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ABSTRACT 

 Laser filamentation is a complex phenomenon occurring for pulses with peak power above 

a critical value. A filament is a dynamic self-guided structure characterized by several unique 

qualities, which include a beam with a high-intensity core surrounded by an energy reservoir, a 

weakly ionized plasma channel, and supercontinuum generation. Several of the proposed 

applications for filamentation utilize the plasma channel, such as for assisted electric discharge 

and microwave guiding. However, filament properties are highly influenced by the physical 

conditions under which they are formed. A host of studies have been conducted to further 

characterize filaments, but much work still remains in order to understand their complex behavior. 

This work presents an accurate and direct measurement of the electron density based on an 

interferometric technique. The impact of different initial parameters on filament spatio-temporal 

dynamics in air is investigated, concentrating primarily on their influence on the plasma. For 

comparison of the experiment with theory, the plasma decay is modeled by a system of kinetic 

equations that takes into account three-body and dissociative electron recombination reactions. 
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CHAPTER 1 – INTRODUCTION 

1.1 – Filament Formation 

1.1.1 – Kerr Effect and Self-focusing 

 The total refractive index of a propagation medium includes an intensity dependent term, 

 𝑛 = 𝑛0 + 𝑛2𝐼 ( 1 )  

where 𝑛0 is the linear refractive index and 𝐼 is the optical intensity. The nonlinear refractive index, 

n2, is related to the third order susceptibility. At high intensities, n2I becomes significant, causing 

an increase in the total refractive index. This intensity dependent change in the refractive index is 

called the Kerr effect. The resulting nonlinear phase shift is often expressed as the B-integral [1]:  

 𝐵 = 𝑘0 ∫ 𝑛2𝐼𝑑𝑧
𝑧

0
  ( 2 ) 

A B-integral having a value as high as π is considered significant. Since the intensity of the 

beam is highest at the center and tapers off towards the edges, the change in refractive index 

encountered by the beam, which is proportional to the intensity, will likewise be highest on axis, 

resulting in a lensing effect (Figure 1a). For example, for a beam with a Gaussian intensity profile, 

Δn will have a Gaussian profile as well, and the resulting approximate phase shift, when expanded, 

can be shown to resemble that due to a parabolic lens. Thus the Kerr effect leads to self-focusing 

of the beam.  

The characteristic length for self-focusing, LSF, is defined as the length over which the B-

integral changes by a factor of one [1]. 

 𝐿𝑆𝐹 =
1

𝑛2𝑘0𝐼0
  ( 3 ) 

where 𝑛2 is the nonlinear refractive index, 𝑘0 is the wavenumber for the central laser wavelength, 

and 𝐼0 is the peak intensity.  
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Figure 1: Illustration depicting (a) the Kerr effect, in which the change in refractive index is proportional 

to the intensity profile causing the beam to self-focus, and (b) plasma defocusing, in which the negative 

phase shift induced by the presence of plasma acts as a negative lens. 

 Collapse of the beam, or the onset of self-focusing, occurs when the initial peak power of 

the beam is greater than the critical peak power. At this power, self-focusing effects overcome 

diffractive effects. The following equation for Pcr is valid for a Gaussian beam [1]:  

 𝑃𝑐𝑟 = 3.77𝜆0
2/8𝜋𝑛0𝑛2 ( 4 ) 

where 𝜆0 is central laser wavelength and 𝑛0 and 𝑛2 are the linear and nonlinear refractive indices 

respectively. The factor of 3.77 is valid for a Gaussian beam and will vary based on the beam 

shape. For a Gaussian beam with 𝜆0 = 800 nm in air, 𝑃𝑐𝑟 ≈ 3.2 𝐺𝑊. Other beam profiles will 

have different critical powers. The length which a Gaussian beam will propagate until collapse, 

Lc, is given by the Marburger equation [2]. 
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 𝐿𝑐 =
0.367𝐿𝐷𝐹

√[(𝑃𝑖𝑛/𝑃𝑐𝑟)
1
2−0.852]

2

−0.0219

 ( 5 ) 

where LDF is the Rayleigh length. This semi-empirical formula fails at high input powers (~100Pcr). 

A transition occurs from 1/√Pin to 1/Pin at higher powers.   

1.1.2 – Photo-ionization and Plasma-defocusing 

 For a filament to form, the photon energy must be much less than the ionization potential 

of the propagation medium. If not, the pulse will gradually attenuate due to two or three photon 

absorption [1]. As the light intensity increases, the probability of multiphoton ionization and 

tunneling ionization increases. Multiphoton ionization (MPI) arises when an electron 

simultaneously absorbs enough photons to overcome the ionization potential, Ui, a phenomena 

that can be described by perturbation theory (Figure 2a). The rate of MPI scales as IK, where K is 

the number of photons absorbed concurrently [3]. Tunneling ionization results when an electron 

tunnels through the potential barrier due to both the electric field of the laser and the Coulomb 

potential of the nucleus (Figure 2b). Tunneling ionization requires a higher intensity than MPI. 

They are collectively referred to as photo-ionization.  

 The Keldysh parameter, 𝛾, delineates the dominant mechanism of photoionization.  

 𝛾 =
𝜔

𝑒
√

𝑚𝑒𝑈𝑖𝑛0𝑐𝜀0

𝐼
  ( 6 ) 

where 𝜔 is the laser frequency, 𝑒 is the electron charge, 𝑚𝑒 is the mass of an electron, 𝑈𝑖 is the 

ionization potential, 𝑛0 is the linear refractive index, 𝑐 is the speed of light, 𝜀0 is the permittivity 

of free space, and 𝐼 is the optical intensity. If 𝛾 ≫ 1, MPI is the prevalent mechanism, but if 𝛾 ≪

1, tunneling ionization prevails.  
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 Air largely consists of oxygen and nitrogen, the lower ionization potential belonging to 

oxygen (12 eV). For a laser with photon energies of ℏ𝜔 ≈ 1.55 eV (at 800 nm), ionization will 

not result from the absorption of a single photon. In order for the laser to induce ionization, an 

electron would have to simultaneously absorb 8 photons. That is, 𝐾~8 in air. Therefore a high 

number of photons in a minute quantity of space and time, and thus high intensity, is required in 

order for the ionization to become probable. Sufficient intensity is achieved as the beam begins to 

self-focus. 

 

Figure 2: Diagram illustrating (a) multiphoton ionization and (b) tunneling ionization. 

 Free electrons due to photo-ionization can be accelerated in the electric field of the trailing 

end of the pulse due to inverse Bremsstrahlung. This refers to the phenomena in which the electron 

collides with the nucleus and gets jolted out of phase from the E-field, and thus the oscillatory 

energy of the electron is converted to kinetic energy. The resulting energetic electrons produce 

further ionization due to collisions with neighboring atoms in a process referred to as avalanche 

ionization. 



5 

 

 Plasma generation due to photo-ionization reduces the local refractive index. The resulting 

change in 𝑛 (the derivation is shown in section 2.3.1), is given by the following, 

 Δ𝑛 ≈ −
𝜌

2𝜌𝑐
 ( 7 ) 

where 𝜌𝑐 = 𝜀0𝑚𝑒 (
2𝜋𝑐

𝑒𝜆0
)

2

 is the critical plasma density, at which point the plasma becomes opaque 

(𝜌𝑐 ≈ 1.7 × 1021 cm-3 for 𝜆0 = 800 nm). The quantities 𝜀0, 𝑚𝑒, 𝑒, 𝑐, and 𝜆0 are respectively the 

permittivity of free space, electron mass, electron charge, speed of light, and central laser 

wavelength. The presence of plasma results in a local refractive index change that is lowest on axis 

and increases towards the edges of the pulse, resembling the shape of a negative lens. Thus the 

plasma causes defocusing of the beam (Figure 1b). The characteristic length of plasma defocusing, 

LPL, is defined as the length over which the B-integral due to the plasma (Eq. 8) deviates by a 

factor of one (Eq. 9) [1],  

 𝐵 = −𝑘0 ∫
𝜌

2𝑛0𝜌𝑐
𝑑𝑧

𝑧

0
  ( 8 ) 

 𝐿𝑃𝐿 =
2𝑛0𝜌𝑐

𝑘0𝜌𝑎𝑡
 ( 9 ) 

where ρat is the neutral atom density. For 𝜌𝑎𝑡 = 2 × 1019 cm-3 and an electron density of 𝜌 = 1016 

cm-3, 𝐿𝑃𝐿 ≈ 22 𝜇𝑚. The length scale for defocusing is given by LPLρat/ρ. Multiphoton absorption 

attenuates the beam. The length scale for multiphoton absorption, LMPA, is the length over which 

the pulse is attenuated by a factor of [(K+1)/2]1/(K-1) [1]. 

 𝐿𝑀𝑃𝐴 =
1

2𝐾ℏ𝜔0𝜎𝑘𝐼𝐾−1𝜌𝑎𝑡
 ( 10 ) 
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where σK is the ionization cross-section and K is the number of photons simultaneously absorbed. 

For 𝜆0 = 800 𝑛𝑚 in air (𝐾 = 8 and 𝜎8 = 3.7 × 10−96 cm16W-8s-1) and 𝐼 = 5 × 1013 W/cm2, 

𝐿𝑀𝑃𝐴 ≈ 12.6 m. 

Once the initial self-focusing of the beam occurs, a dynamic balance is achieved between 

these competing self-focusing and defocusing effects, until the arrest of collapse. The dynamic 

spatial replenishment model [4] describes how the focusing-defocusing cycle produces a beam 

with a high-intensity core (~100 μm in diameter), surrounded by an energy reservoir, maintained 

for distances greater than the Rayleigh length, leaving a plasma channel in its wake. Though it 

may seem that arrest of collapse results from plasma defocusing, other factors such as higher order 

nonlinearity, nonlocal effects, nonlinear absorption, and, in solids, the GVD, all may factor in to 

arrest collapse.  

1.2 – Properties of Filaments 

1.2.1 – Plasma and Intensity Clamping 

 In regions of plasma formation, further self-focusing is locally limited due to the 

defocusing effect of the plasma. When these two intensity dependent processes, the Kerr effect 

and plasma defocusing, achieve a balance, the peak intensity is said to be clamped inside the 

filament [5]. Likewise, the peak plasma density is clamped, as the probability of further ionization 

is intensity dependent. The clamping intensity can be approximated by equating the Δn due to the 

Kerr effect and plasma [5].  

1.2.2 – Supercontinuum Generation 

 Ionization, self-steepening, and self-phase modulation all contribute to spectral broadening 

during filamentation [1]. The temporal variation of the refractive index results in an instantaneous 
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frequency that is related to the time derivative of I and proportional to the propagation distance z. 

The ensuing self-phase modulation generates redder frequencies at the leading edge of the pulse 

and bluer frequencies at the trailing edge. The intensity dependence of the refractive index causes 

the peak of the pulse to travel at a slower velocity than the trailing edge, leading to a steepening 

of the pulse. Pulse self-steeping generates bluer light at the tail of the pulse. Finally, ionization 

contributes bluer frequencies on the trailing edge of the pulse. 

1.2.3 – THz Radiation 

 The free electrons in the electric field of the pulse experience a ponderomotive force, 

accelerating them towards the weak field direction. As a result, some of the electrons in the plasma 

will travel faster than the velocity of the light in the propagation medium leading to Cherenkov-

like emission of THz [6]. 

1.3 – Applications of Filamentation 

 One potential application is to use the filament plasma channel to guide lightning. During 

lightning formation, the initial process is leader formation, in which a weakly ionized plasma 

channel descends from the cloud. As the electric field on the earth’s surface increases, the air 

becomes conductive and breaks down to form a corona discharge. Once the channel is formed, the 

electrons flow through the channel to neutralize the cloud. Filaments have been demonstrated to 

initiate corona discharge in clouds [7, 8]. Therefore, filaments can be used to induce lightning. The 

plasma channel of the filament would also provide a path of least resistance through which the 

cloud could discharge, thereby guiding the lightning. 

 Another possibility is to use filamentation as a remote THz source. THz radiation has 

several advantages over other light sources for spectroscopy [6]. The radiation is safe to biological 
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tissue and provides decent resolution. In addition, many materials can be uniquely identified by 

their spectrum in the THz regime, including explosive materials. Unlike other THz sources, which 

will diffract and be absorbed by water in the air at great distances, filaments have the promising 

ability to deliver THz radiation for spectroscopy at long distances. 

 In addition, by forming a cylindrical sheath of filaments with a hollow core, the structure 

could act as a waveguide for microwave radiation [9, 10]. The lower refractive index of the plasma 

as compared to air would cause total internal reflection of the microwaves. The guided wave must 

have a frequency lower than the plasma frequency – approximately 300 GHz for a filament [11]. 

 One unique application is filament induced cloud formation and precipitation. During 

cloud formation, water vapor condenses onto cloud condensation nuclei (CCN). The ions in the 

filament plasma can serve as additional CCN or attach to pre-existing CCN, making it more active. 

Additionally, the temperature gradient between air surrounding the filament and the cold 

atmosphere results in thermal air flow. Convection mixes the air and increases interaction between 

CCN and water vapor, producing water, ice, and snow [12]. 

 Filamentation can also be used to detect pollutants. Each molecule has a unique spectral 

‘fingerprint’. A filament can remotely excite the fluorescence of molecules in the air, which can 

then be detected with a spectrometer to determine the chemical composition [13]. This technique 

is called LIDAR (light detection and ranging). In addition, the same concept can be applied to 

solid targets at long distances, called FIBS (femtosecond laser induced breakdown spectroscopy) 

[9].   
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CHAPTER 2 – REFRACTIVE INDEX MODIFICATION BY FILAMENTATION IN AIR 

2.1 – Prevalent Filament Measurement Techniques 

2.1.1 – Plasma 

As described in the previous chapter, there are many potential applications for 

filamentation, several of which rely on filament plasma formation. Therefore, an accurate 

diagnostic is necessary to properly characterize the temporal, radial, and axial profile of the plasma 

channel for use in these applications.  

A variety of methods have been employed to study filament plasma dynamics in air. Such 

techniques include conductivity measurements, acoustic or sonographic detection, interaction with 

CW microwave propagation, fluorescence molecular spectroscopy, and interaction with THz 

radiation [14-27]. Three other methods which utilize the refractive index modification of the 

medium due to filamentation are diffractometry, in-line holography, and interferometry [27-34]. 

Each of these methods is briefly summarized below. While this is not an exhaustive list of filament 

plasma measurements, those techniques which procure time-resolved data of filament plasma in 

air will be reviewed.  

 

Figure 3: Schematic for the plasma conductivity measurement performed by Abdollahpour, et al. [17] 
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Several groups have measured plasma dynamics using the conductive properties of 

filaments [14-21]. For example, Abdollahpour, et al. measured changes in voltage between 

electrodes due to presence of plasma [17]. In their setup, they placed electrodes on either side of 

the filament, connected to a high voltage source (see Figure 3). The electrodes induce a 

polarization in the plasma, which changes the total electric field. The high voltage source then 

provides charge to the electrodes to maintain a constant voltage. The resulting transient recharge 

current is measured by an oscilloscope. The signal is proportional to the density. However, this 

technique must be calibrated by another measurement technique, such as in-line holography. The 

resolution is also limited by the oscilloscope and thus too low to visualize picosecond 

recombination dynamics.  

 

Figure 4: Schematic for the acoustic detection of electron density used by Zuo-Qiang, et al. [22] 

Another popular technique is acoustic detection of the sound waves produced by plasma 

formation. In the experiment performed by Zuo-Qiang, et al., [22] a microphone is placed 

perpendicular to the plasma channel, at fixed distance from the axis (see Figure 4). The sound is 

amplified and recorded by an oscilloscope. An expression is derived for the energy of electrons in 

the channel, by relating the electron generation rate of N2 and O2 to the laser intensity and 

considering the increase in KE of electrons by absorbing laser energy. Another expression is 

derived for the energy of a sound wave of a segment of filament. These energies are proportional. 

Rearranging, an expression is obtained for So(z), the detected peak voltage signal at location z. 
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The system is calibrated by assuming a particular peak density. Several assumptions must be made 

in regards to the plasma properties in order to do the calculations. Again, the temporal resolution 

is limited by the electronic equipment, so picosecond dynamics are not resolved. 

Papeer, et al. measured the temporal evolution of filament plasma density by measuring 

the interaction of the filament with a continuous microwave source (𝜆0 = 1.064 𝜇𝑚) in a single 

mode waveguide [23, 24]. This technique does not require precise optical alignment. The decay 

curve produced by the attenuation in the signal at the MW detector is compared to theoretical 

simulations based on air chemistry analysis in order to measure plasma density. The temporal and 

spatial resolution are 0.3 ns and 3 mm respectively.  

Another technique for plasma diagnostics is fluorescence molecular spectroscopy. 

Bernhardt, et al., measured the spectrum of the side-on fluorescence of the filament and analyzed 

the Stark broadening [25]. The density can be calculated from the Stark broadening line width. 

The temporal resolution was in the nanosecond regime (~5 ns), and the spatial resolution was about 

1 mm. Théberge, et al. used the side-on averaged N2
+ fluorescence strength as a measure of plasma 

density [27]. First, the average electron density had to be measured using another technique, 

longitudinal diffractometry, in order to determine the correlation between signal strength and 

plasma density. By fitting the longitudinal diffraction of a probe pulse with Fresnel diffraction 

integral, they were able to obtain the averaged electron density for certain focal lengths and 

energies. Comparing the averaged electron density with the averaged N2
+ florescence strength, 

they determined the appropriate calibration function. They report peak plasma densities down to 

1013 cm-3 and plasma FWHM diameters for four different NA conditions and unassisted focusing, 
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with spatial resolution of 2 μm along propagation. The inability to obtain temporal information 

about the plasma is the major shortcoming of this technique. 

Bodrov, et al., detected THz probe scattering as a measure of electron density [26]. An 

infrared probe pulse generated a 1 ps pulse of THz radiation in ZnTe. A bolometer collected 

scattered light at 90° from the plasma (Figure 5). Scattering decreased as density decreased, since 

the critical density for THz is on the order of 1016 cm-3. Numerical simulation predicted the 

scattering of THz from a symmetric cylinder of plasma. With initial conditions provided by an 

interferometric technique, very low plasma densities could be calculated from the THz signal. 

 

Figure 5: Diagram showing the experimental setup used by Bodrov, et al., [26] in which THz scattering 

from a filament was measured to determine the electron density of the plasma. 

As mentioned previously, diffractometry is another popular technique for measuring 

filament plasma density, as well as the slight variation on this technique, longitudinal 

diffractometry [27-29]. Sun, et al. determined the transient electron temperature and density with 

picosecond resolution by measuring diffraction and absorption of a probe beam to determine the 

real and imaginary parts of the dielectric constant and applying the Drude model [28].  
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The technique of in-line holography has also been widely used for filament plasma 

diagnostic [30-32]. Rodriguez, et al, imaged diffraction patterns produced by a filament in a probe 

beam [30]. They extracted the electron density using iterative wavefront propagation and were 

able to measure peak electron densities down to about 2×1016 cm-3. Interpretation of the data 

required estimating the filament transverse length, which they achieved by measuring the side-on 

fluorescence and recording burn spots. 

One other technique that is commonly employed is interferometry [26, 33, 34]. Y. Chen, 

et al. extracted the phase shift produced in a probe pulse by a filament using interferometry to 

report electron densities for several positions along the propagation axis, using two different pulse 

durations, and for several delays at a fixed location [33, 34]. An intersection angle of 0.75° between 

pump and probe is used to increase sensitivity. They report having a minimum detectable electron 

density of 5×1014 cm-3.  

2.1.2 – Kerr Effect 

 A few groups have attempted to directly measure the Kerr effect associated with 

filamentation. The primary diagnostic employed by these groups is holography, as described in 

the previous section. Centurion, et al., compared the propagation of filaments in air, water, and 

CS2 [35]. However, the Kerr effect was only measured in the latter two cases. No specific values 

for this refractive index change are given.  

Balciunas, et al., characterized the dynamics of filamentation in water [36, 37]. They found 

that the peak Δn remained between 0.8 and 1.2×10-3 along propagation for four different energies 

between 0.3 and 27 µJ at an unknown fixed delay between pump and probe [37]. They also 
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observed the Kerr effect at 0.65 μJ for four delays between 0 and 6600 fs along propagation, with 

a peak phase shift of 0.3 rad, though the corresponding Δn is not calculated [36].  

Siaulys, et al., studied the interaction of two filaments in Sapphire [38]. They reported a 

peak phase shift of approximately 0.15 rad due to the Kerr effect for pump energies between 2.8 

and 4.9 µJ. They focused down to an effective 1/e spot size of 13.4 µm using a 50 mm lens.  

Papazoglou, et al., reported a refractive index change due to the Kerr effect in air for four 

delays from 0 to 1120 fs [32]. Their 35 µJ pump beam was focused using a 0.11 NA, 10x 

microscope objective. The peak value for Δn reached 2×10-3. This technique is sensitive to 

refractive index perturbation on the order of 10-3.  

Another technique that has been employed to measure the Kerr effect is single-shot 

supercontinuum spectral interferometry (SSSI). Given the amplitude and spectral phase of the 

supercontinuum probe, the temporal phase shift of the probe due to interaction with the pump can 

be determined. Wahlstrand, et al., measured the Kerr effect in Argon, using a pump perpendicular 

and parallel to the probe for three different input energies [34]. The peak detected phase shift is 

0.1 rad, but the corresponding Δn is not reported. 

At NA’s closer to the transition point to the nonlinear regime [39], the anticipated change 

in refractive index to the air would be an order of magnitude or two lower than that measurable by 

holography or interferometry alone. The appropriate sensitivity required to measure the weak Kerr 

effect and plasma densities is obtainable by changing the crossing geometry between pump and 

probe as in [33]. This technique enables direct measurement and sufficient sensitivity without 

complete loss of temporal or radial information. 
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2.2 – Experimental Design 

 The goal of this study is to obtain radially and temporally resolved measurements of the 

filament plasma density at NA’s approaching the transition to the nonlinear regime. The variation 

in the plasma density for different initial parameters will be evaluated. The following sections 

outline the laser used to produce the filament and the optical systems used to characterize the beam 

profile and the plasma. 

2.2.1 – Multi-Terawatt Filamentation Laser 

 The laser used in this experiment was the MTFL facility at the Laser Plasma Laboratory. 

It has three possible outputs. The kilohertz line has a 1 kHz rep rate, 50 fs pulse duration, and 1 

mJ energy. The mid-energy line has a 10 Hz rep rate, 50 fs pulse duration, and up to 40 mJ energy. 

The full-energy line has a 10 Hz rep rate, 50 fs pulse duration, and up to 470 mJ energy.  

A Millennia V CW laser at 532 nm pumps the Oscillator, which is a mode-locked, 

Ti:Sapphire Tsunami laser with a 74 MHz rep rate. The output pulses have an average power of 

330 mW with a spectrum centered at 800 nm with 40 nm bandwidth. These pulses are stretched 

using two passes off a single grating to ~450 ps. Each pass consists of four reflections. A telescope 

down collimates the beam prior to entering the Dazzler, isolator, and regenerative amplifier. The 

Dazzler is an acousto-optic programmable dispersive filter (AOPDF). By manipulating the phase 

and amplitude of the input beam, the output spectrum and dispersion of the laser can be modified. 

The Dazzler is used to place a dip in the spectrum around 800 nm to prevent some gain narrowing 

in the regen. Settings for 2nd, 3rd, and 4th order dispersion can be loaded on the Dazzler to counteract 

the dispersion of the system. The train of pulses is picked down to 1 kHz or 10 Hz before seeding 

the regenerative amplifier.  
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The regen uses a Ti:Sapphire crystal as the gain medium. The crystal is pumped from both 

sides by a Spectra-Physics Evolution-30 laser (1 kHz, 527 nm, 20 W). The seed pulse makes 15-

17 round trips in the Z-shaped cavity before being ejected. The timing of the entry and exit of the 

seed pulse is controlled by Pockels cells. The regen output is spatially cleaned and resized. A flip 

mirror can send the beam towards a telescope and the kHz compressor.  

 

Figure 6: Schematic of the MTFL system [39].  

If the flip mirror is down, the beam enters a 6-pass bowtie pre-amplifier. Another 

Ti:Sapphire crystal is pumped equally from both sides by a Spectra-Physics Quanta-Ray Pro 290 

(10 Hz, 532 nm, 750 mJ). The pre-amp output is spatially cleaned. A flip mirror then sends the 

beam to a telescope to enlarge the beam before entering the high-energy compressor for the mid-

energy line. The compressor uses two gratings and a corner reflector. 

Changing the flip mirror allows the beam to be further amplified.  In the 3-pass bowtie 

final amplifier, a Ti:sapphire crystal is double pumped by a Continuum Powerlite DLS (532 nm, 
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2 J). The beam diameter is enlarged by a telescope prior to entering the high-energy compressor. 

The output of the final amp constitutes the full-energy line.  

2.2.2 – Grazing Incidence Imaging System 

 The grazing incidence imaging system, or Limaging system [39], is used as a diagnostic of 

the filament beam profile. It can be used within the filament, where peak intensity reaches tens of 

TW/cm2. To prevent damage to the CCD at these intensities, a series of 5 wedges, two at 83°, two 

at 65°, and one at 45°, are used to attenuate the beam by a factor of 107. The beam is imaged to the 

CCD with an f=10 cm lens. ND filters are used to further reduce the intensity as needed. 

 

Figure 7: Schematic of the grazing incidence imaging system [39]. 

2.2.3 – Folded Wavefront Interferometer 

The interferometer used to measure the slight phase shift induced by filament plasma is a 

Michelson type interferometer with an additional reflection in one arm compared to the other arm. 
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Thus the probe beam overlaps and interferes with the mirror image of itself at the CCD. Since the 

filament plasma is small compared to the dimensions of the probe beam, the clean portion of one 

beam interferes with the perturbed portion of the other beam. This design allows for the probe 

beam to interact with the sample prior to entering the interferometer, which is a necessity given 

the filament-probe crossing geometry.  

 

Figure 8: Schematic of the folded wavefront interferometer. The circular cartoons illustrate the probe beam 

cross section, in which the grey oval indicates the perturbed portion of the beam. The inset shows an 

example interferogram with duplicate phase information on the left and right hand sides.  

2.2.4 – Experimental Setup 

 The low energy output of the laser (800 nm, 10 Hz, maximum 40 mJ) was used for this 

experiment. The beam was split into pump and probe beams, using the light reflected from and 

leaked through a mirror respectively. The pump beam, with an 11.9 mm 1/e2 diameter, was focused 

to create plasma using a 40 cm, 1 m, or 2 m lens. The probe beam (<12 μJ) was cleaned with a 

spatial filter, since a clean beam profile is crucial to detecting minute changes in phase. Probe and 

plasma intersected at an angle θ. A small angle (<6°) was used to increase the interaction length 
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and thus the sensitivity of the measurement. A delay line in the probe beam path was used to 

control the relative timing between pump and probe. With the probe beam blocked, the Limaging 

system was used to image the beam profile at different location along the propagation direction. 

The lenses were mounted on translation stages to easily adjust the location in the plasma that would 

interact with the probe. A folded wavefront interferometer (see Section 2.2.3) was used to measure 

the phase shift produced in the probe beam by the presence of the filament. The interaction region 

was 1:1 imaged to a CCD through the interferometer using a pair of relay lenses. 200 

interferograms were saved for each delay, as well as background photos, taken with the pump 

beam blocked.  

Analysis of the phase maps retrieved from interferograms produced by this system have 

revealed that the standard deviation of the phase is 14.8 μrad. For a 100 μm diameter filament 

plasma and a 3° crossing angle between pump and probe, this corresponds to a minimum detectable 

(2σ) refractive index change of 2 × 10−6 or electron density of  6 × 1015 cm-3. These values of 

course decrease for smaller crossing angles.  

 

Figure 9: Schematic of the optical system for the time-, space- resolved electron density measurement. 



20 

 

2.3 – Methods of Analysis and Simulation 

2.3.1 – Extraction of Electron Density and Kerr Effect 

In order to analyze the raw interferograms, the phase information was first extracted 

following a method proposed by Takeda, et al. [40]. This step was accomplished by taking the 2D 

Fourier transform of the image, applying a Hann window, and selecting a spectrum to shift to the 

origin, before taking the inverse Fourier transform. A Hann window [41] is defined as 𝑤(𝐼) =

1

2
(1 − cos (

2𝜋𝐼

𝑁
)), where 𝐼, in this case, is the interferogram and N is the number of pixels along 

the x dimension of the interferogram. The spectrum was chosen by eliminating the DC tone and 

determining the frequency with the peak intensity, which represents the frequency of fringes in the 

interferogram. A window of frequencies about that point were selected and centered at the origin, 

while the intensity of all other frequencies was set to 0 (Figure 10). This process eliminated the 

fringes and enabled determination of the absolute phase shift. 

 

Figure 10: (A) The Fourier spectra of a single lineout of an interferogram, in which A(f, y) is the DC 

component and C(f-f0, y) is the phase information of interest, centered at f0, the spatial frequency of the 

fringes; (B) The spectrum of interest is selected and translated by f0 [40]. 
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However, the phase shift is discontinuous upon retrieval. Therefore an algorithm outlined 

in the paper by Takeda, et al., for removing the discontinuities was employed [40]. In order to 

determine the location of the discontinuities, the phase step size between adjacent points along one 

dimension are determined. Then a criterion is applied such that if the difference in phase is less 

than −0.9 × 2𝜋, then 2𝜋 is added to the phase at that point and all points following, and if the 

difference in phase is greater than 0.9 × 2𝜋, then 2𝜋 is subtracted from that point and all points 

following (Figure 11).  

Background removal was achieved by retrieving and averaging over the phase from 10 or 

more interferograms having no perturbation from plasma and subtracting this from each phase 

image with plasma. Once the discontinuity is removed and the background subtracted, a single 

lineout of the 2D phase image is selected, corresponding to the location in the image where the 

plasma passes through the focal plane of the imaging system in the interferometer. All remaining 

calculations are performed solely on this lineout of the image. 

 

Figure 11: (A) An example discontinuous phase, wrapped between – 𝜋 and 𝜋; (B) the phase offset needed 

to unwrap the phase; (C) the continuous phase after addition of the discontinuous phase and offset [40]. 
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Once the phase has been retrieved and the lineout selected, the refractive index must be 

calculated. In terms of the refractive index, the difference in phase between the clean portion of 

the beam and the perturbed portion of the beam is given by Eq. 11, setting 𝑛0 equal to the refractive 

index of air.  

 ∆𝜙 = ∫(𝑘𝑝𝑙𝑎𝑠𝑚𝑎 − 𝑘0)𝑑𝑙 = ∫(𝑛 − 1)
𝜔

𝑐
𝑑𝑙  ( 11 ) 

where 𝑘𝑝𝑙𝑎𝑠𝑚𝑎 and 𝑘0 are the wavenumbers for a laser propagating in a medium with and without 

plasma, 𝑛 is the refractive index, 𝜔 is the angular frequency of the laser, and 𝑐 is the speed of light. 

With a negligible magnetic field, the refractive index induced by the plasma is given by 

 𝑛2 = 1 −
𝜔𝑝

2

𝜔2 = 1 −
𝜌𝑒

𝜌𝑐
  ( 12 ) 

where 𝜔𝑝 and 𝜔 are the plasma and laser frequencies respectively and 𝜌𝑒 and 𝜌𝑐 are the plasma 

electron density and critical electron density. For electron densities much lower than the critical 

density, change in 𝑛 is approximated by Eq. 7 using the binomial approximation, and the phase 

shift becomes 

 Δ𝜙 =
𝜔0

𝑐
∫ [(1 −

𝜌𝑒

𝜌𝑐
)

1

2
− 1] 𝑑𝑙 ≈ −

𝜔0

2𝑐𝜌𝑐
∫ 𝜌𝑒𝑑𝑙  ( 13 ) 

where 𝜌𝑒, 𝜌𝑐, and 𝑐 are the same as above and 𝜔0 is the central laser frequency. If the plasma is 

assumed to be cylindrically symmetric and if propagation of the probe is perpendicular to the 

plasma (Figure 12), then the detected phase shift is effectively the integral over a circular cross-

section of the plasma, in the 𝑦-direction, giving phase shift as a function of 𝑥. This integral can be 

converted to an integral over 𝑟.  

 Δ𝜙(𝑥) =
−𝑘0

2𝜌𝑐
∫ 𝜌𝑒(𝑟)𝑑𝑦 =

√𝑅2−𝑥2

−√𝑅2−𝑥2

−𝑘0

𝜌𝑐
∫ 𝜌𝑒(𝑟)

𝑟𝑑𝑟

(𝑟2−𝑥2)
1
2

𝑅

𝑥
  ( 14 ) 
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where 𝑅 is the radius of the region of interest. An equation of the form (14) gives the Abel 

transform of 𝜌𝑒(𝑟). Therefore, 𝜌𝑒(𝑟) can be related to ∆𝜙(𝑥) using the inverse Abel transform. 

 𝜌𝑒(𝑟) =
2𝜌𝑐

𝜋𝑘0
∫

𝑑(Δ𝜙)

𝑑𝑥

𝑑𝑥

(𝑥2−𝑟2)
1
2

𝑅

𝑟
  ( 15 ) 

 

Figure 12: Geometry of this experiment, showing a circular cross-section of the filament plasma, traversed 

in the y-direction by a probe beam, producing a phase shift as a function of x. 

 The refractive index produced by the Kerr effect is given by Eq. 1, with 𝑛0 = 1 for air. The 

resulting phase shift is given by Eq. 2, which is the same as Eq. 13 but with Δ𝑛𝐾 = 𝑛2𝐼 in place 

of Δ𝑛𝑝 = −
𝜌𝑒

2𝜌𝑐
. Thus, the radial refractive index change due to the Kerr effect follows the same 

derivation as above. 

 𝑛2𝐼(𝑟) =
−1

𝜋𝑘0
∫

𝑑(Δ𝜙)

𝑑𝑥

𝑑𝑥

(𝑥2−𝑟2)
1
2

𝑅

𝑟
 ( 16 ) 

Using the modified discrete Fourier-Hankel method studied by S. Ma, et al., the radial profile of 

the refractive index in either case can be calculated from the phase shift using the following [42]: 

 Δ𝑛(𝑟𝑖) =
1

𝑘0

𝛼2𝜋

2𝑛𝑅
∑ Δ𝜙(𝑥𝑗) ∑ 𝑘𝐽0 (

𝛼𝑖𝑘𝜋

𝑛
) cos (

𝛼𝑗𝑘𝜋

𝑛
)

𝑛/𝛼
𝑘=1

𝑛−1
𝑗=−𝑛   ( 17 ) 

where 𝐽0 is the Bessel function of the first kind and 𝛼 acts as a lowpass filter. In this equation, 𝑗, 

𝑘, and 𝑛 are integers over which summation is being performed, and 𝑅 and 𝑘0 are as described 

previously. This equation must simply be multiplied by −2𝜌𝑐 in order to obtain the radial profile 
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of the electron density. Once the change in refractive index is retrieved for each interferogram, the 

output is averaged over 200 images for each delay. Example output of the code is displayed in 

Figure 13. 

 However, since the propagation of the probe is not perpendicular to the plasma, the cross-

section probed is elliptical rather than circular. Therefore, the results determined using the method 

described thus far would over-estimate the density or Kerr effect by attributing the accumulated 

phase shift to a much smaller region along one axis. Kreye, et. al, derived an expression for a 

modified Abel inversion that assumes elliptical symmetry [43]. The ultimate difference in 

calculation amounts to multiplication of the result by the factor 𝑏/𝑎, where 𝑎 and 𝑏 are the semi 

major and semi minor axes of the ellipse respectively. In this case, 𝑎 and 𝑏 are related by the 

geometry shown in Figure 14; therefore the factor is simply sin(𝜃). This corresponds to a 

multiplicative factor of 0.05 for a 3° crossing angle and 0.03 for a 1.7° angle.  

This discussion may raise a concern that the radius retrieved is no longer truly the radius 

but rather some other variable more descriptive of an ellipse. However, in this particular case, the 

plasma itself is cylindrically symmetric, so it is as if a circular cross-section of the plasma were 

stretched out to form the observed ellipse. Thus the ‘radial’ profile attributed to the ellipse is 

equivalent to the radial profile of a circular cross-section of the filament, assuming uniformity of 

the cylinder within the region observed. If the filament does not resemble a uniform cylinder in 

the observed region, then the multiplicative factor may fall between that predicted for an ellipse 

and a circle (between sin(𝜃) and 1), and the radial profile will only approximate the true cross-

section.  
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Figure 13: Plots demonstrating the steps followed in the code for retrieving the electron density. First the 

phase is retrieved form the raw interferogram (a to b), then the central lineout is selected (c), then Abel 

inversion is performed (d). (e) The phase shift for all measured delays, which after Abel inversion gives (f). 
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Before applying the factor to the raw data, the multiplicative factor will first be confirmed 

by comparison of experiment with the simulated plasma decay. The peak electron density from the 

uncorrected data will be multiplied by the factor predicted by the angle and input as the initial 

value in the simulation. The output of the code will then be divided by this same factor and 

compared with the experimental results to determine how well they agree. Once verified, the factor 

will be applied to the raw data and removed from the simulation.  

 

Figure 14: Diagram showing the intersection between pump and probe, revealing an elliptical cross-section 

with semi major and semi minor axes a and b respectively.  

2.3.2 – Simulation of Filament Propagation 

 An in-house code, written by K. Lim [39], was used to simulate filament propagation. The 

code numerically solves the nonlinear Schrodinger equation (NLSE) using a split-step method. 

The code assumes rotational symmetry. It stores the electric field of the laser in a 2D mesh, radius 

vs. time, and simulates the pulse evolution along propagation. The NLSE is given by the following: 

𝜕𝜀

𝜕𝑧
=

𝑖

2𝑘
∇⊥

2 𝜀 −
𝑖𝑘"

2

𝜕2𝜀

𝜕𝑡2 + 𝑖𝑘0𝑛2(1 − 𝑓)|𝜀|2𝜀 + 𝑖𝑘0𝑛2𝑓 [∫ 𝑅(𝑡 − 𝑡′)|𝜀(𝑡′)|2𝑑𝑡′𝑡

−∞
] 𝜀 −

𝜎

2
(1 + 𝑖𝜔0𝜏𝑐)𝜌𝜀 −

𝛽𝐾

2
|𝜀|2𝐾−2 (1 −

𝜌

𝜌𝑛𝑡
) 𝜀 ( 18 ) 
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 In the above equation, the first term on the right hand side describes the effects of 

diffraction, where 𝜀 is the electric field and 𝑘 is the wavenumber of the medium. The second term 

incorporates the effect of group velocity dispersion (GVD), 𝑘′′. The third and fourth terms 

represent the instantaneous Kerr effect and delayed Raman-Kerr effect, where 𝑘0 is the 

wavenumber in vacuum and 𝑛2 is the nonlinear refractive index.  The factor of 𝑓 attributes a 

portion of the Kerr effect to the instantaneous electronic response and the remainder to the delayed 

molecular Raman response. This molecular response is described by 𝑅(𝑡) =
Γ2−𝜔𝑅

2

𝜔𝑅
2 𝑒−Γ𝑡sin (𝜔𝑅𝑡), 

where Γ−1 is the molecular response time and 𝜔𝑅 is the molecular rotational frequency. Typical 

values for these factors in atmospheric conditions are Γ = 1/70 fs and 𝜔𝑅 = 16 × 1012 s-1, and 

𝑓 = 0.5 has been shown to provide a good fit [39]. The fifth term on the right hand side describes 

plasma absorption and defocusing, where 𝜎 is the cross-section for inverse Bremsstrahlung, 𝜏𝑐 is 

the electron collision time, 𝜔0 is the laser central angular frequency, and 𝜌 is the electron density. 

The final term provides a description of the MPI losses, where 𝛽𝐾 = 𝐾ℏ𝜔0𝜌𝑛𝑡𝜎𝐾 is the MPI 

coefficient, 𝜎𝑘 and 𝐾 are the ionization cross-section and the number of photons simultaneously 

absorbed respectively, and 𝜌𝑛𝑡 is the density of neutrals.  

 To model the evolution of the electron density during filamentation, the code incorporates 

the following equation: 

 
𝜕𝜌

𝜕𝑡
= 𝜎𝐾𝐼𝐾(𝜌𝑛𝑡 − 𝜌) +

𝜎

𝑈𝑖
𝜌𝐼  ( 19 ) 

The first term on the right hand side describes multiphoton ionization. As mentioned previously, 

K is the number of photons simultaneously absorbed, and MPI scales with intensity, 𝐼. The photon 

ionization cross-section is given by 𝜎𝐾 (= 2.81 × 10−96 W-8cm16s-1 for O2), and the density of 
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neutrals is given by 𝜌𝑛𝑡 (= 0.54 × 1019 cm-3 for 20% O2 in air) [39]. The second term on the right 

hand side describes avalanche ionization. The cross-section for inverse Bremsstrahlung is given 

by 𝜎 =
𝑘0

𝑛0𝜌𝑐

𝜔0𝜏𝑐

1+𝜔0
2𝜏𝑐

2 , where 𝜏𝑐 ≈ 350 fs is the electron collision time, and the ionization potential 

is represented by 𝑈𝑖. For simulation in air, the ionization potential for oxygen (12 eV) is taken into 

account while nitrogen (15.5 eV) is neglected, since oxygen has the lower ionization potential and 

thus will be first to undergo MPI. For 𝜆0 = 800 nm, the number of photons K needed to overcome 

𝑈𝑖 is 8.  

 Tunneling ionization is neglected in the ionization rate above since MPI is the dominant 

mechanism of photoionization in filamentation, as can be shown by the Keldysh parameter. For 

𝜆0 = 800 nm in air, 𝛾 ≈ 1.8.  Though this value is not significantly greater than 1, approximation 

of the ionization rate using MPI and neglecting tunneling ionization has agreed well with 

experiment. For further details on how the code operates, refer to K. Lim’s thesis [39]. 

2.3.3 – Simulation of Plasma Decay 

To model the decay of the plasma electron density in air, only select chemical reactions 

were taken into account (Table 1). As outlined by Bodrov, et. al, these reactions account for the 

bulk of plasma dynamics in the short time (~2 ns) following filament formation [26]. Electron 

recombination occurs through three-body electron recombination with O2
+ (reaction 0), 

dissociative electron recombination with O2
+ (reaction 1), and dissociative electron recombination 

with complex positive ions (reactions 2-4). Complex ion formation is described by reactions 5-11. 

A humidity of 50% is assumed for the simulation. 
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Table 1: List of reactions used in the simulation of plasma decay [26]. 

NO. REACTION RATE COEFFICIENT 

0 𝑒− + 𝑂2
+ + 𝑒− → 𝑂2 + 𝑒− 6.1 × 10−20 (

300

𝑇𝑒
)

9
2

 𝑐𝑚6/𝑠 

1 𝑒− + 𝑂2
+ → 𝑂 + 𝑂 1.95 × 10−7 (

300

𝑇𝑒
)

0.7

 𝑐𝑚3/𝑠 

2 𝑒− + 𝑂2
+𝑁2 → 𝑁2 + 𝑂2 1.3 × 10−6 (

300

𝑇𝑒
)

1
2

 𝑐𝑚3/𝑠 

3 𝑒− + 𝑂4
+ → 𝑂2 + 𝑂2 4.2 × 10−6 (

300

𝑇𝑒
)

1
2

 𝑐𝑚3/𝑠 

4 𝑒− + 𝑂2
+𝐻2𝑂 → 𝑂2 + 𝐻2𝑂 2 × 10−6 (

300

𝑇𝑒
)

1
2

 𝑐𝑚3/𝑠 

5 𝑂2
+ + 2𝑁2 → 𝑂2

+𝑁2 + 𝑂2 0.9 × 10−30 (
300

𝑇
)

2

 𝑐𝑚6/𝑠 

6 𝑂2
+𝑁2 + 𝑁2 → 2𝑁2 + 𝑂2

+ 1.1 × 10−6 (
300

𝑇
)

5.3

𝑒−
2357

𝑇  𝑐𝑚3/𝑠 

7 𝑂2
+ + 2𝑂2 → 𝑂4

+ + 𝑂2 2.4 × 10−30 (
300

𝑇
)

3.2

 𝑐𝑚6/𝑠 

8 𝑂4
+ + 𝑂2 → 𝑂2

+ + 2𝑂2 3.3 × 10−6 (
300

𝑇
)

4

𝑒−
5030

𝑇  𝑐𝑚3/𝑠 

9 𝑂2
+𝑁2 + 𝑂2 → 𝑂4

+ + 𝑁2 10−9 𝑐𝑚3/𝑠 

10 𝐻2𝑂 + 𝑂2
+ + 𝑂2 → 𝑂2

+𝐻2𝑂 + 𝑂2 2.8 × 10−28 𝑐𝑚6/𝑠 

11 𝐻2𝑂 + 𝑂2
+ + 𝑁2 → 𝑂2

+𝐻2𝑂 + 𝑁2 2.8 × 10−28 𝑐𝑚6/𝑠 
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The rate equations for the reactions listed in Table 1 [26] can be written using a Peterson Matrix: 

 ( 20 ) 

where ki is the rate constant for the ith reaction. The concentration of each species is in units of 

[cm-3]. As can be noted above, the rate coefficients are highly temperature dependent. The gas 

temperature T is assumed to be 293 K. The electron temperature Te is determined by 

simultaneously solving the electron energy conservation equation [26]: 

𝑑𝑇𝑒

𝑑𝑡
=

2

3
[−

3

2
(𝑇𝑒 − 𝑇)𝜈𝑒(𝑇𝑒) + 𝐼𝑘0[𝑂2

+][𝑒] − 𝑇𝑒
2 𝑑𝑘0

𝑑𝑇𝑒
[𝑂2

+][𝑒] − 𝑇𝑒
2 (

𝑑𝑘1

𝑑𝑇𝑒
[𝑂2

+] +
𝑑𝑘2

𝑑𝑇𝑒
[𝑂2

+𝑁2] +
𝑑𝑘3

𝑑𝑇𝑒
[𝑂4

+] +

𝑑𝑘4

𝑑𝑇𝑒
[𝑂2

+𝐻2𝑂])] ( 21 ) 

where νe is the frequency of electron energy relaxation in collisions with other molecules and I is 

the ionization energy of O2. The second term describes the heating of free electrons due to the 

energy released in three-body recombination. Together, the second through fourth terms describe 

the effect of recombination heating. The electron temperature at t=0 is assumed to be 3 eV [26]. 

The initial value has little bearing on the results, since νe decreases dramatically as electron 
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temperature decreases. The frequency νe is determined by comparison with the work done by 

Ankohin, et. al, using the plot below [44]. Sample output of the code is displayed in Figure 16. 

 

Figure 15: plot of the frequency of electron energy relaxation over the density of neutrals as a function of 

electron temperature [44]. 

 When performing the experiment, the probe beam is not a delta function and does not have 

infinite temporal accuracy. In reality, the data is smeared out in time, according to the duration of 

the probe pulse. Therefore to mimic this ‘smearing’ of the data, the following procedure was used. 

First, generate a Gaussian distribution with a peak of one and FWHM equal to the pulse duration, 

centered at a particular time. Multiply the simulation by this Gaussian, sum over the values, and 

divide by the sum of the Gaussian. Plot this weighted average as the value for that time. Shift the 

Gaussian by the time step size taken in the data, and repeat. This same procedure was applied to 

the results of the NLSE code (developed by Khan Lim).  
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Figure 16: Plots displaying the output of the decay simulation code for an initial electron density of 1.5e18 

cm-3. (a) Log plot showing the decay of the electron density and O2
+ ions, as well as the formation and 

decay of other complex positive ions. (b) The decay of the electron temperature.  
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CHAPTER 3 – TEMPORALLY RESOLVED PHASE DIAGNOSTICS OF A FILAMENT 

3.1 – Plasma Density 

As described in Chapter 1, several of the applications of filamentation exploit the plasma. 

The plasma channels formed are weakly ionized, with densities on the order of 1016 cm-3 and could 

be used to induce corona discharge in clouds or guide microwave radiation. However, use for these 

applications requires an accurate characterization of the plasma dynamics. In this section, a series 

of experiments are performed to assess the plasma dynamics under different conditions.  

Each dataset displays the temporal evolution of the plasma at only a single location along 

filament propagation: the focal plane of the lens inducing filamentation. All of the NA conditions 

considered fall in the linear focusing regime (NA>4.3 × 10−3) [39]. In this regime, the Kerr effect 

plays a minimal role in beam propagation, and geometrical focusing is the dominant focusing 

mechanism governing filamentation. In this regime, there is less supercontinuum generation, no 

intensity clamping, and a shift in the filament start location [39]. 

3.1.1 – Varying Numerical Aperture 

 Experiments were performed to observe the effect of changing numerical aperture on the 

plasma density. For the first study, the pump energy was fixed at 3 mJ, with a pulse duration of 65 

fs. With a FWHM beam diameter of 14 mm (1/e2 diameter of 11.9 mm), measurements were taken 

using three focal lengths to induce plasma generation: 40 cm, 1 m, and 2 m. These correspond to 

numerical apertures (× 10−3) of 29.7, 11.9, and 5.9. Data was taken out to a delay of between 0.2-

0.35 ns in increments of ≥ 7 ps. For the 40 cm lens, data was taken with a ~5° crossing angle 

between pump and probe, while a 3° angle was used for the 1 m lens and 1.7° angle for the 2 m 
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lens. The results are plotted in Figure 17. The decay simulation for each NA is plotted as the red 

line in Figure 17(b), (d), and (f).  

 For the second study, the pump beam energy was fixed at 5 mJ, with the same beam 

conditions as in the previous case. Two focal lengths were used: 40 cm and 2 m. Again a ~5° 

crossing angle was used for the 40 cm lens, while 1.7° was used for the 2 m lens. Data was taken 

out to a delay of ~0.35 ns, in steps of 7 ps or more. The results are displayed in Figure 18 for 

comparison. The fit of the simulation to the decay for both NA’s is depicted in Figure 18(b) and 

(d). In both datasets for varying numerical aperture, a trend of increasing peak density with 

increasing NA could be noted (Table 2 and Table 3). Similarly, the decay time decreased with 

increasing NA. These observations confirm that intensity and plasma density clamping do not 

occur in the linear focusing regime. 

In the decay simulation, the rate of three-body recombination for O2
+ ions was primarily 

responsible for disagreement between simulation and experiment. As explained by Bodrov, et. al., 

the rate of two-body dissociative recombination of O2
+ is well known, and the more complex ions 

have not yet formed at early times [19]. Therefore, the rate of three-body recombination of O2
+ 

was adjusted to determine the value that produced best agreement with the data. The value of 6.1 ×

10−20(300/𝑇𝑒)9/2 cm6/s used by Bodrov, et. al, in [26] appeared to provide good fit to the data.  

The necessary multiplicative factor was confirmed for each crossing geometry. For a 

measured 5° crossing angle, the expected factor of 0.09 provided good fit to the data for one case, 

but a factor of 0.1 (corresponding to 5.7°) was required for the second case. Due to the small 

change in angle that occurred between these datasets, a slight variation in the factor was 



35 

 

anticipated. For a measured 3° crossing angle, the expected factor of 0.05 provided good 

agreement. For a measured 1.7° crossing angle, the predicted factor of 0.03 proved accurate.  
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Figure 17: Plots of the electron density of laser induced plasma formation (E=3 mJ, τ=65 fs, ω=11.9 mm) 

showing (Left) the radial profile of the plasma vs. time and (Right) the on-axis electron density vs. time, 

both experimental (squares) and simulated (red line). Data collected at the geometrical focus for plasma 

induced using focal lengths of (a-b) 40 cm, (c-d) 1 m, and (e-f) 2 m. 
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Table 2: Peak density and half-life of the laser induced plasma (E=3 mJ, τ=65 fs, ω=11.9 mm) measured 

for NA’s (× 10−3) of 30, 12, and 6. 

Focal 

length (m) 

Pulse 

duration (fs) 
Energy (mJ) Crossing angle 

Peak density 

(cm-3) 

Half-life 

(ps) 

0.41 57 3.03±0.045 5° 1.1e18 34.2 

1.1 65 2.96±0.072 3° 2.1e17 98.5 

2.2 65 2.99±0.074 1.7° 2.0e16 523 

 

 

 
Figure 18: (Left) Plots of the radial profile of electron density vs. time for the conditions in the 

corresponding plot to the right. (Right) Plots of the on-axis electron density vs. time. Plasma generated 

using (a-b) 40 cm and (c-d) 2 m lenses to focus the laser (Beam conditions: E=5 mJ, τ=65 fs, ω0=11.9 mm). 

Data taken at the geometric focus. 
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Table 3: Peak density and half-life of the laser induced plasma (E=5 mJ, τ=65 fs, ω=11.9 mm) measured 

for NA’s (× 10−3) of 30 and 6. 

Focal 

length (m) 

Pulse 

duration (fs) 
Energy (mJ) Crossing angle 

Peak density 

(cm-3) 
Half-life (ps) 

0.41 57 4.96±0.078 5.7° 1.5e18 29.2 

2.2 65 5.11±0.146 1.7° 2.4e16 464 

 

3.1.2 – Varying Energy 

To observe the effect of initial energy on plasma density, the NA was fixed while energy 

was varied.  Again the pulse duration and FWHM of the beam were 65 fs and 14 mm respectively. 

For the first set of experiments, a focal length of 40 cm was used with a ~5° pump-probe crossing 

geometry. Three initial energies were used: 0.8 mJ, 3 mJ, and 5 mJ. Temporal measurements were 

carried out between 0.2 and 0.38 ns, in increments of 7 ps or more. The results are displayed in 

Figure 19. The decay simulations and fits to the data are displayed in Figure 19(b) and (d). Though 

the simulation predominantly agreed with the data, one feature that is not described by this model 

is the appearance of a secondary peak in density at around 100 ps, which is most notable in Figure 

19(right). The reason for this additional peak is still under investigation. Comparing the 

measurements, the peak density increased and the decay time decreased with increasing energy 

(Table 4). Again, intensity and plasma density clamping were not observed for these focusing 

conditions. 

 For the second set of experiments, a focal length of 2 m was used with a 1.7° pump-probe 

crossing angle, while the energy was changed from 3 to 5 mJ. Measurements were made in 

increments of ≥ 7 ps, out to a delay of ~0.35 ns (Figure 20). The decay simulations and fit of the 

simulation to the data are shown in Figure 20(b) and (d). It must be noted that for the 2 m lens, the 
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density only slightly increased (see Table 5), or remained the same within the error, when going 

from 3 to 5 mJ, suggesting that variations in initial parameters becomes less impactful as the 

transition point is approached. 
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Figure 19: (Left) Plots of the temporal evolution of the radial profile of the electron density at the geometric 

focus for a plasma channel induced using an f=40 cm lens (τ=65 fs, ω0=11.9 mm) to focus the laser. (Right) 

Plots of the on-axis electron density vs. time for the same beam conditions as in the plots to the left. The 

beam energy prior to plasma generation was (a-b) 0.8 mJ, (c-d) 3 mJ, and (e-f) 5 mJ. 
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Table 4: Peak density and half-life of the plasma channel induced using an f=40 cm lens (τ=65 fs, ω=11.9 

mm) measured for energies of 0.8, 3, and 5 mJ. 

Energy 

(mJ) 

Focal 

length (m) 

Pulse 

duration (fs) 
Crossing angle 

Peak density 

(cm-3) 
Half-life (ps) 

0.800±0.014 0.41 65 5.7° 7.7e17 42.7 

3.03±0.045 0.41 57 5° 1.1e18 34.2 

4.96±0.078 0.41 57 5.7° 1.5e18 29.2 

 

 

 

Figure 20: (Left) Temporal evolution of the radial profile of the laser induced plasma density, produced 

using an f=2m lens (τ=65 fs, ω0=11.9 mm). (Right) Plots of the temporal evolution of the on-axis electron 

density for the same beam conditions. Data taken at the geometric focus, with pump beam energies of (a-

b) 3 mJ and (c-d) 5 mJ.  
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Table 5: Peak density and half-life of the plasma channel induced using an f=2 m lens (τ=65 fs, ω=11.9 

mm) measured for energies of 3 and 5 mJ. 

Energy 

(mJ) 

Focal 

length (m) 

Pulse 

duration (fs) 
Crossing angle 

Peak density 

(cm-3) 
Half-life (ps) 

2.99±0.074 2.2 65 1.7° 2.0e16 523 

5.11±0.146 2.2 65 1.7° 2.4e16 464 

 

3.1.3 – Varying Pulse Duration 

 With fixed focal length and energy conditions, the pulse duration was varied to consider 

its impact on the plasma density. Using a 2 m lens (NA=5.9 × 10−3) and a beam energy of 3 mJ, 

the temporal evolution of the electron density was measured for a 65 fs pulse and a 100 fs pulse. 

Measurements were made out to delays between 0.3 and 0.6 ns in steps of 0.7 ps or more (Figure 

21). The decay simulations and fit to the data are shown in Figure 21(b) and (d). For the final 

dataset, the angle was not precisely measured but known to be less than 1.7°, the appropriate factor 

was revealed by simulation to be 0.014, corresponding to a 0.8° crossing geometry.  

Increasing pulse duration caused an increase in the peak plasma density and decrease in 

the decay time (Table 6). This observation is counterintuitive. Since the intensity appeared to be 

clamped for this NA from previous measurement (Figure 20), the plasma density would be 

expected to remain the same, or else the plasma density would decrease with the decrease in 

intensity. However, it may be that the pulse duration of 100 fs is approaching the optimum pulse 

duration for plasma formation, when considering molecular alignment effects.  
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Figure 21: (Left) Plots of the temporal evolution of the radial profile of the electron density at the geometric 

focus for laser generated plasma produced using an f=2 m lens (E=3 mJ, ω0=11.9 mm). (Right) Plots of the 

on-axis electron density for the same conditions as in the plots to the left. The pump beam pulse durations 

were (a-b) 65 fs and (c-d) 100 fs.  

Table 6: Peak electron density and half-life of the laser generated plasma focused by an f=2 m lens (E=3 

mJ, ω0=11.9 mm), for pulse durations of 65 and 100 fs. 

Pulse 

duration (fs) 

Focal 

length (m) 
Energy (mJ) Crossing angle 

Peak density 

(cm-3) 
Half-life (ps) 

65 2.2 2.99±0.074 1.7° 2.0e16 523 

100 2.2 3.00±0.031 0.8° 3.5e16 360 
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3.2 – Kerr Effect 

3.2.1 – Varying Energy 

 The Kerr effect in air was measured for two energy conditions. A focal length of 2 m was 

employed (NA=5.9 × 10−3), with a 1.7° angle between pump and probe and a pulse duration of 

65 fs. Measurements were made at energies of 3 mJ and 4 mJ (Figure 22). Measurements were 

taken in increments of 50 fs for a total of 1 ps. 

 

 

Figure 22: (Left) Plots of the temporal evolution of the refractive index change produced at the geometric 

focus, by a beam focused with an f=2 m lens (τ=65 fs, ω0=11.9 mm). (Right) Plots of the total on axis 

refractive index change induced by filamentation vs. time. Beam conditions are the same as in the plots to 

the left. The pump beam energies are (a-b) 3 mJ and (c-d) 4 mJ.  
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3.2.2 –Varying Pulse Duration 

 Measurements were made of the Kerr effect for different pulse durations. For a 2 m focal 

length lens (NA=5.9 × 10−3) and 3 mJ energy, the Kerr effect was observed for pulse durations 

of 65 fs and 100 fs (Figure 23). Measurements were taken for several delays, for a total time 

between 0.5 and 1 ps, in increments of ~50 fs.  

 

 

Figure 23: (Left) Plots of the refractive index change induced at the geometric focus by a focused laser 

beam (f=2 m lens, E=3 mJ, ω0=11.9 mm). (Right) Plots of the on-axis refractive index change for the same 

beam conditions as in the plots to the left. The pulse durations are (a-b) 65 fs and (c-d) 100 fs.  
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3.2.3 – Discussion 

In the measurements above, the Kerr effect is not isolated, but rather the total change in 

refractive index is observed, including the contribution of the plasma. In Figure 22(a), the positive 

Δn (orange) is caused by the Kerr effect, while the negative Δn (blue) is produced by plasma 

formation, as in Figure 23. In Figure 22(c), the positive Δn due to the Kerr effect is seen (orange-

red), but plasma formation was not captured in this time window. The plots show the full temporal 

evolution. Initial self-focusing due to the Kerr effect occurs, leading to plasma formation. The 

plasma continues to grow as the Kerr effect reaches a peak and declines, until Δn reaches zero 

when the two effects are equal. Then the plasma plays the dominant role and continues long after 

the pulse, and thus the Kerr effect, are gone.  

With this technique, the peak value of the Kerr effect cannot be measured, since it is not 

secluded from the plasma effect. The same is true for the plasma rise time. In addition, the positive 

refractive index change displayed in the plots, which should only occur during the pulse, lasts for 

a significant amount of time (0.25 for τp=65 fs and 0.5 ps for τp=100 fs) compared to the pulse 

duration, which is a result of the comparatively low temporal resolution of this measurement 

technique. However, the measurements were still able to accurately capture the main features of 

the total refractive index change. The measured peak values agree well with the NLSE simulation 

displayed in Figure 24(a). Figure 24(b) ‘smears’ this result out in time to mimic the data taking 

process, elucidating the overall shape and duration of the measured positive Δn. While in the 

unaltered simulation, the Kerr effect is more pronounced than the plasma, both experiment and 

time-averaged simulation show that the peak and minimum values of Δn are equal in magnitude. 



47 

 

The Kerr effect remained relatively constant across all the tested conditions (Figure 22). 

The simulation (Figure 24) confirms that the Kerr effect produces little to no change in the peak 

value of Δn for the given conditions. That both the Kerr effect and the plasma densities changed 

minimally for an NA of 0.0059, under different conditions, agrees well with the fact that this NA 

falls close to the transition from linear to nonlinear focusing conditions, at which point intensity 

clamping occurs. 

 

Figure 24: (a) Plots of the total on-axis refractive index change, due to the Kerr effect and plasma 

generation, simulated using the NLSE code for the conditions in the legend. (b) Plots of the results of the 

NLSE code averaged in time according to the procedure outlined at the end of section 2.3.3. 

3.3 – Full Temporal Profile 

 Measurements were performed to obtain the full temporal picture of the refractive index 

change and plasma produced by a laser focused using an f=2 m lens (τp=100 fs, E=3 mJ, ω0=11.9 

mm, λ0=800 nm). The refractive index change due to the Kerr effect and plasma formation are 

depicted in Figure 25(a) and Figure 26(a). The plasma decay is depicted in Figure 25(b) and Figure 

26(b). The corresponding simulations are shown in Figure 27. The experimental total refractive 

index change reaches a peak at 1.13e-5 and a minimum at -1.02e-5. According to simulation, these 
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values are 8e-6 and -4e-6 respectively. The on-axis plasma density peaks at 3.5e16 cm-3. The decay 

simulation shows that the plasma density reaches half of its peak value in 360 ps. 

 

Figure 25: The full temporal profile for a filamenting pulse focused by an f=2 m lens (E=3 mJ, τ=100 fs, 

ω0=11.9 mm). (a) The short time scale refractive index modification showing the Kerr effect and plasma 

formation. (b) The long time scale showing the electron density decay.  

 

Figure 26: The full temporal profile of a filamenting pulse for the same conditions as in Figure 25. (a) Short 

time scale showing Δn on-axis. (b) Long time scale showing the on-axis electron density decay. 



49 

 

 

Figure 27: Temporal profile of a filamenting pulse for the same conditions as in Figure 25, accounting for 

the angle correction factor of 0.012. (a) Simulation of the on-axis refractive index change due to the Kerr 

effect and plasma, using the NLSE code. (b) Simulation of the electron density decay.  
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CHAPTER 4 – CONCLUSION 

 The filament induced refractive index modification in air has been studied, contributing to 

the fundamental understanding of filament formation and propagation. Many applications make 

use of the refractive index modifying properties of a filament, and these observations further 

improve the understanding required to bring these applications to fruition. The results in this thesis 

can aid in the design of filament arrays as wave guides or in the use of filaments for guiding electric 

discharge.  

 As this thesis has shown, the interferometric technique enables measurement of very low 

plasma densities compared to other techniques, such as the acoustic method. The only other 

experimental scheme that enables similar sensitivity is holography. While measuring THz 

scattering is still the most sensitive method, interferometry also retrieves spatial information about 

the filament cross-section. However, a tradeoff exists between sensitivity and axial spatial 

resolution, which is truly the downfall of this method. Increasing the interaction length by 

decreasing the crossing angle degrades the spatial resolution along filament propagation and the 

temporal resolution.  

 The electron density was measured for several conditions. The results confirm that the 

plasma density is not clamped in the linear focusing regime. The peak density decreases to half its 

value in a shorter amount of time for higher energy, NA and pulse duration. The data showed an 

increase in plasma density with increasing energy, numerical aperture, and pulse duration. 

However, the peak electron density changed little for the various conditions when considering an 

NA of 5.9 × 10−3, which is near to the transition point between linear and nonlinear focusing 
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regimes. The model, accounting for three-body and two-body dissociative recombination with O2
+ 

and formation of complex ions, agreed well with the experimental results. 

 The Kerr effect was measured under different initial conditions, with an NA of 5.9 × 10−3. 

Experiment showed little to no change in the magnitude of the Kerr effect for different energies or 

pulse durations. Changes in initial parameters produced little to no effect as the NA approached 

NAT. The peak values agreed well with the NLSE code results. The time-averaged simulations 

reflected the overall shape and extended duration of the experimental results. 

 The interferometric technique is able to capture the temporal evolution of the filament from 

initial self-focusing to plasma formation and decay. However the effects of plasma and Kerr cannot 

be isolated, so the plasma rise time and peak Kerr effect are lost in the total refractive index 

modification. While unable to resolve the finer features of the total Δn due to the insufficient 

temporal resolution, this technique can accurately and directly measure the total refractive index 

modification, as well as the peak plasma density and plasma decay. 

 Though the fundamental properties of a filament are well known, they are highly 

influenced by different physical parameters. The work presented in this thesis explored the impact 

of different initial conditions on the Kerr effect and plasma in the linear regime of filamentation. 

These studies contribute to the overall understanding of filamentation and further the progress 

towards real-world applications.  
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