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ABSTRACT 

Filamentation is a complex process that gives rise to many nonlinear interactions. How-

ever, the fundamentals of filament formation and propagation can be explained in terms 

of two dominant mechanisms: Kerr self-focusing and plasma defocusing. The first to oc-

cur, self-focusing, is responsible for an increase in irradiance through beam collapse. This 

process requires sufficient initial peak power, on the order of gigawatts for near infrared 

beams in air. Plasma defocusing then arrests the collapse process once the irradiance 

reaches the ionization threshold of the medium. These two processes balance each other 

in an extended plasma channel known as a filament. A beam’s collapse behavior is 

strongly influenced by the initial beam conditions, especially in applications that require 

power scaling to terawatt levels where the Kerr effect is more pronounced. Therefore, 

understanding and controlling the collapse process is essential in this regime. For this 

reason, an exploration of the wavefront evolution of filamenting beams is of great interest 

and the topic of this thesis, which has three parts. First, it reviews the filamentation pro-

cess and describes characteristics of filaments. Next, experimental measurements of the 

wavefronts of filamenting beams are given in two separate regimes. The first regime is 

the Kerr self-focusing that takes place before beam collapse is arrested. This data is then 

contrasted with wavefront measurements within a filament after collapse has occurred. 
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CHAPTER 1: FILAMENTATION 

1.1 Basic Physical Processes: Kerr and Plasma Nonlinearities 

Filamentation begins with self-focusing. The original work on this process showed that 

self-trapping at optical frequencies occurs when the Kerr nonlinearity balances diffraction 

[1]. Here, a beam is able to travel without changing form in what is known as a Townes 

profile. Further theory dealt with beams where self-focusing overcomes diffraction [2]. 

These early works define the critical power as that required for self-focusing to occur. Its 

formula, still used today, is given generally in Eq. 1.1. Here, 𝜆0 denotes the vacuum wave-

length, 𝑛0 is the linear refractive index, 𝑛2 is the Kerr coefficient, and 𝛼 is a unitless pa-

rameter that varies based on the input beam shape, ~1.9 for a Gaussian beam [3]. A 

typical value of 𝑛2 is ~2 ∙ 10−19 𝑐𝑚2 𝑊⁄  for air [4, 5]. It should be noted that this formula 

was originally derived for continuous beams and only gives a rough approximation in the 

USP regime [6]. Gaussian beams with power 𝑃 above this limit will collapse at a location 

given in Eq. 1.2. The quantity 𝑧𝑟 =
𝑘𝑤0

2

2
 denotes the Rayleigh range of the beam, where 

𝑘 = 𝑛0𝑘0 = 𝑛0
2𝜋

𝜆0
 and 𝑤0 is the 1/e2 radius of the beam’s intensity [7, 8]. Different esti-

mates are required for non-Gaussian beams [9]. As expected, collapse distance de-

creases as beam power increases. 

𝑃𝑐𝑟 = 𝛼
𝜆0

2

4𝜋𝑛0𝑛2
                      (1.1) 

 

𝐿𝑐 =
0.367𝑧𝑟

√[(
𝑃

𝑃𝑐𝑟
)

1
2−0.852]

2

−0.0219

             (1.2) 
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The value of 𝑃𝑐𝑟 for a Gaussian beam at 800 nm in air is just under 5 GW. When 𝑃 =

10𝑃𝑐𝑟, the corresponding 𝐿𝑐 is approximately 35 meters for a beam diameter (1/e2) of 15 

mm. The critical power scales with the square of wavelength because a stronger nonlin-

earity is needed for collapse when diffraction strength is increased. The value of 𝑃𝑐𝑟 is 

also reduced in materials with larger Kerr coefficients. The collapse location is propor-

tional to the Rayleigh length of the beam, which scales with the square of beam diameter. 

This is expected because irradiance will be reduced for large area beams, thus limiting 

the nonlinear index modifications. In the case of collapse, a beam’s irradiance will in-

crease along propagation, eventually becoming large enough for optically induced ioni-

zation to take place. Plasma generation then causes a reduction in the local refractive 

index, thus countering the self-focusing effect and arresting the collapse process. The 

competition between the Kerr and plasma contributions to the refractive index is given in 

Eq. 1.3 [10].  

𝑛(𝑟, 𝑡) = 𝑛0 + 𝑛2𝐼(𝑟, 𝑡) −
𝜌(𝑟,𝑡)

2𝜌𝑐
             (1.3) 

 

The Kerr coefficient, also known as the nonlinear refractive index, is defined as 𝑛2 =
3𝜒(3)

4𝜀0𝑐𝑛0
2 

where 𝜒(3) is the third-order material susceptibility, 𝜀0 is the permittivity of free-space, and 

𝑐 is the speed of light in vacuum. The critical plasma density 𝜌𝑐 =
𝜀0𝑚𝑒𝜔0

2

𝑒2
 is approximately 

2 ∙ 1021𝑐𝑚−3 for 800 nm light. This measure represents the density at which the plasma 

becomes opaque for an angular frequency 𝜔0 = 𝑐𝑘0. The parameters 𝑚𝑒 and 𝑒 are the 

electron mass and charge, respectively. The short time scales and large intensities of 

femtosecond pulses reside in a regime where multi-photon ionization (MPI) and tunneling 

ionization (TI) are responsible for plasma generation, rather than the avalanche process 
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[10, 11]. The MPI process occurs when several photons are required for ionization. The 

photon energy at 800 nm is ~1.55 eV. In air, oxygen is the dominant contributor to plasma 

generation through this process. Its ionization potential is 𝑈𝑖~12 𝑒𝑉 and 8 photons at 800 

nm contribute through multi-photon absorption (MPA) to overcome this threshold. Thus, 

the ionization rate is proportional to 𝐼8. Nitrogen has a larger ionization potential of 

𝑈𝑖~15.6 𝑒𝑉 and its contribution to MPI is negligible [12]. The process of TI requires higher 

intensities that MPI. Here, the Coulomb potential is reduced by the external field, making 

it more probable for an electron to escape through the tunneling process. Both processes 

are illustrated schematically in Fig. 1.1.  

 
Figure 1.1 – The processes of MPI and TI are shown qualitatively on the left and right, 
respectively. The MPI process requires absorption of several photons for an electron to 
overcome the Coulomb potential. At higher intensities, the field is able to distort the po-
tential enough such that electron tunneling becomes probable.  

 
The relative contributions of MPI and TI are determined by the Keldysh parameter, de-

fined in Eq. 1.4 [13]. The MPI process dominates when 𝛾 ≫ 1 and TI dominates when 

𝛾 ≪ 1. This equation shows that much larger intensities are required for TI to overtake 

MPI, allowing TI to potentially be ignored [14]. 

𝛾 =
𝜔0

𝑒
√

𝑚𝑒𝑈𝑖𝑛0𝑐𝜀0

𝐼
       (1.4) 
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 When 
𝜌(𝑟,𝑡)

2𝜌𝑐
> 𝑛2𝐼(𝑟, 𝑡), there is a negative net contribution to the refractive index accord-

ing to Eq. 1.3 and defocusing occurs. This causes the irradiance to decrease, thus reduc-

ing the ionization rate. Eventually, the reduction of the plasma density allows the self-

focusing process to take over and restart the cycle. Repetitive Kerr self-focusing and 

plasma defocusing cycles create an extended plasma channel, illustrated in Fig. 1.2. This 

causes the beam to be self-guided over several Rayleigh lengths in what is known as a 

filament.  

 
Figure 1.2 – A filamenting beam is qualitatively compared to a beam focused in the linear 
regime. In the filament region, a dynamic balance between Kerr and plasma nonlinearities 
sustains a confined plasma channel over long distances. 

 

1.2 Filament Characteristics 

The first observations of nonlinear optical phenomena came shortly after the invention of 

the Q-switched laser [15]. The availability of high power optical pulses enabled the initial 

investigations of nonlinear self-focusing. The first experiments were performed in media 

with large Kerr coefficients where it’s easier to achieve collapse. One of the first nonlinear 

processes observed was self-trapping [16]. This result confirmed the theoretical trapping 
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threshold power and trapping length [2]. Additionally, the trapped profile qualitatively 

matched the Townes profile [1]. Other works explored the relationship between the fila-

ment structure and nonlinear effects. For example, self-focusing was seen to amplify stim-

ulated Brillouin and Raman scattering [17-21]. Filaments were also seen to modify de-

generate four-wave mixing (FWM) patterns [22]. These three processes are relatively 

similar in concept. Brillouin scattering is a three-wave process in which an optical wave 

inelastically scatters with a matter wave, producing a third wave at a new frequency [23]. 

It is most common to consider matter waves as quantized thermal oscillations. These 

quantized vibrations are represented as quasi-particles, deemed acoustic phonons [24].  

Raman scattering is identical, except the incoming optical wave scatters with an optical 

phonon, which represents molecular rotations and vibrations [24, 25]. The process of 

FWM allows three optical waves to scatter, creating a fourth frequency. This process dif-

fers from the first two in that it is passive. The energy is coupled through virtual states, 

rather than being fed into the medium [24]. Enhancements and modifications to these 

effects were seen to modify the filament, including temporal break-up and spatial for-

mation of multiple ‘hot’ filaments with diameters ranging from ~5 to 50 µm [26]. Spatial 

break-up of filaments was observed in a seemingly random fashion. One explanation at-

tributed this behavior to modulation instability (MI) [27, 28]. This analysis showed that 

certain spatial frequencies are unstable and receive gain when the beam is subjected to 

small perturbations. Random noise acts as a seed for MI, potentially directing the multi-

filament pattern. Another interesting feature observed was super-continuum (SC) gener-

ation. Here, filaments were shown to produce spectral broadening through self-phase 
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modulation (SPM) [29, 30]. The SPM process is the temporal analogue of Kerr self-focus-

ing. Refractive index variations follow the temporal shape of the pulse. The leading edge 

experiences a growing index while the opposite is true for the trailing edge. Since 𝛿𝜔0 ∝

−𝛿𝑛0, the frequency is decreased and increased at the leading and trailing edges, re-

spectively. Thus, spectral components are added to both sides of the initial spectrum [29]. 

This broadening was enhanced to 300 nm in width when non-degenerate FWM was first 

demonstrated [31]. Frequencies above and below the input beam were generated due to 

nonlinear frequency mixing within the filament. These frequencies were emitted in a cone, 

a pattern now referred to as “conical emission” [32]. This feature, shown in Fig. 1.3, is 

now a trademark of filamentation.  

 
Figure 1.3 – Conical emission is as typical feature of filaments. This pattern, shown above, 
is generated along filament propagation [32]. 

 
These were the first signs of ‘filament’ formation, even though this term is thought of in a 

different context today. Early efforts used nanosecond and picosecond pulses and could 

only produce short filaments (on the order of a few inches) in media with large Kerr coef-

ficients. The possibility of generating extended filaments came later, when femtosecond 

pulses were used to produce plasma channels over ranges exceeding 20 m in air [33]. 

This possibility was facilitated by the invention of chirp-pulse amplification of USP lasers, 



7 

 

greatly increasing achievable peak powers [34]. Filamentation in this regime is the focus 

of this study. The effects produced are reminiscent of those seen in early experiments. 

The most basic feature of a femtosecond filament is its spatial structure, as was the case 

in the pico- and nanosecond regimes. Typical single filament core diameters are no larger 

than 300-400 μm during the self-guiding process for 800 nm femtosecond pulses [35]. 

However, the core only contains about 10% of a filament’s energy. A significant portion 

is carried in a peripheral energy reservoir, also known as a photon bath, that extends as 

far as 2 mm in diameter [36, 37, 38]. This core-reservoir structure exists once collapse 

has been established and persists along propagation. The distribution in this regime also 

matches the theoretical Townes profile, even though this prediction was first applied to 

continuous sources [1, 38]. Self-consistent formation of the Townes profile is even quan-

titatively achieved for different initial beam profiles [39]. Since this structure persists along 

the plasma channel, it makes sense that peak intensity and plasma density would also 

be conserved. This feature is termed “intensity clamping” and is a direct consequence of 

the self-guiding induced by the balance of the Kerr effect and MPI [40-42]. As described 

in the previous section, the ionization rate in air is proportional to 𝐼8 in the presence of 

femtosecond pulses.  Thus, the large intensities produced during self-focusing result in 

drastic increases in the ionization rate. This sudden onset of plasma halts self-focusing 

through MPA and plasma defocusing, clamping the beam intensity at a peak value. Typ-

ical clamping intensity values are 1013 − 1014 𝑊 𝑐𝑚2⁄  for 800 nm pulses for the sub-100 

fs regime [10]. The plasma density is also clamped due to the sudden reversal of the self-

focusing process. Densities between 1012 and 1018 cm-3 have been reported [43, 44]. 

Such a broad range of values is a consequence of the initial pulse energy, width, and 
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focusing conditions [35, 45]. The self-consistent collapse of a filament and the conserva-

tion of its characteristics during propagation lead to beam regularization, referred to as 

self-cleaning. The profile emerging after collapse has been shown to be symmetric de-

spite non-symmetric inputs [46]. The Townes structure is also important because the core 

and reservoir work together. For example, the core will diffract upon disruption of the 

reservoir [37,38]. However, depletion of the core through absorption or an obstacle will 

not necessarily destroy the filament. Instead, the supporting photon bath will replenish 

the core in a self-healing process [38, 47-52]. Together, these unique properties allow 

filamenting beams to propagate long distances in a robust manner. Plasma channels just 

under 400 meters have been sustained by properly adjusting the beam’s initial temporal 

chirp [53, 54].  

Spectral broadening is also present in femtosecond filaments through the familiar Raman 

and FWM effects [55-57]. An example of SC generation is given in Fig. 1.4.  

 
Figure 1.4 – Multiple filaments are shown propagating in a piece of acrylic. Plasma chan-
nels are accompanied by SC generation [58]. 

 
Larger intensities and wider bandwidths of femtosecond pulses yield broader SC width. 

This fact, coupled with the effects of SPM and dispersion, cause complex temporal be-

havior. For example, pulses will self-steepen due to SPM, eventually creating a shock 
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front and exhibiting bifurcation [59-61]. The addition of non-paraxiality will cause even 

more severe pulse distortions [62, 63]. These dynamic behaviors have been utilized to 

generate compressed pulses on the order of a few optical cycles [64].  
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CHAPTER 2: MEASURING THE KERR NONLINEARITY 

The first step in understanding the collapse of a filamenting beam is quantifying the Kerr 

nonlinearity. In this chapter, the wavefront of a self-focusing beam is characterized before 

collapse has occurred. The role of the Kerr nonlinearity will be illustrated by correlating 

the progression of the beam’s spatial profile to its wavefront evolution. 

2.1 Experimental Setup 

The purpose of this experiment was to quantify self-focusing through wavefront measure-

ments. The laser used was the multi-terawatt femtosecond laser (MTFL) at University of 

Central Florida’s Laser Plasma Laboratory [65]. This system uses a Ti:sapphire chirp-

pulse amplification architecture, shown in Fig. 2.1 [34].  

 
Figure 2.1 – The MTFL system uses chirp-pulse amplification to achieve terawatt level 
pulses at 10 Hz centered at 800 nm.  
 
The output was collimated with an approximately transform-limited pulse duration of 60 

fs and a diameter (1/e2) of 14 mm. The frequency-resolved optical gating (GRENOUILLE 

[66]) technique was used to characterize the pulse width as shown in Fig. 2.2.  
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Figure 2.2 – a) Measured and b) retrieved GRENOIULLE spectrograms. c) Temporal and 
d) spectral retrievals 

 
The beam was allowed to freely propagate for pulse energies up to 9 mJ. Wavefront and 

beam profile measurements were taken 5.6 m from the output of the laser. At this range, 

self-focusing is the dominant mechanism. According to Eq. 2.2, the self-collapse location 

of a 9 mJ beam 14 mm in diameter with a pulse width of 60 fs is ~15 m. Therefore, it is 

acceptable to only account for the Kerr contribution to the beam’s wavefront. The beam 

was imaged after propagating 5.6 m. Two large optical wedges (W1 and W2) were used 

to reduce intensity as much as possible while avoiding material damage, as shown in Fig. 

2.3. Another two wedges were used in a periscope (PS) to further reduce intensity. The 

beam was then de-magnified by a factor of 5 using a 4-F telescope, allowing the whole 
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beam to be directly measured using either a Shack-Hartmann wavefront sensor (SHWFS) 

or a CCD [67].  

 
Figure 2.3 – The experimental setup used for measuring wavefront profile and experi-
mental conditions is shown. Two large wedges are followed by 2 inch wedges in a peri-
scope in order to arrest the nonlinear collapse. The plane of the first wedge is imaged at 
the detector plane with a magnification of 5:1. 

 

 
Figure 2.4 – The operation principle of the SHWFS [67]. A microlens array is used to 
spatially sample the wavefront. The incident wavefront distortions translate to displaced 
images on the CCD array. 

 
The operating principle of the SHWFS is shown in Fig. 2.4.  The sensor plane of the 

SWHFS was placed in the Fourier plane of the second lens (f2=100 mm); the first surface 

of W1 was placed at the Fourier plane of the first lens (f1=500 mm). Satisfaction of the 4-

F imaging condition was verified by placing a needle on the surface of the first wedge and 

optimizing the resolution of the needle tip. An example of the measured intensity and 

wavefront data is shown in Fig. 2.5. 
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Figure 2.5 – An example a measurement of the beam profile (left) and wavefront (right) 
is given for an 8.8 mJ pulse. The spatial scales correspond to the detectors. No correc-
tions have been made based on magnification. 

 

2.2 Profile and Wavefront Measurements 

The first part of this study examined the progression of a beam’s wavefront profile in the 

pre-filamentation regime.  This was done primarily as a proof-of-concept, validating the 

ability to accurately characterize an arbitrary wavefront. The data was also useful for qual-

itatively understanding the Kerr self-focusing process. A simple model was used to un-

derstand beam evolution under pre-collapse conditions.  The χ3 term of the electronic 

susceptibility gives rise to the Kerr nonlinearity which alters the refractive index of the 

medium according to the intensity profile of a propagating beam. The beam will then ac-

cumulate a corresponding spatially dependent phase based upon the self-induced index 

modifications.  

The evolution of the beam profile and the wavefront shape are measured against the 

input pulse energy (at a fixed distance of z=5.6 m) using the described setup shown in 

Fig. 2.3. Figure 2.6 shows the full beam profiles at highest and lowest pulse energies 

used. A comparison of these two images shows the overall effect of self-focusing on beam 

shape.  
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Figure 2.6 – The final beam profiles at 5.6 m for the poorly conditioned case for 3 mJ 

(left) and 8.8 mJ (right). The Kerr effect builds up quickly even at short distances due to 
the initial beam shape.  

 
The full results are shown in Fig. 2.7 and 2.8. The red box indicates the region of interest 

plotted in Fig. 2.7. The normalized beam profiles show a clear reduction of beam size, 

indicative of self-focusing. 

  
Figure 2.7 – The normalized progression of the hot-spot intensity with increasing en-

ergy indicated self-focusing. The pulse energies are indicated in each figure. Each im-
age was taken at the same transverse plane, 5.6 meters from the output of the laser. 

 
Comparing the measured wavefront profiles to irradiance distributions at each energy 

further validates this point. Figure 2.8 shows the corresponding wavefront profiles after 

5.6 meters of propagation. The central wavefront depression is clearly seen to increase 
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at higher energies where self-focusing is stronger. The increase in the wavefront curva-

ture in turn causes the beam to focus and increase in peak irradiance.  

 
Figure 2.8 – Contour plots of measured beam wavefront are shown for different pulse 
energies after 5.6 m of propagation. The pulse energies are marked for each profile. 

 
2.3 Confirmation of the Kerr Effect 

The Kerr effect was further understood by quantifying the contribution of self-focusing. 

Equation 2.1 describes the phase accumulation along propagation in terms of the nonlin-

ear refractive index of the medium. This measure is based directly on the definition of 

Kerr index modification given in Eq. 1.3 (the plasma term is neglected in the pre-collapse 

regime). Equation 2.2 converts spatial phase 𝛽(𝑥, 𝑦, 𝑍) to optical wavefront path length 

difference 𝑆(𝑥, 𝑦, 𝑍). Deviations from a collimated (flat) wavefront are quantified in terms 

of meters 

𝛽(𝑥, 𝑦, 𝑍) = 𝑘0 ∫ 𝑛2𝐼(𝑥, 𝑦, 𝑧)
𝑍

0
𝑑𝑧     (2.1) 

𝑆(𝑥, 𝑦, 𝑍) =
𝛽(𝑥,𝑦,𝑍)

𝑘0
≈ 𝑛2𝐼(𝑥, 𝑦, 𝑍)𝑍                  (2.2) 



16 

 

In general, self-focusing causes a beam to change shape. However, if the beam shape 

does not change drastically then Eq. 2.2 can be simplified as shown. Laser parameters 

and measured beam profiles are used to predict wavefront distortion using this equation. 

A nonlinear index of 𝑛2 = 2 ∙ 10−19 𝑐𝑚2 𝑊⁄  for air is assumed [4, 5]. 

A direct numerical comparison between the measured and theoretical results is per-

formed by calculating the “sag” of the wavefront. The sag is defined, in this setting, as the 

peak-to-valley (PV) wavefront deviation. Such a metric was chosen from the definition 

adopted in the Zernike polynomial formulation [68]. This choice is appropriate considering 

the parabolic shape of the wavefront profiles. More complicated shapes would require the 

use of other Zernike polynomials. The sag was calculated for the measured wavefront 

data by taking line profiles of the wavefront in the horizontal and vertical directions. The 

locations of the line profiles were set such that they intersected the extrema of the data 

(located in the center where intensity is largest). Figures 2.9 and 2.10 show examples of 

quadratic fits in the horizontal and vertical directions, confirming that the wavefront shape 

is indeed parabolic.  
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Figure 2.9 – The horizontal line profile through the wavefront minimum for the 3 mJ case. 
The measured data is shown with the quadratic fit used to calculate the sag. 
 

 
Figure 2.10 – The line profile and quadratic fit in the vertical direction for the 3 mJ case. 

 
The PV was then found for each direction. For the theoretical data, the sag was defined 

in exactly the same way. The theoretical wavefront profiles were generated using meas-

ured beam irradiance profiles, experimental parameters, and Eq. 2.2. The calculated PV 
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wavefront deviation is plotted alongside the measured values for each pulse energy in 

Fig. 2.11 and 2.12. 

 
Figure 2.11 – The predicted and measured peak-to-valley sag as a function of pulse en-
ergy shows close agreement. 

 

 
Figure 2.2 – The predicted and measured peak-to-valley sag in the vertical direction. 
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There is agreement between the measured and predicted sag values within the experi-

mental uncertainty, except for a two cases (in the horizontal data). This is reasonable due 

to the simplifying assumption made in Eq. 2.2.  

These results have verified that the SHWFS measurement method accurately tracks 

wavefront evolution. The agreement between the measured results and the theory used 

supports the claim that the Kerr effect is the dominant nonlinearity present at the meas-

urement plane.  
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CHAPTER 3: WAVEFRONT MEASUREMENTS IN THE FILAMET 

The measurements presented in the previous chapter are now extended into the filamen-

tation regime. The wavefront is measured through the collapse region, where plasma 

generation arrests self-focusing. The wavefront information gathered allows the onset of 

filamentation to be further defined by correlating spectral broadening and spatial intensity 

with the presented phase measurements.   

3.1 Experimental Setup  

The experimental procedure is very similar to that described in the previous chapter, as 

shown in Fig. 2.3. The input beam was 70 fs and had a 1/e2 diameter of approximately 

14 mm. The initial beam profile is shown in Fig. 3.1.  

 
Figure 3.1 – The spatial profile of the input beam is shown in normalized units.  

 
In this case a 10 m lens was used to assist collapse. The measurement plane of the 

system was translated between 8 m and 10 m from the lens in increments of 25 cm. At 
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these locations the beam was much smaller than its original size. A 300 mm lens was 

used to create a 1:1 image of the beam on the imaging plane. Finally, a spectral meas-

urement was added by collecting light transmitted through a wedge with a multimode 

fiber. Measurements of spatial intensity, wavefront, and spectrum for pulse energies be-

tween 1 mJ and 13.5 mJ were taken at each position.  

3.2 Identifying the Onset of Filamentation 

The addition of a spectral measurement was useful because it helped pinpoint the col-

lapse location of the focused beam. Figure 3.2 shows the progression of the beam’s spec-

trum as a function of distance from the 10 m lens for three different energies.  

 

 
Figure 3.2 – The spectral progression as a function of distance is plotted in dB for three 
of the measured pulse energies.  These plots show that measurements reside both be-
fore and after the onset of filamentation. Arrows identify the onset of spectral broaden-

ing, used as indication of filament generation. 
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One well known feature of filaments is spectral broadening, which is clearly present in 

each image [10]. For each location, the full width at 90% of the peak amplitude was cal-

culated for all energies. The collapse condition was then defined as the energy at which 

the width increased by a factor of 5%. These conditions are identified with arrows in Fig. 

3.2. Note that the spectral evolution at 13.47 mJ does not have an arrow. This is because 

the threshold for broadening occurs before the shortest distance of 8 m. 

3.3 Profile and Wavefront Measurements 

The spatial intensity and phase profiles were also measured with respect to energy and 

propagation distance. Figure 3.3 maps the normalized spatial profile of the beam at each 

measurement condition.  

 
Figure 3.3 – A spatial profile measurement is shown for each condition. For each dis-
tance, the threshold energies for broadening were found and are indicated by the red 

boxes.  
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The profiles corresponding to the calculated collapse energies for each location are iden-

tified. These images show the same pattern as energy and distance are increased. First, 

the beam’s size is reduced. It then forms a singular intensity peak corresponding to the 

location of initial filament formation. After this point the peak begins to split into multiple 

peaks. This behavior is consistent with the formation of multiple filaments, which is ex-

pected once the critical power of about 5 GW is surpassed. Also note that collapse loca-

tion is moved to earlier positions at higher energies. This also makes sense since self-

focusing occurs more rapidly at increased energies [10]. The spatial profiles are analyzed 

by numerically calculating the standard deviation, 𝜎𝑥,𝑦, in both horizontal and vertical di-

rections. Equation 3.1 shows how these values are defined. Contour plots of the beam’s 

horizontal and vertical widths are plotted in Fig. 3.4 as a function of distance and energy.  

𝜎𝑥
2 = 〈𝑥2〉 − 〈𝑥〉2 =

∬ 𝑥2𝐼(𝑥,𝑦)𝑑𝑥𝑑𝑦
  

𝐴

∬ 𝐼(𝑥,𝑦)𝑑𝑥𝑑𝑦
 

𝐴

− [
∬ 𝑥𝐼(𝑥,𝑦)𝑑𝑥𝑑𝑦

  
𝐴

∬ 𝐼(𝑥,𝑦)𝑑𝑥𝑑𝑦
 

𝐴

]
2

      (3.1) 

 
Figure 3.4 – Contour plots of the beam’s standard deviation in the horizontal and verti-

cal directions are given. The onset of spectral broadening is marked with the white 
dashed line and the red X marks indicate conditions that lineouts are plotted for below. 

 
Both plots in Fig. 3.4 show the same trend. However, there are slight inconsistencies in 

the vertical case where width does not monotonically decay with distance. This can be 

explained by the spatial intensity break-up observed in the vertical direction as multiple 
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filamentation begins. The dashed line indicated the onset of spectral broadening. Note 

that the width at the collapse distance decreases at lower energies. This is better seen in 

the horizontal line-outs shown in Fig. 3.5. The conditions of each line-out are marked in 

Fig. 3.4.  

 
Figure 3.5 – Horizontal line profiles are normalized and plotted in dB for the conditions 

indicated in Fig. 3.4. Each profile has the same shape, but slightly different width. 
 

A reduced beam width for lower energies at the collapse point makes sense because 

spectral broadening is driven by nonlinearities, such as ionization and SPM [10, 35, 52]. 

The intensity dependence of these nonlinearities means they require a reduced beam 

size if the energy is reduced. Temporal narrowing is another means of conserving inten-

sity and is likely to occur within a filament [62-64]. However, this was not measured in this 

study and would have to be investigated further. A second feature shown in the line-outs 

is the relative shape of each profile. It is known that filaments collapse in a self-similar 

fashion, taking on a Townesian profile after collapse has occurred. These measured pro-

files have the same qualitative features as a Townesian—a narrow, intense core sur-

rounded by a wide peripheral field—but quantitatively they have a larger width [39, 52]. A 

single filament is expected to be approximately 400 µm wide at 99% of the peak amplitude 
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with a peripheral field extending 2 mm in diameter [38]. The wider measured widths are 

expected due to intensity clamping present in filaments. Since these beams exceed the 

critical power, it is expected that multiple smaller peaks will form, each carrying a single 

filament at a clamped intensity. As mentioned above, the onset of multiple filamentation 

is observed beyond the spectral broadening threshold. However, the observation of the 

beam’s break-up into multiple filaments is only qualitative and not the main focus of this 

study.  

3.4 Wavefront Analysis 

The wavefront at each condition was also measured. Figure 3.6 shows an example wave-

front measurement.  

 
Figure 3.6 – An example of a complete wavefront measurement. Each profile has the 

same shape, but a different curvature. 
 

The wavefront shape is parabolic due to the quadratic phase of the 10 m lens. This is 

confirmed by the line-outs shown of Fig. 3.6, shown in Fig. 3.7 and fitted to a second 

order polynomial. The analysis performed uses the second derivative of the polynomial 

fit to calculate the curvature of the wavefront at the center of the profile.  
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Figure 3.7 – The vertical and horizontal line-outs of the wavefront shown in Fig. 3.6 are 

shown along with their quadratic fit.  
 

The polynomial fit takes the form shown in Eq. 3.2 and the second derivative is easily 

defined. The curvature is then defined at the center of the wavefront (x=0) by Eq. 3.3. 

𝑓(𝑥) = 𝑎2𝑥2 + 𝑎1𝑥 + 𝑎0         (3.2) 

𝑓′′(𝑥) = 2𝑎2 

𝜅 =
𝑓′′(𝑥)

(1+[𝑓′(𝑥)]2)
3
2

= 2𝑎2 𝑎𝑡 𝑥 = 0              (3.3) 

 Figure 3.8 maps the curvature for each experimental condition. Negative curvatures cor-

respond to focusing while positive curvatures indicate defocusing [67]. The data shows 

that the conditions where broadening begins match precisely with the points of maximum 

positive wavefront curvature (maximum defocusing). Additionally, the curvature drops 

again after the collapse location for each energy, indicating a return to a focusing profile.  
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Figure 3.8 – The wavefront curvature is plotted for both horizontal and vertical line pro-

files of each wavefront. The onset of spectral broadening is marked with the dashed line 
and corresponds closely to where curvature is greatest.  

 
This is the opposite of what would happen for a linearly focused beam, which transitions 

from negative to positive curvature, remaining positive after it passes through focus. Here, 

however, curvature does not continue to increase in the positive direction after collapse. 

This behavior can be explained in terms of plasma generation, followed by self-focusing. 

As the beam initially self-focuses, plasma generation will suddenly begin since MPA 

scales as 𝐼8 in air [10]. This will reduce the index of refraction in the center of the beam 

where the plasma density is greatest, resulting in an increase in curvature in the positive 
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direction. This reduction in refractive index combats self-focusing and the rate of energy 

convergence is reduced. This is reflected in the beam width contours shown in Fig. 3.4. 

The separation between contour lines increases after the onset of spectral broadening. 

Additionally, the energy in the main peaks observed in Fig. 3.3 begins to migrate into 

adjacent hot-spots, while the initial intensity peak remains relatively constant in size. A 

reduction in energy concentration will then reduce the ionization rate and plasma defo-

cusing will play a less significant role. A decrease in the wavefront curvature at distances 

after (to the right of) the main peak in Fig. 3.8 verifies this expectation. At this point, the 

self-focusing process begins to re-appear and the filament becomes fully established. 

Finally, it is also expected that the sudden onset of plasma generation would be accom-

panied by the onset of spectral broadening since plasma generation and the nonlinearities 

responsible for the spectral broadening (SPM, FWM, self-steepening) require high peak 

intensities. Multiple other works have confirmed this both theoretically and experimentally 

[10, 35, 52, 64].  
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CONCLUSION 

This work has provided characterization of the filamentation process through measure-

ments of spatial wavefronts. The two competing processes in a filament have been ex-

amined separately. First, Kerr self-focusing was measured for a beam in the pre-filament 

regime as a function of input energy. A comparison of experimental data and theoretical 

predictions showed agreement between the measured evolution of both wavefront and 

spatial profile. Next, the wavefront of a beam in the filament regime was probed. Here, 

the contribution of plasma defocusing was expressed as a peak in wavefront curvature. 

This peak corresponded to other indicators of filament onset, specifically spectral broad-

ening, formation of the Townesian profile, and the initial formation of multiple filaments. 

Finally, the wavefront curvature was observed to decrease after the peak associated with 

plasma defocusing, indicating the return of the self-focusing process. Thus, measure-

ments in this study cover the initial self-focusing process, the plasma generation at the 

onset of filamentation, and the return to self-focusing after the filament has been estab-

lished. Further work will carry out these measurements with higher spatial resolution and 

at further distances in order to better resolve the competition between self-focusing 

plasma defocusing throughout the length of the filament.  
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