nontrivial steady state exists
only if A(Q) <0. If A(Q)(k5)? + B(k§) < C(Q), then no nontrivial steady states exist if

A(Q) >0 and up to two exist if A(Q) <0.
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2.3.7 Theorem 2.4.3 and 2.2.4

Theorems 2.4.3 and 2.2.4 state that if the patch reproduction number is too small (R; <
1) for every patch, then all population densities will tend toward the trivial steady state,
e.g. extinction. However, if this condition fails, the trivial steady state will be unstable.
Biologically, this implies that a control effort as described in the assumptions which is large
enough to bring the patch reproduction number below that threshold for every patch, then
the population will tend toward extinction. Theorem 2.4.3 also states that, for any stable
steady state, the density of males must be between the composite parameters k" and k¢
and states that there are at most p+ 1 supports ) which correspond to a stable steady state.

Finally, Theorem 2.4.3 provides sufficient conditions for a steady state to be stable.

2.3.8 Theorem 2.2.5

Theorem 2.2.5 discusses some features of a set of identical patches. It states that the only
types of steady states which can be stable are the trivial steady state and the steady state

where all patches have positive population densities.
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2.4 Proofs of selected theorems

2.4.1 Proof of Theorem 2.2.2

Recall that a steady state is a constant vector X = (Z11, T21, T12, T22, - - - , T1p, Tap, T3) solution

to system (2.2.1). Such a steady state X must satisfy the following 2p + 1 equations:

bjfgj = flj(élj + 2m), V] e (241&)
MT1; = Toj(02; + C22jToj + C23;9;T3), VieQ (2.4.1b)
p p
Z mflj = Z gjfg(égj + ngjfgj + ngjgjfg)) (241(3)
j=1 j=1

The proof of part (a) is clear by means of a direct substitution of X = 0 into the above
p

equations. Let, let X be a steady state with T3 = 0. Equation (2.4.1c) implies that Z mzy; = 0.
j=1

Since m > 0 and 7;; > 0 for all j € Q, the only solution is Z;; = 0 for all j € Q. Equation

(2.4.1a) implies that Ty; = 0 for all j € Q. Thus X = 0. This proves part (b).

Let X be a steady state with supp (X) = @. Then Z;; = Ty; = 0. Equation (2.4.1c)

implies that T3 = 0 as well. Thus X = 0. This proves part (c) of the theorem.

Let Q € Q, let X € Q and suppose that R; < 1 for some i € Q. Then, equations (2.2.2a),

(2.4.1a) and (2.4.1b) jointly imply that

R;02;To; = my; and (R; — 1)02;Ta; = Toi(C20iTa;i + €23:9iT3)-
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Since i € (), we have that either T;; > 0 or T9; > 0. The first equation above implies these are
equivalent, and so Ty; > 0. However, the second equation above implies that To; = 0, since

R; < 1. This is a contradiction and it proves part (d).

Let X be a steady state such that R; <1 for all j € Q. Equation (2.4.2) implies that
x1; = x95 = 0 for all j € Q. Then supp (X) = @. By part (c), this implies that X = 0. This
proves part 2.4.3.

We prove the remaining parts of this theorem together. Since the number of steady

states is already determined if ) = @ by part (c), we shall assume @ is nonempty for the

remainder of the proof.

Let Q € Q and let X € Q. Then (2.2.2a), (2.4.1a), and (2.4.1b) jointly imply that X

must satisfy
Rjdgjfzj = mflj and (R,J - 1)52jfgj = fgj(CQijQj + ngjgjfg), for j € Q (242)

In view of earlier remarks, this gives

Elj =0 and fgj =0 for j ¢ Q, (243&)
ilj >0 and EQJ' >0 for j € Q7 (243b)
flj = Ri?jfgj and 52]' = (R;~1)02; ~c23,9,%s for j € Q (243C)

C22;

Let j € Q. If co3; > 0, then (2.2.2a) and (2.4.3¢) implies that Zo; = %(lﬁ; —-Z3) > 0. Since

@ is nonempty, T3 > 0. Then, the positivity of Ty; implies that T3 < k7. Thus, 0 <T3 <k} for

J € Q. If ca35 =0, then k7 = 0o, and so the inequality 0 <73 < £} still holds. This proves part
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(f) of the theorem. Equations (2.4.1c) and (2.4.3) implies that X must satisfy

p
Z {9;T3(03; + 32iT2; + 33j9;T3) — mTy;} =0
1

p
- Z {533‘9@3 + C33jg]2'f§ + (329573 — Rj52j)@j} =0
j=1

)(R 1)52] ngjgng} — O

€225

= Z {533'9]'53 + 033j932'f§ + ¢;(Q) (32793 — R0
j=1
= A(Q)73+ B(Q)T3 - C(Q) =0

where

A(Q) i {022_7033] d;;égQ)CQ3JC32] }932‘7

j=1

.

p
L e N L

C(Q) = 3, 6,(Q) Uttty
i

Observe that B(Q) is positive and C(Q) is positive. Let A(z,Q) = A(Q)z?+B(Q)z-
C(Q). Equations (2.4.3) imply that solutions z to A(z,Q) = 0 correspond to X € @ for which
T3 = z if and only if T3 < kj for all j € Q, that is, if T3 <kf;, where k5 is as in (2.2.2b). If

such an T3 exists, the remaining components of X are uniquely determined by (2.4.3).

Assume co3; = 0 for all j € Q. Then A(Q) = Z {022233] } g7, which implies that A(z, Q)
is an concave up parabola for which A(0, Q) has a single solution. The values of x;; and x;
are given by (2.4.3c) (and are independent of the value of Z5. Thus |Q| = 1. This proves part

(g) of the theorem. For the remainder of the proof, we shall assume that there exists j € Q

such that cp3; > 0, which implies k‘é)‘ is finite.

95



First assume A(Q) > 0. Then A(z,Q) is a quadratic in z which is concave up or
a line with positive slope. Note that, since @ is nonempty, A(0,Q) < 0. If A(ky,Q) =
AQ) (k5 )? + B(Q)kg - C(Q) <0 then there are no values of T3 such that 73 € (0, kg) and
A(T3,Q) = 0. Thus |Q| = 0. This proves part (h) of the theorem

If instead Ak, Q) = A(Q)(k5 ) + B(Q)ky — C(Q) > 0 then there exists a unique
T3 € (0,kf) such that A(T3,Q) = 0. Thus |Q| = 1. This proves part (i) of the theorem.

Next assume A(Q) > 0. If A(ky,Q) = A(Q)(k5)? + B(Q)k; — C(Q) < 0 then the
parabola A(z,Q) may have 0, 1 or 2 solutions to the equation A(z,Q) = 0. Thus |Q| < 2.
This proves part (j) of the theorem.

If instead Ak, Q) = A(Q)(k5 )? + B(Q)ky - C(Q) > 0 then there exists a unique
73 € (0,k57) such that A(73,Q) =0. Thus |Q| = 1. This proves part (k) of the theorem.

If instead A(k5, Q) = A(Q) (k5 )*+ B(Q)kg —C(Q) = 0 then there may exist at most
one unique 73 € (0,k5") such that A(Zs,Q) = 0. Thus |Q| = 1. This proves part (1) of the

theorem.

2.4.2 Proof of Theorem 2.4.3

We assume the patches are ordered in the following way. Fix a steady state X and let
@ = supp (X). Recall that T;; = To; = 0 for j € Q¢ and 7y;,79; > 0 for j € (). Without

loss of generality, we may assume Z;; = To; = 0 for j = 1,2,...,¢ where ¢ = |Q¢|, and that
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T1j,Te; > 0 for j = q+1,q+2,...,p. In addition, we may assume ki < k5 < --- < kz and

ky, < kyo <+ <kj. Define the composite parameters

hlj = 51]’ + Qm,
haj = 025 + C22;Ta; + C23;9;T3,

_ = 2=
hsj = 03j9; + C32j9;Taj + C33;9; T3

and note that each is strictly positive. The Jacobian matrix for system (2.2.1) at X is

B1 u;
By Us
J(X) =
B, u,
* * * DB*
where
—hlj bj . p 9 0
Bj = , B = [— Z {h3j + C33jgj1'3}:|, and u; = (2.4.4)
m —hgj — c22;Ta; =t —C23;9;T2;
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Since Ty; =0 for j=1,2,...,¢,u;=0for 5=1,2,...,¢. Thus

By 0

J(X) =

Observe that if ¢ > 0, then J(X) is a block lower-triangular matrix and that first diagonal

block is a block diagonal matrix (whose blocks are B;).

Let X = 0. Then @ = supp (X) = @ and ¢ = p. Moreover, the eigenvalues of J(0) are
the eigenvalues of its blocks By, By, ..., By, and B*. If R; <1 for all j € 2 then each block

B; has a negative trace and (2.2.2a) implies that
det(B]) = hljhgj - bjm = (61]' + Qm)hzj - bjm > (51j + 2m)5gj(1 - R,]) > 0.

Hence, each B; contributes two eigenvalues with negative real part. The final diagonal block,
B*,is a 1 x 1 matrix with the single element, — Zégjgj, which is clearly negative. Thus, all
2p + 1 eigenvalues of J(0) have negative real part and so X is LAS. This proves part (a) of

the theorem.

98



If R; > 1 for some i € €, then (2.2.2a) implies that det(B;) = (61; +2m)ds;(1-R;) < 0.
Thus B; contributes a positive eigenvalue and so X = 0 is unstable. This proves part (b) of

the theorem.

If Q = @, then part 2.4.3 of the theorem follows directly from the (2.2.2a) and part(f)
of Theorem 2.2.2. Next, let @) € 2 be nonempty such that 5 is also nonempty and let X € 5
Recall the definitions of k™ and k5 in (2.2.2a). For the sake of contradiction, suppose
T3 < k} for some 7 € Q°. If ¢ = |Q¢|, then ¢ <¢. Then

bim
ha;

det(BZ) = hli {hgl - b]’sz

} = hy; {(5% +€23i9;T3 — } = h1iC23:i9: (T3 — k).

1i
By assumption, 75 < k¥, and so T3 — k; < 0. Then det(B;) < 0, and thus B; contributes a
positive eigenvalue which implies that X ¢ 5 This is a contradiction and so z3 > k:g. In the
proof of Theorem 2.2.2, it was shown that T3 < k’j* for all j € @), which implies that T3 < ka.
This proves part 2.4.3 of the theorem.

To prove part (d) of this theorem, we will will, without loss of generality, assume
that the patches are ordered in the following way: ki < k; < --- < k;. Not that this is a
different ordering than was used previously in this theorem. Let @ € 2 and X € 5 Then

either T3 < k{, T3 >k, or there exists j € (2 such that

ki< Sk =k <Ty<ky =k <<kl

Since, || = p, there are only p + 1 subsets @ ¢ {2 which can satisfy part 2.4.3. For reference,

they are Q = @, {p},{p-L,p},{p-2,p-1,p},...,{1,2,...,p}. Theorem 2.2.2 implies that

for all @ c 2, |Q| < 2. Then there are at most 2p +2 LAS steady states (i.e., Y. |5| <2p+2).
QeN
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This proves part (d) of the theorem. Let Q € Q and X € Q. Conditions (i), (ii), and (iii)
are the necessary conditions for the Jacobian J(X) to be diagonally dominant. Since each
diagonal element is negative, we may apply Gershgorin’s circle theorem to conclude that all

eigenvalues have negative real part. This proves part (e) of the theorem.

2.4.3 Proof of Theorem 2.2.5

Part (a) of this proof is a direct result of part (a) of Theorem 2.4.3. Part (b) of this theorem
is a direct result of part (b) of Theorem 2.4.3. For part (c), first assume Ry < 1 and let @ c
such that @ # Q and @ # @. Then there exists j € 2 such that R; = Ry < 1. Then part of

2.2.2 implies that Q) = @. Since 5 c Q, then 5 =g.

Next assume that Rg > 1 and let ) c € such that Q) # Q and Q # @. Assume that

co3 = 0. Then k'z?* = ka‘ = oo. However, part of Theorem implies this is a contradiction.

2.5 Discussion

The issue of the stability of all steady states was not addressed completely. We conjecture
that any steady state which satisfies the converse of part (c¢) of Theorem 2.4.3 will be stable.
Moreover, we suspect and that the proof may involve viewing the appropriate Jacobian as a

block matrix and establishing a form of block diagonally dominance.
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Many of the same comments from Chapter 1 are still relevant, in particular with
regard to time-independent parameters. We will focus on comments specific to the features
unique to Chapter 2, specifically, the spatial nature of the model. We have chosen a patch-
based model to describe the clumped distribution of resources noted in the literature. We
have included a single category for adult males which interact with all patches to simulate

the manner in which males will often move between these patches. Several issues arise.

Though this work is built upon the model in Chapter 1, it did not include the effects
of abandonment. In Chapter 1, the inclusion of abandonment dramatically influenced the
form and number of equilibria. Future work may include abandonment terms for one or

more patch.

We have assumed that only adult males leave the patch of their birth. This is not
entirely accurate as the movement of adult females cannot be ruled out. Future work may
include a manner in which (a small number of) adult females can also move. We conjecture

that this change would strongly impact the stability of the semitrivial steady states.

We have assumed that, at maturity, all males become semi-nomadic and spend a
proportion of their time in every patch and that all adult males adopt the same constant
strategy. This would seem to imply that adult males maintain a spatial distribution without
regard for the relative densities of adult females. This does not agree with the literature on
two fronts. First, some adult males may become residents to a patch (in the same way that
adult females are residents to a patch). This behavior was noted in [41] . Second, classical

mating system theory suggests that males will distribute themselves first by the relative
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populations of potential mates [53]. Future work may include a distribution of adult males

CEQj
c+y T2j

and gy = —<—— for ¢ > 0. We

C+Z T2j

which reflects this. An example of this may be g; =
conjecture that this change would strongly impact the number and stability of semitrivial
steady states. This distribution of adult males may also be influenced by seasons, and so

future work may include time-dependent g;.

A possible future direction, which is capable of addressing all of the previously raised
issues is that of a network structure for the patches. If each patch had both resident adult
males, adult females and kittens, a set of transition matrices could be constructed such that
the elements are functions of time as well as the relative patch population densities. These
transitions could also account for the varying dangers of specific routes. This would allow for
animals to distribute themselves more realistically and allow for the consideration of resident
adult males versus nomadic adult males. This would also allow adult females to populate
patches with no residents. We conjecture that this would reduce or remove the possibility
for semi-trivial steady states. Many of these ideas may also be implemented by means of

partial differential equations, similar to [37].

We conjecture that many of these suggestions would destabilize or eliminate many
semitrivial steady states, that is, it would promote the persistence of some patches. As such,
we expect the inclusion of these changes may reduce the effectiveness of control strategies
derived from this work. Our model would suggest that if the control parameter for a given
patch (s;) is sufficiently high (such that R; < 1) then the population in that patch cannot

persist. However, if adult females are permitted to relocate, it is possible that this result
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will fail, and so a much broader strategy will be needed. These changes may also allow
control strategies which the current model is not equipped to handle. For example, if the
transition matrix is adopted, focusing control efforts on animals in transit between patches
may decouple that patch from the system and so change the dynamics there. If there are
patches through which many individuals pass, control implemented in this patch may have

a strong influence on the populations of other patches.
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CHAPTER 3

THE DISEASE MODEL

3.1 Introduction

The threat of zoonosis is a constant concern in the modern world. In a study of major
diseases affecting humans, it was shown that an alarming percentage of those diseases were
the result of zoonotic mutations and a major risk factor for zoonosis is the presence of large
animal populations in cities [16]. For example, cows are known to have carried the rinderpest
virus, which is believed to have evolved into measles in the 12th century [58]. In more recent
history, rodents are believed to have spread various Hantaviruses which cause Hantavirus

pulmonary syndrome in more than 1200 humans in Brazil between 1993 and 2003 [59].

In addition, there are numerous variants of the ‘highly pathogenic avian influenza

virus’ (HPAIV), currently afflicting the world (e.g., bird flu and swine flu) [60,61].

Today, there are many examples of unowned, free-roaming cats (or feral cats as
in [1]) living in large colonies in human population centers. In [28], a catalog of many
such populations are cited. For example, in Jerusalem, a population with density over 18
cats per hectare is described in [43]. A population on the Japanese territory of Ainoshima

Island is decribed to have a population density of over 23 cats per hectare is described
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in [41]. Numerous other examples exist [32,41-44], and so the feral cats pose a zoontic
threat [3,16-18]. In addition to the threat of zoonosis these animals are generally regarded
as an epidemiological threat to both local wildlife [14,15], and pet animals [1], in particular

by transmitting rabies, toxoplasmosis and the feline leukemia virus [62,63].

The feline leukemia virus (or FeLlV) is an immunosuppressive, oncogenic retrovirus. It
is known to persist at endemic levels throughout the world [64]. This virus has been found to
spread between feral cats and wild felids [14,15] and can reproduce in human bone marrow in
a lab setting [18]. Two great resources on this virus are [65] and [66] and the following short
description is derived from those works. As many as two-thirds of cats exposed will clear the
virus from their system and develop life-long immunity. Failing this, such animals develop
life-long infections characterized by periods of viremia and a latent infection. Either of these
periods may last years. Latently infected animals do not shed the virus and may have no
outward symptoms. Viremic animals experience immunosuppression, lethargy, malaise, and
increased death rates. The pregnancies of females in this state very often end in abortion [67].
During these periods, the virus is primarily found in the saliva, but can also be found in the
blood and, if the infected is lactating, milk. Adult females can spread the virus vertically
to their offspring or by grooming or nursing them. In dense settings, lactating females may
groom and nurse kittens besides their own. The virus is more commonly spread by means
of communal grooming among familiar adults and bites during territorial interactions with

adversaries or during copulation. In addition to these modes of transmission, it has been
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suggested that the virus can might be able to spread by means of sharing food and water

sources or that fleas may be able to transmit the virus.

FeLV has been the study of numerous mathematical models [34-38] . In [34] an SIR
model for FellV is described which assumes no vertical transmission and logistic growth of
sub-populations. That model was later expanded into four models in [36]. These models con-
sidered two different growth types (exponential and logistic) as well as two disease incidence
terms (dependent and frequency dependent). Analysis and simulations on each of these
models are also included. In [39], an SIRS model which distinguishes between social and
asocial cats is described. The authors suggest that asocial cats engage in markedly different
behavior, in particular with regard to the social habits that are thought to be the virus’s
primary methods of transmission (e.g., social grooming, sharing food sources). Spatial as-
pects of the population are explored in [37], which utilizes partial differential equations and
in [38], which uses a network structure to describe different types of habitat (i.e., “farms” and
“villages”). Though efforts have been made to classify these feral cats by the behaviors which
are more likely to cause contact with the disease [36,39], it may be that gender and life-stage
are strong indicators for such behaviors. Indeed, since some disease-spreading behaviors are
restricted to certain gender/life-stage combinations (e.g., nursing kittens), modeling efforts

may benefit from this sort of grouping.

Here we propose a model with compartments for adult males, adult females and
kittens, each of which may be susceptible, infected or recovered, for a total of 9 categories.

Section 3.2 details the assumptions of the model, the system of differential equations they
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imply, and the main results of our analysis. The main focus of these results focuses on
the properties the disease-free equilibrium. In Section 3.3 we interpret selected composite
parameters and theorems biologically. Section 3.4 describes proofs for selected theorems.
Finally, Section 3.5 outlines weaknesses of the model and potential directions for future

work to address these weaknesses.

3.2 Mathematical model

3.2.1 Description

Consider a population similar to that in Chapter 1 under the influence of feline leukemia.
Unlike those in Chapter 1, this population will not interact with house-cats. The population
includes kittens (i = 1), adult females (i = 2) and adult males (7 = 3), We define the status
of i-cats to be susceptible, infected or immune. For simplicity, we define healthy cats to be
those that are uninfected. Let x;(t), y;(t) and z;(¢) be the density of susceptible, infected

and immune i-cats at time ¢ > 0. Also define m;(t) = x;(t) +y;(t)+2;(t). Assume the following:

(C1) Healthy adult females produce susceptible kittens at per-capita rate b > 0.

(C2) Infected adult females produce susceptible kittens and infected kittens at per-capita

rates ¢eb and (1 — ¢)eb, respectively, where € € [0,1] and ¢ € [0,1].

(C3) The intrinsic death rate for uninfected i-cats is d; > 0.
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(C4) The intrinsic death rate for infected i-cats is 6;d; where 6; > 1.

(C5) Kittens mature into adults of each sex (of the same infection status) at per-capita rate

m > 0.
(C6) Feral i-cats are removed from the population at per-capita rate s; > 0.
(C7) The competitive effect of adult j-cats on adult i-cats is ¢;; > 0.

(C8) The interaction coefficient ¢; > 0 for i = 2, 3.

3. B
(C9) Susceptible i-cats become exposed to the disease at rate B; = Z PigYs
j=1 Tj

with 3;; > 0.
(C10) The parameters (311 = 513 = 831 = 0.

(C11) A fixed proportion «; of exposed i-cats immediately become immune i-cats.

(C12) A fixed proportion 1 -« of exposed i-cats immediately become infected i-cats.

(C13) Unexposed susceptible i-cats become immune i-cats at rate v; > 0.

Many of these assumptions are similar in form and effect as those in Chapter 1 and comments
there apply here as well. Assumption (C10) implies that kittens do not engage in the
behaviors necessary to infect other kittens. Moreover, it reflects that observation that adult
males do not interact with kittens, and so no transmission can occur between these two
classes. Assumptions (C11) and (C12) represent the observation that some cats can mount
a sufficient immune response to clear the virus before the infection becomes permanent (i.e.,

when target tissue is infected). These cats are never symptomatic nor infectious. Note
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that outside of this initial event, there is no recovery from the disease. Assumption (C13)

represents vaccination efforts. Assumptions (C1) to (C13) produce the initial value problem

t1 = b(x2 + 20) + Pebys — 1 (dy + 51+ 2m) — vy — Biry,  x1(0) >0
Tg =mxy — xo(da + Sg + CooTa + C237T3) — Voo — Baka, 22(0) >0
I3 =mxy — x3(d3 + S3 + C327a + C3373) — V3x3 — B3xa, x3(0) >0
1= (1= @)ebys —y1(6hdy + 51 +2m) + (1 - 1) By, y1(0) >0
Y2 = my1 — y2(0ads + 52+ Cooma + Co373) + (1 = az) Bowa, y2(0) >0 (E)
Y3 = my1 — y3(Osds + 83 + 3o + C3373) + (1 — az) Bas, y3(0) >0
21 =—-2z1(dy + 51+ 2m) + v1x1 + @y By, 21(0) >0
2o =mzy — 29(dy + Sg + CoaTy + Co37T3) + oy + a Boa, 25(0) >0
23 =mzy — 23(d3 + 83 + €309 + €3373) + V33 + a3 Baws, 23(0) >0

As in Chapter 1 we shall introduce notation for effective death rates.

51=d1+31, 52=d2+82, 53=d3+83,
5y1 = «9d1 + Sq, 5y2 = ng + Sg, 6y3 = «9d3 + S3.

The simplified initial value problem is

11 = b(x2 + 29) + pebys — 1 (01 + 2m) — 11 — By, 21(0) >0 (3.2.1a)
Tg = mxy — To(0g + CooTa + C237T3) — Vaa — Baka, 22(0) >0 (3.2.1b)
&3 = mxy — x3(03 + C327a + C3373) — V3x3 — B3xa, x3(0) >0 (3.2.1¢)
U = (1= @)ebya = y1(dy1 +2m) + (1 — oy ) Bywy, y1(0) >0 (3.2.1d)
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Figure 3.1: A box-diagram visualization of system (E).

Y2 =My — y2(5y2 + CoaTy + Co373) + (1 — ag) Boxa, y2(0) >0 (3.2.1e)
U3 = myy — Y3(0ys + C32ma + C3373) + (1 — 3) Baxs, y3(0) >0 (3.2.1f)
21 =-21(01 + 2m) + vy 21 + 1 By, 21(0) >0 (3.2.1g)
2o =mzy — 29(0g + CooTy + Co3m3) + Vag + (g Baa, 25(0) >0 (3.2.1h)
23 =mzy — 23(03 + €397 + C3373) + V33 + a3 B, 23(0) >0 (3.2.11)

See Table 3.1 for a description of all variables and parameters.

3.2.2 Statement of main results

This section is dedicated to the main properties of system (2.2.1), which are in the vein
of [46,47] wherein the basic reproduction number for the disease (Rg) is defined in terms of

the spectral radius of the next generation matrix.
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Table 3.1: Quantities associated with model (E) and (3.2.1)

Quantity Description Units Equation
t time time (E)
Z; density of susceptible i-cats cat (E)
Yi density of infected i-cats cat (E)
2 density of immune i-cats cat (E)
e sum density of all i-cats cat (E)

b kitten birth rate for uninfected cats kitten - adult™" - time~ (E)
€ infected birth rate reduction factor kitten - adult ™" - time ™ (E)
m kitten maturation rate adult - kitten™ - time~ (E)
d; intrinsic death rate of uninfected i-cats time™! (E)
0; infected death rate increase factor for i-cats time™! (E)
S control rate on i-cats time ™ (E)
Cij effect of adult j-cats on adult i-cats adult™ - time ™ (E)
; probability exposure leads to immunity in é-cats none (E)
B; exposure rate of i-cats time™! (E)
Bij infective effect of j-cats on i-cats time ™! (E)
Vi vaccination rate of i-cats time™! (E)
0 effective death rate for uninfected i-cats time ™! (F)
Oyi effective death rate for infected i-cats time ™ (F)
Ho net reproduction number for adult females none (3.2.2a)
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Table 3.2: Quantities associated with model (E) and (3.2.1)

Quantity Description Units Equation
Ry basic reproduction number for FeLV none
u disease-free equilibrium (DFE) cat? (3.2.1)
h; effective removal rate of uninfected i-cats at DFE  time ™ (3.2.3¢)
T; density of susceptible i-cats at DFE cat (3.2.1)
Zi density of immune i-cats at DFE cat (3.2.1)
U; density of healthy i-cats at DFE cat (3.4.3a)
F; recruitment rate via infection of i-cats cat - time ™" (3.4.4)
¥*, ¥  recruitment rate via noninfection of i-cats cat-time™  (3.4.4)
F linearization of .%# at the DFE (3.4.4)
V*, V-  linearization of ¥, ¥~ at the DFE (3.4.4)

A disease-free equilibrium (DFE) of system (3.2.1) is defined to be a nontrivial equi-

librium u € R? of the form
= (T1,72,73,0,0,0,z1, 22, 73).

We continue to use the notion of local asymptotic stability (LAS) established in Chapter 1
and used in Chapter 2. However, we now include the notion of stability absence of disease,
that is, stable with regard to perturbations only in the healthy categories. Further details
regarding this notion can be found in [47]. The statement of the first theorem requires the

net reproduction number Hy, given by

bm

= o (3.2.2a)

Ho
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Theorem 3.2.1. The following results hold for system (3.2.1)

(a) If Hy< 1, then no DFFE exists.
(b) If Hy > 1, then a unique DFE exists.

(c) When a DFE exists, its components satisfy

_ hy  —  _ hy hy —  _ hy hy  —

— . U - . . U = . . [U 323
= hl + 11 Lot hl + 11 h2 + 1y 20 hl + 11 hg + 3 3 ( a)
_ 141 — _ h2V1 + h1V2 + MV — _ hgl/l + h1V3 + V33—

= .U = -U = U 3.2.3b
“1 hl + 11 b 2 (hl +V1)(h2+l/2) 2 =3 (h1+l/1)(h3+l/3) 3 ( )
hl = (51 + 2m, hg = 52 + CQQ@Q + CQ3@3, and h3 = 55 + 03262 + 63363 (3230)

where (Uy, Uy, Us) is the unique solution to the system of equations equations

bUy = Uy (6, +2m) (3.2.4a)
m@l = E2(52 + CQQEQ + 62363) (324b)
(3.2.4c)

m@l = Ug((Sg + ngﬁg + ngUg)

(d) When a DFE ezists it is LAS in the absence of disease.

Define the spectral radius of a square matrix A as

p(A) =max{|A| : Ais an eigenvalue of A}.
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Theorem 3.2.2. If a DFFE exists, then it is LAS if and only p(J) < 1, where

00(07 + lel) 07 + lel 0

T=] (Co+Co(C5+C))Ty  CsTy  Cuis (3.2.5)

C() (05 + 06 )53 0553 C@fg

where C;’s are defined as in Table 3.3.

In holding with other works, when the DFE exists, we define Ry = p(J), where J is

the matrix in (3.2.5) and the values of C; are given in Table 3.3.

Corollary 3.2.3. Assume a DFFE exists, and let the characteristic polynomial of the matriz
in (3.2.5) be given by p(A) = A3 + 01\? + 09\ + 03. Then the DFE is LAS if and only if the

following four conditions hold:

l+oy+09+03>0 (3.2.6a)
l-01+09-03>0 (3.2.6b)
1-02+0y—0103>0 (3.2.6¢)
1-03-09+0103>0 (3.2.6d)

The next theorem requires the composite parameters

r1 = CeT3 (3.2.7a)

0004(07 + Cgfg) + C4C5§2T3
1- C@Tg

ro = (Cr + CoT2) (Co + C1T1) + C3Tp + (3.2.7b)

Theorem 3.2.4. The DFE is LAS if and only if max{ry,ro} <1.
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Table 3.3: Quantities associated with the matrix from (3.2.5)
and Theorem 3.2.4.

Quantity  Definition

Co mh; 1

Ch Br2(1 - a1)(Urhy:) ™
Cy Ba1 (1= az)(Uihy) ™!
Cs Ba2(1 - az)(Uzhy2)™
Cy Ba3(1 = az)(Ushys) ™
Cs B32(1 = az)(Uzhy2) ™!
Cs B33(1 = a3) (Ushys) ™

Cr (1~ ¢)ebhy,

hy1 Oy1 +2m

hy2 Sy2 + co2Us + c23U3

hy3 Oy3 + ¢32Us + ¢33Us

1 CeT3

T9 (C7 + CaT2) (Cp + C1T1) + CsTa + {CoCa(Cr + CaTa) + C4CsTaTs} /{1 - CeT3}
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Theorem 3.2.5. If a DFFE exists, then Ry is a nonincreasing function of vi,vs and vs.

The proofs of the remaining corollaries are direct results of the previous theorems. As such,

their proofs have been omitted.
Corollary 3.2.6. If CoC7 > 1 then Ry > 1.

Corollary 3.2.7. Ry < 1 if and only if the following conditions hold

1/Cy - C
(a) E1<—/ gl i

(1 - C@$3)(1 - 07(011131 + CD)) - 000407
0504273 + (OQ(CL'El + Co) + 03)(1 - Cﬁ[Eg) + 000204

3.3 Biological interpretation of results

Here we interpret the results of the previous section biologically.

3.3.1 The net reproduction number Hy and Theorem 3.2.1

The composite parameter Hy is equivalent to the parameter Ry in Chapter 1 and described
in 1.3.1 (though this is not the same as the Ry detailed in this chapter). This number is
a theoretical maximum on the number of immediate adult female offspring a single adult

female will have in her lifetime. Similar to the result in Chapter 1, if this number is small
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(Hg < 1), then there is no DFE and if it is large (Hp > 1) then a single DFE exists. Moreover,

it is stable whenever it exists.

3.3.2 The composite parameters C;

Each of these parameters can be viewed as a measure of how effectively infection passes
between two classes. With the exception of Cy and C, each parameter contains a single
factor of 3;;, which is a measure of how effectively disease is transmitted from infected j-cats
to susceptible i-cats (see Table 3.3 for details). The composite parameters C; can be viewed
as a measure of the magnitude of new infections in i-cats that are caused by infected j-cats
during their lifetimes by means of direct infection. For example, Cy (which has a factor of
Pa3) can be viewed as a measure of new infections of adult females caused by infected adult
males during their lifetimes. The composite parameter Cj can be interpreted as a measure
of infected adults (of both genders) which matured from infected kittens. The composite
parameter C; can be viewed as a measure of infected newborn kittens an infected adult

females will give birth to in their lifetimes.

3.3.3 The expressions basic reproduction number R,

The basic reproduction number (Rg) is common to modern disease models. For a detailed

description of its formulation and interpretation see [46,47]. In short, the basic reproduction
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number for a disease Ry can be viewed as a measure of virulence of the disease. In simple
models, it may be the number of new infections a single infected individual can infect given
a completely susceptible population. For further interpretations of Ry for more complicated
models (such as the one we have studied here) see the cited works. If this value is small
(Ro < 1), small introductions of the disease are not expected to produce an outbreak. If this
number is large (Rp > 1), then a small introduction of the disease is expected to produce an

outbreak.

3.3.4 Theorems 3.2.4 and Corollaries 3.2.6 and 3.2.7

Theorem 3.2.4 provides precise conditions under which a DFE is locally stable. Given the
values of the primary parameters, these conditions are easily calculable. Biologically, these
could potentially be used to determine whether a certain level of vaccination would be
effective and whether or not one type of cat should be more heavily vaccinated. In addition,
this theorem, and subsequent corollaries, detail that there may be conditions for each type
of cat which must be met in order to maintain the stability of the DFE. For example, if
CoC7 > 1, then these conditions can never be met. Referring back to Section 3.3.2, we may
interpret this as a measure of infected offspring who mature into infected adult females. It
is intuitive that if this number is greater than 1 that the disease must persist, regardless of

vaccination efforts.
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3.3.5 Theorem 3.2.5

This theorem confirms the intuition that if the level of vaccination is increased, the virulence

of the disease (Ro) cannot increase.

3.4 Proofs of selected theorems

3.4.1 Proof of Theorem 3.2.1

In the absence of disaese, System (3.2.1) reduces to a system of 6 differential equations, given

by

&1 = b(xe + 29) —x1(01 +2m) — 1424

To = mxy — Ta(02 + cooUs + c23U3) — 1019
13 = mxy — x3(03 + c32Us + ¢33U3) — 323
Z = =21(01 +2m) + 12y

2o =mzy — 22(0g + c22Us + co3U3) + 1929

Z3 =Mz — Z3(53 + C32U2 + 033U3) + 1373
where Uy, = x + 2. Similarly, an equilibrium must satisfy

bﬁg = f1(51 + 2m) + 1171

mfl = 52((52 + CQQUQ + 623U3) + VQEQ
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(3.4.1a)
(3.4.1b)
(3.4.1c)
(3.4.1d)
(3.4.1¢)

(3.4.1f)

(3.4.2a)

(3.4.2b)



mfl = f3(53 + ng@Q + ngﬁg) + 1/353 (3420)

I/lfl = (51 + Qm)El (342d)
mzy + Voo = 22(52 + 02262 + 62363) (3426)
mzi + V33 = 53(53 + CgQUQ + 03363) (342f)

where Uy = Ty, + Z. Equations (3.4.2) imply that Uy, Uy, and Us must satisfy

bU, = Uy (6, +2m) (3.4.3a)
m@l = UQ((SQ + 62262 + 02363) (3431:))
m@l = @3(53 + 03262 + ng@g) (3430)

Theorem 1.2.4 in Chapter 1 with a; = as = a3 = 0, if Hy < 1 that no positive solution
(U,,U,, Us) and if Hy > 1 then there i exactly one positive solution (Uy, Uy, Us). This proves

parts (a) and (b) of the theorem.

Equations (3.4.2d) and (3.4.2a) together imply that b(Tq + Z2) — (01 + 2m)(T1 — Z1) —

bﬁg + @1(51 + 2m)

2((51 +2m + 1/1) )
oy +2 — h —
Finally, along with (3.4.2a), this implies that 7; = % -U; = » +11/1 -U;. Since

2v171 = 0. Substituting z; = U, - 71, and solving for 7, we find that 7, =

Z1+7%1 = Uy, this also provides an explicit formula for Z;. The equilibrium values for Ty, T3, Z»
and Z3 can be similarly calculated to find the remaining values given in the theorem. For

reference, they are

SO TR SRR RS YU S TR YRR
hi + 1y hi+vy ha+1y hi+vy hs+us

= - I '—1, 22:h2V1+h1V2+1/11/2.—2’ 23:h3V1+h1V3+V1V363
hi+ 11 (h1 +v1)(hg + 1) (hy +11)(hs +v3)
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This proves (c) of the theorem.

For the remainder of the theorem, assume Hg > 1. In part (b) it was shown that a

unique DFE exists. The Jacobian of (3.4.1), expanded at the DFE is

—hl -1 b 0 O b 0
m —hg — C20T2 — 1o —C23T2 0 —C2T2 —C23T2
m —C32T3 ~hg—c33T3-1v3 0 —C32T3 —C33T3
J =
Iz 0 0 -hy 0 0
0 Vo — Co2Z2 —(23%2 m  —hy —C2Zs —(23%2
0 —(3223 V3 — C33%23 m —(3223 ~hg — 3373

Define the matrices

1 00 -1 0 O 1 001 00

010 0 -1 0 01 0010

001 0 0 -1 001001
U= and U=

000 1 0 O 000100

000 0 1 0 00 0O0T1O0

000 0 0 1 00 0O0O0°1

Similarity transformations preserve eigenvalues, and so the matrix U-'JU has the same
eigenvalues as J. The effect of right-multiplying the matrix J by U is to subtract column ¢

from column ¢+ 3 for ¢ = 1,2, 3. and the effect of left-multiplying that product by the matrix
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U-!is to add row j + 3 to row j for j = 1,2,3. Then, the product is given by

UtJU =

This matrix is block lower-triangular, and so its eigenvalues are those of the diagonal blocks.
The first diagonal block is the same matrix obtained in Chapter 1 in the proof of Theorem
1.2.7 when analyzing the local stability of the positive equilibrium in the case where a; = as =
az = 0. In the proof it was shown that all of the eigenvalues have negative real part whenever
Hy > 1 which, by part (b) of Theorem 3.2.1, is equivalent to assuming a DFE exists. The
second diagonal block is a lower-triangular matrix with negative diagonal elements and so

the eigenvalues of this block are strictly negative. Thus, if a DFE exists it is LAS in the

absence of disease.

-hy b 0 0 0 0
m  —hy — coUy —c93Us 0 0 0
m  —cpUs  —hz—cuUs| O 0 0
vy 0 0 -hy — 14 0 0
0 Vg — C9929 —C93729 m —hy — 1y 0
0 —C39%3 V3 — C3323 m 0 —hs -3

3.4.2 Proof of Theorem 3.2.2

We apply the next generation matrix method to show that the DFE is LAS as detailed

in [46,47]. The infected classes are governed by the differential equations

3)1 = (1 - §Z§)€by2 - y1(5y1 + 2m) + (1 — Cl{l)lel
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Yo = mys — Yo (Oy2 + Cooa + Co373) + (1 — ap) Boo

U3 = my1 — ys3(Jys + c3ama + c33m3) + (1 — a3) By

The right-hand side of these equations are which are written in the form of . %, — (¥,” - 7#.*),

where the terms of each equation are grouped into one of .%;, #,~, or #;* where

Fi1=B1(1-aq)r1+(1-p)ebys ¥ =y1(6,0 +2m) V=0
Fo = By(1-ay)ry vy = 3/2(5y2 + CooTy + C373) Vo =my
F3 = B3(1-ag)zs Yy = y3(0y3 + C3oma + c33m3) Y5t =my

Z; is the group of terms representing new infections in compartment ¢ and #;* and 7;” are
all other transitions into and out of compartment i, respectively. Define .% to be the vector
whose " term is .%; and ¥ to be the vector whose i term is (¥;” — #;*). We define the
matrices F' and V as the linearizations of .%# and ¥, with respect to the variables v, 2 and

y3. For system (3.2.1),
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— 0 (C7 + C11) hyo 0 -

F=| CyTahy  CsTohyy  CyTahys |- (3.4.4a)
i 0 C5T3hyo CeTzhys ]
— hygo 0 0 - — h%ﬂ 0 0 -

V=l -m hp 0 |2 V'i= Lo | (3.4.4b)
i -m 0 hys | i ﬁ 0 hiyg )

Where the values of C; and h,,; are given in Table 3.3. Then the product of F' and V-1 is
given by
00(07 + Olfl) 07 + lel 0

T=FV=| (Cy+Cy(Cs+C )T CoTr Oy

Co(Cs + Cs)T3 Cs73 CeT3

Theorem 2 of [47] states that the DFE is LAS if the eigenvalues of the next generation matrix

J-1 are inside the open unit disk. ]

3.4.3 Proof of Corollary 3.2.3

This theorem is a special case of the Jury Conditions (also known as the Schur-Cohn criteria),
which can be found in [49]. For a characteristic polynomial of a 3 x 3 matrix of the form
p(A) = A3+ 0102 + 02\ + 03, the solutions of the equation p(A) = 0 all satisfy |A| < 1 if and

only if the following conditions holds
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e p(l)=1+0,+09+03>0
o p(-1)=1-01+02-03>0
o 1—O'§>|O'2—0'10'3’

These first two criteria are what we have cited in the statement of the corollary. The final
condition is equivalent to the compound inequality 1-02 > 09— 0103 > =1+ 02, which is itself
equivalent to the inequalities 1 — 02 — 09 + 0103 > 0 and 1 - 02 + 09 — 0103 > 0. These are the

four conditions stated in the theorem. O

3.4.4 Proof of Theorem 3.2.4

Before addressing the theorem, we introduce the partial ordering on the set of 3 matrices,
<3. Define <3 such that 0 < A <3 B if A;; < By;, for i,7 = 1,2,3. Recall that p(A) denotes
the spectral radius of A. Let A and B be non-negative 3 x 3 matrices. If A <3 B, then
p(A) < p(B) [68]. We will show the desired result by showing that the solutions to the
equation p(A) = 0 are inside the open unit disk if and only if both 7 < 1 and 75 < 1. First
we show that r; < 1 is a necessary condition. Next, we show that if r; < 1, then ro < 1 is

also necessary. We conclude by showing that the conditions r; < 1 and 7, < 1 are together
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sufficient. Define the matrix

00 0
T=100 o
007”1

Note that r; = C¢Z3 implies that J <3 J. Then 7, = p(J) < p(J) = Re. Thus, if Ry < 1, then

r1 < 1. This establishes that r; <1 is a necessary condition. Moreover,

CoCy(Cr + CoTr) + C4Cs5ToT3
1-Cy75

CoCy(Cr + CoTa) + C1C5T2T3
1 - Cs3

o = Cgfz + (07 + CQEQ)(CO + lel) +

<~ 1—7‘2=1—0352—(C7+0252)(00+Olfl)—
<~ (1—7’1)(1—7”2)={].—ngg—(C7+OQEQ)(00+0151)}(1—0653)

- 0004(07 + szg) - 04055253

Positivity of the right-hand side of this final equation is condition (3.2.6a). This proves the
sufficiency part of the theorem. Next assume that r; < 1 and ro < 1. The expression in

condition (3.2.6b) can be written as

(14 CT3){1 + C3T2 + (C171 + C7)(Co — CaT2) } — CyTo(CoC1T1 + CsT3 + CoC)

= (1+ Csx3){1 + O3y — (C171 + C7)(CoT2 — Cp) } = Cyx2(CoCry + Cs5T3 + CoCr)

= (1+ Csm3){1 + O3y — (C171 + C7)(CoT2 + Cy — 2Cy) } — CyT2(CoC1 Ty + Cs5T3 + CoCh)
= (1 + CsT3){1 + C3T — (C171 + C7) (O + Cp) } — CoCu(Cr + CaTy) — CuCsT2T3

+ (14 CT3){1 + C3T2 + 2Co(C171 + Cr) }

> (1 — Cﬁfg){l — 0352 — (07 + CQfQ)(CO + lel)} - 0004(07 + CQEQ) — C4C5f2§3
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+ (1 + Cﬁfg){l + Cgfg + 200(01%1 + 07)}

= (1 —7”1)(1 —7’2) + (1 + C@fg){l + 0352 + 200(0151 + 07)} >0

Thus the condition (3.2.6b) is always satisfied. Since the two remaining conditions ((3.2.6¢)
and (3.2.6d)) contain the common expression o103 — 0. We simplify this expression here

before preceding.

0103 — 09 =CoCoCsC2TyT3 + CoC2CTTa — CyCry — CoCyCh Ty + CoC3CsCrTaTs + CoCsCrts
+ 20,01 CyCsCr T Ta T3 + CLCoCET T9T5 — O1CoT 1 To — CoCLO4T 1 Ty
+ 010y C3CeT1TaT3 + CoCLCe1 T3 + CoC2CoCsT35Ts — CyCsToTs + C3CsToT3
=CyCoCsC2TaT3 + CoC2CHTLTE — CyCrTs — CoCuCyT + CoC3CeCrTaTs + CoCyCrs
+2C0C1CyCsCrT1 T3 + CLCL,CET 1 To T — C1CoT1 Ty — CoCrLO4T T
+ 010y C3CeT1ToT 3 + CoCLCT1 T3 + CoC?CoCeT3T0Ts — CyCsToTs + C3CeToT3
+ (1= Co(ChT1 + C7) = C3T5 — CoT3) (1 + CoCsTam3(Ch7T1 + C7))
- (1-Co(ChT1 + C7) = C3T5 — CoT3) (1 + CoCsTam3(ChT1 + C7))
=1 - C5C7x — CyCyCrs + CyCsCrs + CoCeCrxoms — CyCi Ty — C5To — C1CT 1T
- CoC1Cyx 1Ty — Cgry + CyC1Corix3 — CyCsmaxs + C3CsTax3 + C1CCex1Tox3
- CoC7 = (1= Co(C171 + C7) = C3Ty — CeT3) (1 + CyCsTom5(Cry + Cr))
=1 - Co(C1T1 + C7) = CoT2(C1T + CF) = C3Tg — CyCs5T2T3 — CoCyTo(C171 + Cr)
- CsT3(1 = Co(C1Ty + C7) = CoTo(C1Ty + C7) — C3T2)

- (1 - CO(CIEI + C7) - Cgfg - 0653)(1 + 02065253(0151 + 07))
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=(1 - Cs73)(1 = (Cy + Coa) (C171 + C7) = C3T2) — CyTo(Css + Co(C171 + C))
- (1-Co(C1T1 + C7) = C3T2 — Csm3) (1 + CoCsTax3(ChT1 + C7))
=(1-Cs73)(1 = (Co + Coa) (C1T1 + C7) = C3T2) — CyTo(Css + Co(C171 + C))
- (1-Co(C1T1 + C7) = C3T5 — Csm3) (1 + CoCT2m3(C1T1 + C7))
Using this simplification, we simplify condition (3.2.6¢)
1 - 03 + 09— 0103 =(1 = CoCeTaT3(C1T1 + C7)) (1 + CoCsT2T3(C1T1 + Cr))
- (1= Co(C17T1 + C7) = C3T5 — Cs3) (1 + C2CsT2m3(C1T1 + C7))
+ (1= C5Ty — (C171 + C7) (CaT2 + Cp) ) (1 - C3)
- CyZ2(Co(ChT1 + C7) + C5T3)
={CT3 — C2CsT2T5(C1T1 + C7) + Co(C1T1 + C7) + CsT2) }-
{1+ CyCT273(ChTy + C7) }
+{1 - Cs573 — (Croxy + C7)(CaZz + Cp) }(1 - Ce3)
- CyT2(Co(C1T1 + C7) + C573)
={Cs73(1 = CoTa(C1T1 + C7)) + Co(C1T1 + C7) + C3T2) }+
(1 + CoCeT273(Ciy + C7))
+{1 = C372 - (C171 + C7)(Comy + Cp) } (1 - CT3)
- CyTo(Co(Ch71 + C7) + C5T3)
={CT3(1 - CoTo(C1T1 + C7)) + Co(C1T1 + C7) + C3T2}

. (1 + CQC@‘EQfg(lel + 07))
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+(1-r)(1=-79)>0.

This final expression is always positive, since the product (1 -7)(1—-173) > 0 and since
ro <1 = CyTo(C171 + C7) < 1. For condition (3.2.6d), we again use the simplification of

0105 — 75, We have,
1 - 03 + 0103 — 03 =(1 + C2CToT3(C1T1 + C7)) (1 = CoCsT2T3(C1T1 + Cr))
+ (1 + CoCsmaT3(C1T1 + Cr) ) (1 = Co(C1Ty + C7) — C35Ty — CoT3)
+ CyT{Co(C1T1 + C7) + C5T3}
— (1= C3Ty — (C1T1 + C7)(CoT2 + Cp) ) (1 — Ce3)
=(1+ CyCT273(C1T1 + C7)) (1 = (Co + CoCsTa3) (C1Ty + C7) + 1 — CgT3)
+ CyZ2(Co(ChT1 + C7) + C5T3)
— (1-C575 = (C1Z1 + C7)(CoT2 + Cp) ) (1 - Cg3)
=(1+ CyCsT273(C1T1 + C7)) (1 = (Co + CoCTaT3) (C1T1 + C7))
- (1-C579 = (C1Z1 + C7)(CoT2 + Cp) ) (1 = Ci3)
+ (1= Csx3) (1 + CyCToT3(C1T + C7)) + CyT2(Co(C1T1 + C7) + C5T3)
>(1+ CyC6T273(C1T + C7)) (1 = (Co + CoZ2) (C1 T + C7))
— (1= C3T5 — (C1T1 + C7)(CaoT2 + Cp) ) (1 = Ce3)
+ (1= CoZ3) (1 + CoCsTaT3(C1T1 + C7)) + CyTo(Co(C1T1 + Cr) + C5T3)
>(1+ CyCT273(C1T + C7)) (1 = C5Ty — (Co + CoTa) (C1T1 + C7))

- (1 - Cgfz - (lel + 07)(0252 + Co))(l - Cﬁfg)
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+ (1= Csx3) (1 + CyCToT3(C1T1 + C7)) + CyZ2(Co(C1T1 + C7) + Cs5T3)
=(CyCsmam3(C1T1 + C7) + Ce3) (1 — C5Ta — (Cy + Co) (C171 + C7))

+ (1= Csx3) (1 + CoCsTom3(C1T1 + Cr)) + CyTo(Co(ChT1 + C7) + C5T3)

= (CoCsm2T3(C1T1 + C7) + Cs3) (1 — C3To — (Co + Co2) (C1ZT1 + C7))

+ (1= CoT3) (1 + CoCsTam3(C17T1 + C7)) + CyTo(Co(C1T1 + Cr) + C5T3)

= (CoCsTaT5(C1 Ty + Cr) + CsT3) (1 —11) (1 —12)

+ (1 — 7“1)(1 + 0206f253(01f1 + 07)) + C4f2(00(01f1 + 07) + 0553) >0

Thus, by the Corollary 3.2.3, all roots of the characteristic polynomial of p(\), and so the
eigenvalues of J, lie exclusively within the unit disk. Then Ry < 1 and by Theorem 3.2.2, the

DFE is LAS. [l

3.4.5 Proof of Theorem 3.2.5

Recall that Rg is given by the spectral radius of the matrix

00(07 + lel) 07 + lel 0
J= (02 + C()(Cg + C4))f2 ngg 0452

00(05 + C@)fg 0553 C@fg

The matrix J is non-negative and so the spectral radius is a nondecreasing function of its
entries so long as they remain non-negative [68]. Each C; is constant with respect to v, as

each is a product of parameters which are also constant with respect to v;. Note that this
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applies to Uy. However, the formulae in Theorem 3.2.1 imply that each x; 1s a nonincreasing
function of 4. Thus, the elements of J are nonincreasing functions of v, and so Ry is a

nonincreasing function of vy. H

3.5 Discussion

Many of the comments of Chapter 1 still apply. We focus here on features unique to disease

modeling.

As disease control measures are often enacted after the disease has invaded, a full
treatment of this model should include analysis of the so-called endemic equilibria, specif-
ically with regard to existence, uniqueness and stability. We conjecture that exactly one
endemic equilibrium exists and is locally stable whenever the disease-free equilibrium is

unstable.

Gender and age are strong indicators of behavior, but the model’s treatment of age
could be done on a finer level, with the addition of multiple age classes for both genders or
the use of partial differential equations to track age-density. Gender and age are not the
only indicators of behavior, however, and future work on the model may also include state
variables for asocial cats (who live in a population without engaging in many of the behaviors
which are thought to cause transmission) as in [39]. These animals would have lower values

for some (or all) of the transmission terms.
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As was stated in Sections 1.6 and 3.5, the assumption that parameters are independent
of time is a weakness of the model. If the behavior of the animals is correlated to season,

this may indirectly influence the incidence coefficients (5;;).

Though it is was common among the cited works, this model neglects many of the
more complicated features of the retrovirus [34-38] . For instance, in this model, cats who
become infected remain. However, even after the virus infects the target tissue, the animal
may eliminate the virus from their system, placing the animal in what is known as a latent
infection. The animal may remain in this (undetectable) state for years. The host’s cells
may be provoked in the future to being production of the cells, making the animal viremic
again. Future work may include state variables for these animals. In addition, it has been
suggested that the immunity granted by the vaccine is not as effective as that granted by
exposure to the virus [65]. Future work may include two categories to accommodate for
this. In addition, the immunity granted by exposure is not externally obvious, and vaccines

may be wasted on immune cats. Future work may modify the vaccination terms from v to

Tk
Tp+2E

something incorporating the wasted vaccines, such as vy

Finally, the permanency of the immunity granted by vaccination is considered not
as effective as that granted by exposure to the disease [65]. Future work may include a
terms to describe cats who lose their immunity and perhaps additional state variables for

the immunity which cannot be lost.

Comments regarding spaying/neutering in Chapter 1 still apply and may have more

significance in the context of disease. The resulting change in behavior from prophylaxis
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could potentially influence the behavior of the animal and so indirectly influence the trans-
mission terms [40]. Future work may include new state variables to track these animals to

investigate the effect of prophylaxis on the disease’s ability to invade.

Finally, Corollary 3.2.7 provides clear conditions on when the disease-free equilibrium
is locally stable. Future work may use these conditions to construct a gender-informed vacci-
nation strategy which ensures the disease-free equilibrium is locally stable while minimizing
vaccination effort. In addition, the influence of removal rates (s;) on the ability of the disease
to invade could be analyzed as well as the interaction between these two approaches. Using
Theorem 3.2.4 and subsequent corollaries, one might compare the effect of removing a cat
rather than vaccinating it. If the issue of prophylaxis is also addressed, the interaction of

the three different approaches could be analyzed.
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