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ABSTRACT

Quantum information has the potential to revolutionize the way we store, process, transfer and
acquire information [1,14,15,21,37]. In particular, quantum information offers exciting new ap-
proaches to secure communication, computation and sensing. However, in order to realize such
technologies, we must first understand the effect that environmental noise has on a quantum sys-
tem. This dissertation builds upon recent studies that have explored the underlying structure of

quantum information and the effects of qubit channels in quantum communication protocols.

This work is divided into five main chapters, with Chapter 1 being a brief introduction to quantum
information. We then begin Chapter 2 by defining the error function for our qubit communication
protocols. From there we explore the properties of our error functions and the topological space

that they form.

In Chapter 3 we consider the newly patented process Adaptive Quantum Information Processing,
patent number US9838141 B2; originally outlined by Martin in [23]. We restate the adaptive
scheme and exemplify its application through the Prepare and Send Protocol and Quantum Key
Distribution. Applying our results from Chapter 2, we obtain an expression for the adaptability of
unital channels in these two protocols and classify the channels that admit the most improvement.
We dedicate Chapter 4 to the derivation of gravitational noise, and show that in certain circum-

stances gravity results in a channel that can be maximally improved in Adaptive QKD [3,14,16].

Lastly, we study the set of error functions through the lens of domain theory. Domain theory is a
subset of mathematics that was developed in order to rigorously formalize computations. The first
four chapters are all consequences of past discoveries in the mathematical structure of quantum
channels. In Chapter 5 we characterize the set of error functions through domain theory, extending

the mathematical foundations of quantum information. [12,18,20, 22, 23,25].
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CHAPTER 1: INTRODUCTION TO QUANTUM INFORMATION

The content of this dissertation lies in the intersection of mathematics and physics, and is therefore
written with two audiences in mind: mathematicians and physicists. As such, we will be providing
definitions, proofs, and exposition for some material, while other topics are assumed to be known.
This is because we are presuming the reader is familiar with the concepts encountered in the basic
curricula of both subjects, and we will try to define anything that is sometimes missed in either
field. With this in mind, we begin with a preliminary introduction to some of the basics of linear
algebra and the notation that will be used throughout this work. We note that since this dissertation
will include many theorems, some original and some already proven by others, we will include the

name of the original author after the numbering of all previous results.

1.1 Mathematical Background

Let us first establish some essential notation. Throughout this work both real and complex numbers
will appear and context will provide an unambiguous indication as to which number system is
being used. That being said, if & = a + b is a complex number, then we denote its conjugate by
a = a —ib. If M is a m x n dimensional matrix with complex entries, we denote its transpose
by M?, its conjugate transpose by M T, and note that in the case where its entries are purely real
numbers, M' = MT. Further, if M is a square matrix, we denote its trace by tr(M) and its

determinant by det(M ). Lastly, we denote the identity matrix for all dimensions by /.



1.1.1 The State Space

This dissertation will be limited to the study of two-level quantum systems, which we will often
refer to as qubits. In order to discuss these dynamic systems, we must first define the space used
to represent their states. We assume the reader is familiar with the definitions of an inner product,
norm, and the n-dimensional complex vector space, C". For the case of C", we fix once and for

all the following notation:

(1) The inner product (-,-) : C* x C* — C, is (z,y) = z'y.

(2) The norm || - || : C" — R, is taken to be ||z|| = /(z,y).
(3) The distance function d : C" x C* — R, is defined such that d(z,y) = \/||z — y||-

The function d, beyond being non-negative, is also symmetric and satisfies the triangle inequality
and the identity of indiscernibles. When a function satisfies these four properties, we say it is a
metric, and we refer to the pair (C",d) as a metric space. Furthermore, as d is directly defined
by the norm || - ||, and therefore our inner product, we refer to it as the induced metric. We adopt
the same notation when considering the vector space R", where all simplifications associated with
a change from complex to real numbers are applied. With a metric, we may characterize two

particular classes of sequences of complex numbers 1, s, 3, ... , which we denote by (x,,).

Definition 1.1.1: Let (z,,) be a sequence in (C", d). If there exists a z € C" where for any positive

real number € we can find some positive integer N such that m > N implies d(z, z,,) < €, then
we say (x,) converges to x. In such a case we write (x,,) — = where x is called the limit of (x,,)

and is denoted by lim z,, = x.
n—oo

Definition 1.1.2: For the metric space (C", d) a sequence (x,,) is Cauchy if for any real number

€ > 0, there is an integer N > 0 such that for all integers n,m > N, d(z,,x,) < e. We say

2



a metric is complete if every Cauchy sequence in the space converges. With these definitions, we

can now finally define the state space of a quantum system.

Definition 1.1.3: A Hilbert space is a complex inner product space ‘H with a complete induced

metric.

The state space of a qubit, being a two-level quantum system, is characterized by a two-dimensional
Hilbert space. That is, when we speak of the state space of a qubit, we are referring to the space
(C?% d), which we denote by H2. When two subsystems interact they are considered to form a

larger composite system which we describe with a fensor product.

If S and T are vector spaces, then their tensor product is another vector space S ® 1" with a bilinear
map ® : S xT — S®T such that for any bilinear map b : S xT" — Z there is a unique linear map
b:S®T — Z such that b(s®t) = b(s, t). This condition is known as the universal property of the
tensor product and is illustrated in Fig. 1.1. The tensor product is unique up to an isomorphism,
meaning that any other vector space X satisfying the universal property is isomorphic to S ® 7.

That is, there exists a bijective linear function between X and S ® T

®

SxT ST

®
el
Vb :
Z

Figure 1.1: Diagram depicting the universal property of the tensor product.

With the state space defined, we introduce a few more definitions and some notation before delving

into the mathematics needed to discuss operations on a quantum system.



Notation 1.1.4: Developed by physicist Paul Dirac, Bra-ket notation attempts to make calculations
more “intuitive”. The vectors of a Hilbert space are denoted by |z), pronounced “ket x”; while the

symbol (x

, “bra x”, denotes its conjugate transpose. With this notation in mind, the inner product

for our state space # is then denoted by a “bra acting on a ket”, (x|z).

The outer product of vectors |z), |y) € C" is

1Yy T1Yy2 ... T1Yn
TY1 T2Y2 ... T2lYn
)yl =] _ e (1.1)
| TmY1 TmY2 o TmYn

For example, in the case of a two-level quantum system, if {|e1), o) } is an orthonormal basis for
the state space, then each |r) € H? can be uniquely written as z1|e;) + x2]es) where z; and x5

are complex numbers. Then
2

(Z |ez-><ei|) ) = Z e ((eile)) = S wiles) = ). (12)

=1

2
Therefore, Y |e;){(e;] = I; this equality is called the completeness relation. Lastly, we wish to
i=1

establish the following definition, as it will be appear frequently.

Definition 1.1.5: Let 7" be a vector space. A subset C' C 7' is said to be convex if for all x,y € C

and all t € (0, 1), then tx + (1 — t)y € C. Furthermore, we say that z is an extreme point of C' if

x=py+ (1—p)zwithy,z € Cand p € (0,1) implies that z = y = z.

Remark: Convex sets can be generalized to more abstract spaces; however, the results of this work

will only pertain to convexity for vector spaces. Therefore, Definition 1.1.5 is sufficient.



While this concludes the necessary background for the state of a quantum system, we also require
an understanding of how these systems change. Therefore, we provide a brief introduction to some
of the basic concepts in algebra and operator theory that are essential to describe the evolution of

qubits.

1.1.2  Operations on Quantum Systems

Many times throughout this work our results will depend on the properties of particular collections
of mappings. One such property is that of forming a group. A set S together with a binary operation
x5 x S — Sis a group if the following hold for all a, b, c € S:

D ax(bxc)=(axb)*c,

(i) (Ge € S)(Va € S)(exa=axe=a),

(iii) (Va € S)(Fa~' € S)(axa™ =a ' xa=e).

If only properties (i) and (ii) hold, we say that (.S, *) is a monoid.

Specifically, there are two groups that will be essential in our study of quantum information. The
first being the special orthogonal group, denoted by SO(3). This group consists of the set of all
rotations about the origin in R3. In other words, SO(3) is the set of 3 x 3 matrices 7, such that
det(r) = 1 and r* = r~'. We also often make use of the Klein 4-group V', which is the involutive
group of order four. We say that an element of a group a is involutive if a x a = e. Explicitly,
V = {e,a,b,c} where e is the identity element and a x a = b*x b = cxc = e, while a x b = ¢,
b*c = a, and a * c = b. With two examples of a group given, we now move on to define particular

sets of mappings between state spaces.

Definition 1.1.6: For us linear operators describe the transformations of the state of a qubit. We




say E/ : H — H is a linear operator if for all x,y € H and o, B € C,

E(ax + By) = aE(x) + BE(y). (1.3)

Furthermore, E is self-adjoint if '(Ex) = (Ex)'x, and unitary if EET = ETE = I. Note, every

element of SO(3) is a linear unitary operator, while each involutive rotation is self-adjoint.

Definition 1.1.7: Let &2 : H — H be a linear operator. A non-zero vector x € H is an eigenvector

of F if Fx = Ax, where A € C is called the eigenvalue of E associated with x. The set of

eigenvalues of F is called its spectrum, and is denoted by o (E).
Lastly, we end this section with two definitions that are essential for this work.

Definition 1.1.8: The n-simplex is

s ={pepar

> pi= 1}. (1.4)
i=1
Two examples of such would be a single point A!, and a line segment A? of unit length.

Definition 1.1.9: The unit ball in R? is

B — {x eRY| ]| < 1}, (1.5)
where its boundary is given by the two-sphere

52:{x€R3| \|x||:1}. (1.6)

Although we have not covered all the necessary mathematics for this work in its entirety, we have



provided enough to begin our discussion on the foundations of quantum mechanics. As such, we
shift our focus to physics for the duration of the next section. We define and discuss all other

mathematical concepts as they arise throughout this work.

1.2 Postulates of Quantum Mechanics

Quantum mechanics is a mathematical model used by physicists to describe and make predictions
in nature. Like every theory, it is built upon a set of axiomatic statements, or postulates. We will

briefly state the postulates, and then individually discuss them in the following two sections.

Postulate 1: An isolated physical system can be represented by a unit vector in some Hilbert space;
such a system is said to be in a pure state. This vector is called the state vector, and the Hilbert

space is called the state space.

Postulate 2: The closed evolution of a system is described by unitary transformations. In other
words, if |¢y) is the initial state of a closed system at time ¢, and |¢)) denotes the state at some time

t, then |¢)) = Ult)y), where U is unitary and depends only on the times ¢, and ¢.

Postulate 3: Measurements are described by collections of operators { M,,} acting on H such that
ST M M, =1 and p(m|y) = (1| M) M,,|b), where m denotes a possible outcome and p(m/|¢))

is the probability of the state |¢)) resulting in the outcome m.

Postulate 4: The state space of a composite system is given by the tensor product of the individual
state spaces. If H; and H, are Hilbert spaces for two quantum systems, then H; @ H is the Hilbert

space for the combined system.

There is a rather bothersome implication that follows from the first postulate in conjunction with

the third. Every unit vector of the form % |v)) is equivalent in the sense that they all make the same



predictions. That is, |)) and e|+)) result in the same probabilities in the event of a measurement.

This is commonly stated as “states are equal up to a global phase”. Explicitly,

p(mle”p) = e (| M} M) = (Y| M} My |vp) = p(ml). (1.7)

However, it would be mathematically inconsistent to say things like “|1)) = —|)”, since this
equality is false for all unit vectors. One way to resolve this issue is to associate with each unit

vector |1}, a linear operator p : H — H, where

p= W)l = e ) (yl. (1.8)

Then all pure states of the form ¢?|¢) are instead represented by the operator p, and we now have

a mathematical equivalence that is consistent with the third postulate.

Definition 1.2.1: A density operator p : H — H is a trace one, self-adjoint, positive semi-definite

(i.e. all eigenvalues are non-negative) linear operator.

The density operator also provides an intuitive means of constructing a quantum state distribution.

In classical theory, each distribution z € A? may be written as

T =Dp1-e + P2 e, (1.9)

where p; + p2 = 1. The physical meaning of Eq. (1.9) is that the classical system is either in
state e; or ey with respective probabilities p; and po. Similarly, if a quantum system is in state

pi = |1;)(1;] with probability p;, the natural way to represent this distribution is with the operator

p=>_ piln)(il, (1.10)
=1



where p € A". Note, if a density operator has the form of Eq. (1.8), then it is an idempotent and
conversely. That is, p is a pure state if and only if p> = p. With our new representation of a state,
we revisit and revise our postulates.

Postulate 1*: The state of an isolated system is p : H — H. In particular if the system is in the

n

state [1;) with probability p;, then p = > pi|[t);)(1s|, where H is the state space of the system,

=1
|1;) € H,and p € A™. We denote the set of n-dimensional quantum states by 2".
Postulate 2*: The evolution of a closed system through time is described by a unitary transforma-
tion. If pg is the initial state of a closed system at time ¢y, and p denotes the state at some time ¢,

then p = UpoUT, where U is unitary and depends only on the times ¢, and t.

Postulate 3*: Measurements are described by collections of operators { M,, } acting on H such that
S M} M, =1 and p(m|p) = tr(M],M,,p), where m denotes a possible outcome and p(m|t)

m

is the probability of p resulting in the outcome m when the system is in the state |¢)).

Postulate 4*: The state space of a composite system is given by the tensor product of the individual
state spaces. Letting H; and H, be the Hilbert spaces for two quantum systems, then H; ® H is

the Hilbert space for the combined system.

Remark: The density operator formalism makes the same predictions as the state vector formalism.

It is upon these revised postulates that our analysis of quantum information will be founded.

1.3 The Quantum Channel

A quantum channel describes the evolution of a system when it is not isolated. While we have
used the term channel to describe the abstract evolution of a quantum state, in information theory

it has strong implications for the storage and transfer of information. It is the purpose of this



section to describe the former, while the relationship between the evolution of a quantum system

and information theory will be discussed in detail in the following section.

Postulate 2* tells us that when an isolated system evolves, its evolution is described by the conju-
gation by some unitary operator. However, when sending information between parties, such as in
qubit communication, we can not usually assume that the system is closed. In other words, it is
often the case that the system interacts with some environment. Systems like these are called open,

and any change in their state is referred to as open evolution.

In order to discuss the evolution of an open quantum system, we must begin with the composite
space formed by the system and its environment. The fourth postulate of quantum mechanics tells
us that if the state spaces for the system and its environment are H; and H, respectively, then
the composite system’s state space is H; ® Ho. Any state from this isolated system then evolves
unitarily; after which one may “trace out” the environment. That is, the evolution of the state

p € H1, when allowed to interact with its environment & € Ho, is characterized by the mapping

e(p) = rg(U'p ® £U), (1.11)

where U is a unitary operator acting on the composite state space H; ® Ho and trg is the partial

trace over the state space of the environment.

While this narrative might appear straight-forward, we have made a subtle assumption that is worth
mentioning. We assumed that the system and environment are in a state described by a pure tensor
product (or a product state), which is not true in general [30]. However, we will not delve into the
justifications for our definition of a quantum channel, but instead simply provide a characterization
for the case when a system and environment are in a product state. For a detailed discussion on the

assumptions behind our definition, see [9].

10



We would like to further mention that in certain circumstances an additional assumption may be
made beyond those that define a quantum channel. When sending the completely mixed state
through a channel, it is reasonable in some cases to assume that the output would not be “less”
mixed than the input. With this in mind, we sometimes require that a quantum channel leaves the
completely mixed state unchanged, i.e. fixes it. As shown in [21], this assumption is equivalent to

considering the channels in which entropy increases.

Definition 1.3.1: A quantum channel ¢ : Q)" — Q" is a completely positive, trace preserving,

convex-linear map. We say a channel is unital if it fixes the completely mixed state %

Remark: Unitality is not included in the definition of a quantum channel as there exist natural
examples of non-unital channels. For instance, when preparing a quantum state, we interact with a
system such that independent of the initial state we obtain some predetermined output. Since there
is no reason this interaction could not exist, we are justified in excluding unitality as a defining

characteristic of a quantum channel.
Here is an alternative characterization of quantum channels from [9,11]:

Theorem 1.3.2 (Chuang and Nielsen): The map € : 2" — Q" is completely positive, trace preserv-

ing, and convex-linear if and only if it has the form
e(p) = ApAl, (1.12)
i=1

where each A; is a linear operator on the state space of the system and ) AZTAZ- = [. Since the
%

Hilbert space of our system is C", each A; is a matrix and €(p) is self-adjoint for all p . Further, by

Choi’s theorem [8], a linear opeator € : M, (C) — M, (C) is completely positive if and only if it

11



has the form

e(p) =Y _ EipE], (1.13)

where each F; is a complex matrix and, in general, can be taken to be linearly independent. The
E;’s are called Kraus operators and Eq.(1.13) is referred to as the Kraus representation of the quan-
tum channel e. Simply put, Theorem 1.3.2 tells us that every quantum channel is the restriction of
a completely positive, trace preserving, linear map on the Hermitian matrices, while conversely,
Choi’s Theorem says that every quantum channel can be uniquely extended to a completely pos-
itive, trace preserving, linear map of Hermitian matrices. It is also shown in [9,11], as well as
many other works, that the set of completely positive trace preserving unital maps on M,,(C) is
a compact, convex set that is closed under composition. Throughout this work, we will restrict

ourselves to the set of unital quantum channels on two-level systems, which we will denote by /.

1.4 Information Theory

In this dissertation we consider two types of communication: classical and quantum. Let us explain

each of these in turn.

A common case of classical communication is the transfer of a binary string (a list of 0’s and 1’s)
between two parties that is encoded in some number of classical systems. We refer to each individ-
ually encoded system corresponding to an entry of the string as a bit. If party one (Alice) prepares
and sends a series of bits to party two (Bob), then assuming interaction with the environment, there
exists the potential of any given bit changing its state. In other words, a 0 turning to a 1 or vice
versa. Therefore, in order to successfully communicate, Alice and Bob require a means of study-
ing possible errors. Such can be accomplished by modeling this interaction with a classical binary

channel. That is, a channel with two possible inputs and two possible outputs (e.g. 0 and 1). A

12



classical binary channel is represented by a 2 x 2 stochastic matrix; we denote the set of classical

binary channels by (2, 2). In other words, a member of (2, 2) is a matrix of the following form:

r 1—=x
, (1.14)

y 1—y

where x = p(0]0) is the probability that a 0 is received when a 0 is sent, and y = p(0|1) is the

probability that a 0 is received when a 1 is sent.

A central concern of information theory is, “How much information can I send?”. The answer to
this question depends on many variables; one of which is the environment we send our information
through. Classically, the largest amount of information one may transmit through an environment
is called the capacity of the channel. As shown in [19], the capacity for a classical binary channel

18

(1.15)

TH(y)—yH(z) yH(z)—xH(y) >
-y
b

C(z,y) = log, (2 E o=y

where H(z) = —xlogy(x) — (1 —x) log,(1 — x) is the base two entropy, T = 1 —zandy = 1 —y.

For a detailed discussion on capacity and Shannon entropy, see [10,32].

At no point have we utilized any quantum effects in our example of classical communication. That
is, the postulates of quantum mechanics are completely irrelevant in our description. And while
the principles are the same in quantum communication (information is encoded in a system, which
is then sent between parties through some environment in which it may evolve), the particulars are
very different. To illustrate this difference we now consider the case where information is encoded

in a quantum system.

Alice and Bob first choose a basis of the state space {|1), |¢)}, after which they let |1)) respresent

0 and |¢) represent 1, or vice versa. Preparing a quantum system in one of the two basis elements,

13



Alice encodes information as |*) (x|, which we then refer to as a quantum bit or a qubit. Sending
her qubit to Bob, the system evolves according to some quantum channel (|«)(x|). Afterwards,
Bob receives the qubit, performs a measurement on the system with respect to the {|1), |¢) } basis,

and obtains a state that corresponds to either a 0 or a 1. This process defines a classical binary

channel, which in turn has a capacity.

While this discussion appears eerily similar to classical communication, there is a subtlety to this
procedure that results in a huge difference between sharing classical information with a qubit ver-
sus a bit. At the beginning, Alice and Bob fix a basis of the state space; however, in principle, many
unit vectors in the state space are possible states of the system. That is, there could be literally an
infinite number of different bases with which Alice and Bob can choose to communicate. In turn,
this means that associated with every quantum channel there are an infinite number of classical
channels; each induced by a particular basis, and each having their own capacity. Therefore, vary-
ing over each basis of the state space, we obtain a range of capacities which we call the scope of

the channel. For a detailed discussion on scope, see [21].

We then see that one fundamental difference between classical and quantum communication is the
dependence on how we represent our information. In the classical case, our representation of a
bit is not a variable when calculating how much information can be sent; while how we choose to
prepare our system is at the very heart of this question in quantum communication. This provides
the potential of an ideal representation for a given quantum channel. Meaning, it can be the case
that encoding qubits with one basis will allow for more information to be exchanged than if a
different basis were used. A detailed example of such can be found in [21], for which we provide

a quick overview that will also serve to illustrate the complexity of calculating the scope.
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We consider the bit-flip channel €(p) = (1 — p)p + pUpUT, where p € [0, 1] and
U= . (1.16)

This is arguably the simplest non-trivial example of a channel where the state is flipped with
probability p and unchanged otherwise. Suppose that Alice and Bob choose to encode their in-
formation such that |¢)) represents 0, while the state |¢) represents 1. Letting |e;) = [1 0]* and
lea) = [0 1]%, then there exists complex numbers a, b, ¢, and d such that [¢)) = ale;) + bles) and
|¢) = cle1) + clez). By assumption, after the qubit |x) (x| is sent through the environment, Bob
receives the state

(1 = p) ) (x| + pU |5) (+|U. (1.17)

In order to calculate the capacity, we must first compute the probability that Bob receives a 0 when

Alice sends 0:

& = p(010) = ([}l (1 = p)Iv) (] + U YWIUT))

(1.18)
— (1= p) + p((@b)? + (@b)? + 2/afb[?),
and the probability that Bob receives a 0 when Alice sends 1
y = p(0]1) = w(16)ol((1 = plo) (@] + pUle)olUT)) 1o

— p(|a|2|d|2 + |bP2|c|? + abed + abed).

Upon plugging these probabilities into Eq. (1.15), we then obtain the capacity of the channel when
information is represented in the basis {|1), |¢)}. As you can see, calculating the capacity for a
single basis is tedious, and obtaining the range for an infinite number of bases would prove beyond

daunting. The question then remains, “How do we find the basis that allows for the largest amount
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of information to be sent?”. In this particular example a choice of basis where a = b = ¢ =
—d = \/% gives us z = 1 and y = 0 regardless of p. In turn, this results in C'(x,y) = 1, which

corresponds to perfect transmission.

While we have provided the ideal basis for the case of the bit flip channel, it is not obvious as
to how we found it in the first place. Forfeiting the density operator representation and instead
using the Bloch representation, this task is significantly simplified. Specifically, in [21] Martin
shows how to calculate the scope of a unital qubit channel from the eigenvalues of a systematically
constructed 3 x 3 real symmetric matrix. With this in mind, the next section will be devoted to the

introduction of the Bloch representation in quantum information.

1.5 The Bloch Representation

Considering only qubits, we know that every density operator is described by a 2 x 2 self-adjoint
matrix. Upon standard computations, it can be shown that the identity and spin operators, also

known as the Pauli matrices,
I: s o1 = s 09 = s 03 = s (120)

form a linearly independent set of self-adjoint matrices, and thus they form a basis for the set
of self-adjoint 2 x 2 matrices. Therefore, each density operator can be uniquely written in the
following form:

p:$0[+$101+$202+1’303, (121)

where zy, x1, x5, and x5 are real numbers. Furthermore, since each p has trace one and the spin

operators are traceless, we must have that x( = % For brevity, we factor % out of each z;, rename
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the result z;, and let © = |07 09 03]" be a vector of matrices. Then every state can be uniquely
written as

p=3I+(x0)), (1.22)

where x € R? is called the Bloch vector. It can further be shown that p is positive-semidefinite
if and only if x € B?; and ||z|| = 1 is equivalent to p?> = p. That is, the state of a qubit is fully

described by a vector in B3, where the points in S? correspond to pure states [9].

Moreover, each pair of antipodal points on the two-sphere corresponds to a set of orthogonal unit
vectors in H2. In other words, every pair of unit vectors z and —x represents a means of encoding
information in a quantum system. Therefore, we refer to the set {x, —z} as a communication basis.
Note, each representation, being a set of antipodal points, can be fully characterized by only one
of its vectors. Consequently, we will henceforth refer to the set {z, —z} as the  communication
basis. To put it simply, the two-sphere S? can be used to denote the set of all representations, where
the point = and —x correspond to the same communication basis. With this in mind, extending
postulate 3* to the Bloch representation, the probability of obtaining the state x when performing

a measurement on the state y is
1+ (z,y)

5 (1.23)

p(zly) =

Now turning our attention to the evolution of a Bloch vector, it can be shown that every qubit
channel ¢ induces a map on the set of Bloch vectors f. : B> — B3. Furthermore, it is shown
in [9,11] that every f. is an affine map on the Bloch sphere and is linear if and only if € is unital.
Moreover, the set of unitary channels is given by SO(3), and its convex closure is the set of unitals;

which as we previously mentioned, will be the focus of this work.

The Bloch representation of a quantum channel is a non-expansive, linear operator on the unit
ball that satisfies particular properties. With that said, we would like to highlight some of these

properties with the following two propositions which are proven in [21]:
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Proposition 1.5.1 (Martin): Let f. be the Bloch representation of a qubit channel e.

(i) The function f, is convex linear.

(i1) The Bloch representation of a convex sum is the convex sum of the Bloch representations.

(ii1)) The composition of qubit channels corresponds to the composition of Bloch representations.

Proposition 1.5.2 (Martin): The Bloch representation of a unital channel f, is symmetric if and only

if it is a convex sum of involutive rotations that form a copy of the Klein four group. Explicitly,
4
fo=> _pir'sm, (1.24)
i=0

where p € A%, r is a member of SO(3), and the s;’s are the Bloch representations of the identity

and spin operators given by:

1 00 1 0 0 -1 0 0 -1 0 0

Not only does the Bloch representation “look nicer”, but it offers major simplifications when per-
forming information theoretic calculations. For instance, Martin shows in [21] that if f is the Bloch
representation of a unital qubit channel, then its scope is

s(f) = |—2 2 2

M(l B H<1+min(|)\i|)>7 1— H(M))], (1.26)

where A3 < Ay < ) are the eigenvalues of ¢(f) = 3(f+ f*) and H is the binary entropy function.

Therefore, in the Bloch representation the task of calculating the scope of a unital qubit channel f is
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reduced to obtaining the eigenvalues of the symmetric matrix ¢(f)! While this result alone shows
the significance of the Bloch representation, this dissertation will further expand upon its benefits.
With this in mind, from now on when we speak of a unital channel, it should be understood that

we are referring to its Bloch representation, unless otherwise stated.

1.6 Summary

In this chapter we introduced a way to quantify the amount of information one may send through a
quantum channel, called scope. We also formulated a representation of qubits and channels where
states are points on the unit ball and channels are nonexpansive, linear operators on B3. With
this groundwork established, we begin the next chapter with our analysis on qubit communication

protocols and their associated error rates.
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CHAPTER 2: ERROR RATES

Before defining an error function for an arbitrary protocol, we need to introduce some basic con-
cepts from Topology. Topology is a branch of mathematics concerned with properties that are
preserved under continuous functions; or simply put, an important part of the foundation for real

analysis.

2.1 Preliminaries: Point Set Topology

This is in no way meant to be a representation of topology as a whole, but rather a short introduction
to the subject that will enable anyone unfamiliar with the topics to understand the results in this
dissertation. With this being the purpose, we will introduce several definitions and examples but
omit proofs of any theorems that are stated. For those new to this branch of mathematics, we

recommend [27] by James Munkres. This section is based on Munkres.

Definition 2.1.1: Let X be a set. A collection of subsets of X, denoted by 7, is a topology if the

following properties are satisfied:

(i) X and the empty set & are members of 7.
(i1) The union of the elements of any arbitrary subcollection of 7 is contained in 7.

(i11) The intersection of the elements of any finite subcollection of 7 is contained in 7.

The pair (X, 7) is called a topological space, and every U € 7 is called an open set while its
complement X \U is referred to as closed. Thus, for every topology both & and X are open and

closed. Furthermore, every subset Y C X with the collection v = {Y NU | U € 7} satisfies
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properties (i)-(iii) and is referred to as a topological subspace of (X, 7).

Definition 2.1.2: Let (X, 7) and (Y, o) be topological spaces. The function f : X — Y is con-

tinuous if for every o-open set V' C Y, the set f~!(V) is 7-open in X. One may show that this
is equivalent to the well-known e-¢ definition found in real analysis where both topological spaces
are (R, 7/), which we will define briefly. A continuous bijection whose inverse is also continuous

is called a homeomorphism.

In this dissertation we will be dealing with two specific topologies defined on a particular set of
continuous functions. When it is the case that the elements of our underlying set are functions
themselves, we refer to the space as a topological function space. In the remainder of this section,
we will introduce several more definitions, including the topologies on the very function spaces
we plan to study. With this in mind, let us denote the set of all continuous functions f : X — Y

by C(X,Y). We begin with the definition of a very important subset of a topology.

Definition 2.1.3: A basis I is a collection of subsets of X that satisfies the following properties:

(i) For each x € X, there is at least one basis element B containing x.

(i1) If z is contained in the intersection of two basis elements B; and Bs, then there exists a basis

element B3 such that x € B3 C By N Bs.

Remark: With a basis B for the set X, we can then define a topology 7 as follows: The set U is

open in X if for each = € U, there existsa B € Bsuchthatx € B C U.

Throughout this chapter we will make use of two particular topologies on C(X,Y’). We charac-
terize these topologies by constructing their respective bases; one of which will necessitate the

following metric:
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Let f,g : X — Y be continuous functions, where Y is a metric space with the metric d. The

uniform metric on the set C(X,Y)

p(f.g) = sup {d(f(@), g(x)) | = € X} eX)

zeX

makes it a topological space, where

A(f(@). f(y) = min {d(f(2), f()).1}. (22)

Remark: If X is compact and each function in C(X,Y") is bounded, then the uniform metric can

be defined simply by d and the induced metric d is not necessary. This is because under such

conditions the value of d( f(z), g(m)) is finite and the supremum exists when varying over X.

Note, just as we can in a metric space consisting of points rather than functions, with the use of the
metric we can then define the convergence of a sequence. That is, if f,, : X — Y is a sequence
in C(X,Y), we say that f,, converges to f if p(f,, f) — 0 as n — oo. Furthermore, if the space

C(X,Y') has a metric p, then a basis for it is given by:

If f € C(X,Y), where Y is a metric space and € is a positive real number, then the collection of

all sets of the form

By(f.e) = {g € CX.Y) [ plf.9) < e, 23)

is a basis for the uniform topology on C(X,Y').
In order to construct a basis for our second topology, we need to define the following property.

Definition 2.1.4: Let (X, 7) be a topological space. The collection C' = {UCY |a € A} is an open

cover of K C X if K C J U,, where each U, is open. A set K is called compact if every open
acA
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cover of K contains a finite subcover.

With this property in mind, we can then construct the basis for the compact-open topology on

C(X,Y’) with the collection of sets
B(K,U) = {f | f(K) U}, (2.4)

where K is compactin X and U isopenin Y.

The results of this work will be primarily dependent on the uniform and compact-open topologies.
That is, when we set forth to prove topological statements, most results will pertain to a function
space whose basis is characterized by either Eq. (2.3) or (2.4). The results that do not utilize these
bases will instead make use of the topological space that is the foundation of real analysis. Namely,
the set of real numbers R with the usual topology 14, which is generated by the basis with elements

of the form:

Bw)={yeR|llo -yl <<}, 2.5)

where € is some positive real number. Having defined the topological spaces we plan to use, we

would like to introduce a couple more properties that they may posses.

Definition 2.1.5: A topological space (X, 7) is said to be disconnected if it is the union of two

disjoint nonempty open sets. Otherwise it is said to be connected.

Definition 2.1.6: A space (X, 7) is called Hausdorff if for every pair of distinct elements z,y € X,

there exist disjoint open sets U and V' such thatz € U andy € V.

The topological space (R, 73/) is a connected, Hausdorff space in which every closed interval [a, b]
is a compact subset. This result will be essential when studying the images of our error functions;

however, we omit its proof as it is already well-established in the literature and would only serve as
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a mathematical tangent. While this concludes all the definitions we need from topology, we would
like to end this section with a list of results that will be used throughout this chapter. Again, we
will not be including proofs as they are not necessary to follow the content of this dissertation. All

of the following theorems can be found in Munkres, [27].

Theorem 2.1.7: A topological invariant is a property of a topological space that is invariant under

homeomorphisms. Compactness, connectedness, and Hausdorff are all topological invariants.
Theorem 2.1.8: If a topological vector space (X, ) is convex, then it is connected.

The Heine-Borel Theorem 2.1.9: A subset X' C R" is compact if and only if it is closed and

bounded.

Theorem 2.1.10: Let A be a subset of the topological space X. We say x € X is a limit point of A

if every open set U containing x contains at least one point in A distinct from x. The subset A is

closed if and only if it contains all its limit points.

Theorem 2.1.11: Let X be a compact space, and (Y, d) a metric space. The compact-open and

uniform topologies coincide on the function space C(X,Y).

Theorem 2.1.12: Let X and Y be topological spaces, and let C(X,Y’) be endowed with the

compact-open topology. If f : X x Z — Y is continuous, then so is the induced function

F:Z — C(X,Y) such that
(F(2))(z) = f(x, 2). (2.6)

Theorem 2.1.13 Let f : X — R be a continuous function where X is a compact space. Then the

function f assumes its extrema at some x and y in X respectively.
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2.2 Error Functions of Qubit Communication Protocols

This section introduces some general background information by defining our qubit communica-
tion protocols and the functions associated with their rate of error. We also include some examples

of each and a brief discussion on what we call QKD-like security measures.

2.2.1 Qubit Communication Protocols

As there exists a plethora of diverse schemes for communication protocols, we restrict ourselves
to qubit protocols of a particular kind. For us, a qubit communication protocol exchanges classical
information between two parties (Alice and Bob) via a quantum channel and is composed of three
elements: a compact, connected set X of n-tuples of communication bases, a point ¢q of the n-

simplex, and a procedure consisting of the following five steps:
(i) Alice and Bob choose an element (x1, 23, ..., x,) of X consisting of the n communication
bases in which they will prepare and measure their qubits.
(i1) Alice then prepares each qubit such that the x; basis is used with probability g;.

(ii1)) Bob then receives and measures each qubit. He chooses the basis in which to measure ac-

cording to the probabilities (q1, go, ---, Gn)-
(iv) Viaa classical channel, Alice then tells Bob which basis was used to prepare each qubit.
(v) Lastly, the two parties discard each qubit that Bob measured in a basis different from the one

in which Alice prepared. The remaining qubits constitute shared data.

Since all qubits that are measured in the incorrect basis are discarded in step (v), the only way for

the wrong bit to be obtained is if the qubit interacts with its environment while traveling between
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Alice and Bob; see Figure 2.1 below.

) altered
qubit qubit

Alice Prepares the Qubit Bob Receives and Measures

Figure 2.1: Pictorial representation of qubit communication.

Recall that all communication schemes of interest to us utilize the same procedure described above.

What follows are some of our favorite examples.

2.2.2  Prepare and Send Protocol

The Prepare and Send protocol is arguably one of the simplest means of qubit communication. In
this protocol Alice and Bob agree upon a single set of antipodal points in which to prepare and

measure. Therefore, the Prepare and Send Protocol is characterized by the set X = S? and the

point ¢ = (1).

We would like to note that the simplicity of this protocol enables us to omit steps (iv) and (v) of
our procedure. That is, since we utilize only one communication basis, there is no way for Bob
to perform an “incorrect measurement”. Therefore, there is no need for a classical channel to

broadcast which states to discard.
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2.2.3  Quantum Key Distribution

Quantum Key Distribution (QKD) is a protocol in which a one-time pad is securely generated
between two parties using quantum mechanics. This protocol requires that Alice and Bob agree
upon a pair of orthogonal communication bases, each one utilized with a probability of % [2]. That

is, QKD is characterized by the set X = {(x, y) € S*x S?| (z,y) = 0} and the point ¢ = (1,1).

272

The requirement that the bases be orthogonal is of great importance. Let us assume there exists
an eavesdropper (Eve) that intercepts qubits sent by Alice, measures them, and then transmits the
resulting qubit to Bob. Then any information Eve gains can introduce error in Bob’s measurements

because x and y are physically indistinguishable states. Let us explain this as follows:

Since Eve has no knowledge of the communication basis in which each qubit is prepared, she
can only guess with a % probability of accuracy when performing her own measurements. If she
chooses correctly, then Eve will obtain the state sent by Alice and send it to Bob resulting in no
error. However, if she chooses incorrectly, the state she obtains is not only in a different basis but
random, and Bob will necessarily receive a state that is different from the one Alice prepared. That
is, if Eve intercepts the state x but measures in the y basis, then she would send Bob either the state

y or —y, each with probability

L+ (z,y) 1

plyle) = —5— =35 (2.7)

Assuming Bob measures the qubit in the same basis that Alice used to prepare (otherwise the qubit
would have been discarded in the last step of the protocol), he would then obtain some result with
a % probability of error. Therefore, since Eve measures in the wrong basis with a probability of %,
for each qubit sent Bob has an overall % probability of error. Consequently, if the rate of error is

too high, then Alice and Bob can agree to abort the protocol as an eavesdropper could be present.
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Thus, we see that physically indistinguishable states can offer a means of security. Let us further

explore protocols of this form.

2.2.4  Protocols with QKD-Like Security Measures

Before moving forward, we would like to take a moment to point out that the entirety of our study
on protocols with a QKD-like security measure assumes no environmental effects. That is, we have
assumed that as the qubit travels from Alice to Eve it does not interact with its environment; like-
wise between Eve and Bob. While this simplifies calculations and provides a good starting point
for studying the effects of an eavesdropper, assuming no noise between each sender and receiver is
not practical. The most reasonable scenario would involve a channel for each transmission of the
qubit. That is, we would assume the qubit evolves according to some channel f when traveling to
Eve, and another channel g as it makes its way to Bob; see Figure 2.2 below. However, environ-
mental noise for the case of an eavesdropper is outside the scope of this work and will not be fully

investigated.

Channel g

Figure 2.2: Pictorial representation of eavesdropper in qubit communication.

We say a qubit communication protocol has a “QKD-like security measure” if ¢ = (1,2,..., 1)

n'n’n

and the components of each x € X are equiangular. That is, if (xl, T, ey a:n) is in X, then for
all i # j, (z, xj> = a, for some fixed o. Then by the same arguments for the case of QKD, any

information gained by Eve may result in an error in Bob’s measurements. Let us now explicitly
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calculate this error.

We begin by assuming Alice chooses to prepare a qubit in the x; communication basis. Specifically,
we say Alice prepares the qubit in the state z; with probability p; and —x; with probability p;. Then
supposing Eve performs a measurement in the x; basis (it is undetermined if x; = x; or not), she

would obtain the following results and send them to Bob:

When the qubit is prepared in the state x;, after her measurement, Eve would then obtain and

+(x5,24) and 1—(zj,zq)

send the states z; and —x; to Bob with probabilities ! 5 5

respectively. However,
if Alice sends the state —x;, then Eve would send Bob the states x; and —x; with respective

probabilities % and _1+<$21':90¢).

With Eve’s effect established on the state Bob receives, we can now calculate the probability that
Bob’s measurement results in a state different from the one Alice sent. Assuming that Bob per-
forms each measurement in the same communication basis used by Alice (This is safe to assume as

the qubit would otherwise be discarded per our procedure), he would obtain the following results:

If Alice sends the state x;, then after his measurement, Bob would obtain the state —x; with prob-

ability
pi(—ailrs) = 1(1ﬂ:x<§:9;>) (1 - <;i,$j>> N (1 — <§jal‘i>> (1 + <§i7$j>) s
S L

where we have adopted the notation p;(—x;|x;) to denote the probability that Bob obtains the result
—x; when Alice sends the state z; and Eve performs her measurement in the x; communication
basis. Let us take a moment to discuss Eq. (2.8). In the first line, both products on the righthand
side of the equation consist of two factors. The first factor being the probability that Eve sends a

particular state (either xj or —a:j) when Alice prepares the qubit as ;. The second factor is the
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probability that Bob measures the state sent by Eve and obtains —z;.

By the same arguments, if Alice sends the state —x;, then Bob’s measurement would result in z;

with probability
1 - <xj7 xi>2

5 2.9)

pj(xi’ - Scz) =

Therefore, we have that p,;(—z;|z;) = pj(x;| — z;). Consequently, the probability Bob obtains an
error when Alice sends either the state x; or —x; and Eve measures in the 2; communication basis
18

pi(z;) = p1 pi(—xi|z) + p2 pj(xi| — ;) = pj(—wi|x), (2.10)

recalling that p; and p, are the probabilities that Alice sends the states x; and —x; respectively.
Furthermore, noting that Eve chooses the x; basis with probability %, then when Alice sends a

qubit in the z; communication basis, the overall error rate for Bob’s measurement due to Eve is

) =+ 3y

1T (2.11)
j=1
JF#i
Recalling that our communication bases are equiangular, and noting
1 — (x;, 2;)°
pi(xi) = 1= fenm) 0, (2.12)

2
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we have that

p(xi) = %ij(xz) = %Zw

=1 J#

o (2.13)
n 2 2n '

Jj=1

J#

Wishing to finally calculate the overall probability of error for each qubit sent, we recall that Alice
prepares the system in the x; basis with probability % Therefore, in a protocol with a QKD-like

security measure, the rate of error for the measurement on each qubit due to an evaesdropper is

n—1)(1 —042).

o (2.14)

1o (
p(x) = n ZP(%) =
i=1
Let us quickly check Eq. (2.14) for the case of QKD where n = 2 and o = 0. Then the probability

of error is

-1 _

1
S 2.1
7 o 1 (2.15)

which agrees with our previous discussion.

Remark: Eq. (2.14) tells us that for a fixed « the error due to an eavesdropper increases with n.
However, we must not forget that each communication basis is characterized by a real 3-vector
of unit length. Therefore, our n is bounded when we require that our communication bases are

equiangular:

Lemma 2.2.1: The cardinality of a set of equiangular points on the unit sphere is bounded above
by 4. That is, if
X = {l’l € Sz

(i, z;) =« forall ¢ # j}, (2.16)

then | X | < 4.
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Proof: Since SO(3) acts transitively on the two-shere and rotations preserve lengths and angles,

we may assume that z; = (1, 0,0). Therefore, from the definition of X we must have that

zi = (o, b, ¢;) (Vi 1). (2.17)

Moreover, if we apply a rotation of angle tan_l(g—z) about the e; axis to each element of X, then

x4 would assume the following form:
2y = (a, b, 0). (2.18)
Recalling that our unit vectors are defined such that
(w2, w3) = (2, 24) = (2.19)

we must have that b3 = by; and since ||z3|| = ||x4||, it must also be true that c3 = —c4. That is, we

have assembled the following four unit vectors:

Ty = (17070) To = (a7b270)
(2.20)

r3 = (a,bs,c3) x4 = (v, by, —c3).
We have now exhausted the elements of X. Simply put, if we wish to construct another z;, some
quick calculations show that it will necessarily be equal to one of the vectors we have already
produced. Therefore, our set has cardinality four or less. Under this construction it is easy to

verify that in the case of n = 4, our variables necessarily take on the following values:

2.21)
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Note, for the case of n = 4, the vectors given by Eqgs. (2.20) and (2.21) can be used to define a
symmetric, information complete, positive operator-valued measure, or SIC. For the curious reader,

a detailed discussion on SICs can be found in [7].

O

While Lemma 2.2.1 is well-documented in the literature, we have included our proof for the sake

of completeness and to provide the following original result.

Theorem 2.2.2: If a qubit communication protocol has a QKD-like security measure, then it must

utilize four or less communication bases.

Proof: This is a direct result of Lemma 2.2.1.

O
Since the probability of error for each measurement due to Eve is given by
n—1)(1-a?
p(x) = ( )2< ) , (2.22)
n

it follows that p(x) = 0 when n = 1. Therefore, by Theorem 2.2.2 we have only three cases of
interest. Namely, when n is equal to two, three, or four. When n = 2, the probability of error due

to Eve is
1—a?
4

€ [0,1]. (2.23)
Similarly, for n = 3 the probability of error is

1—a? 1]

(2.24)

In the case of n = 4, the probability is a constant % as we would necessarily have that o = —%.

33



Consequently, we have shown the new result that engaging in a qubit communication protocol with
either three or four bases provides us with the potential to obtain the largest probability of error
due to an eavesdropper; explicitly, p(z) = 51)

In summary, we have described the qubit communication protocols we will be studying, provided
two examples, and established a security measure for the case of an eavesdropper. We now aim to
construct a function that computes the rate of error due to a unital qubit channel for each protocol.
We are no longer assuming the presence of an eavesdropper, and therefore all error is assumed
to originate solely from the environment. We do however note that there is a particular class of
protocols with QKD-like security measures that provide the potential to simplify the calculations

of error rates due to environmental noise. Specifically, we are referring to those protocols in which

X = {(m:l,r:cQ, o Ty) | 7€ SO(3) and (21,23, ..., 2,) € X}. (2.25)

Note, Eq. (2.25) is satisfied in QKD and the Prepare and Send Protocol. As a matter of fact, this is
true for all protocols in which X contains every possible n-tuple of equiangular unit vectors for a

fixed angle. That is, Eq. (2.25) is satisfied for every protocol where

X = {(ZL‘l,ZEQ,...,fL‘n) € H32 ‘ Vi#j (x,x)) = oz} (2.26)

for some o € [0, 1]. Such protocols are said to have ideal QKD-like bases. Furthermore, when
Eq. (2.25) is true and it is also the case that ¢ = (%, %, e %) , we say that a protocol has an ideal

QKD-like security measure. The significance of these conditions when calculating error rates will

be made clear in Theorem 2.3.6.
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2.2.5 The Error Functions

For us the error rate of a qubit communication protocol is the probability that Bob obtains a bit
different from the one that Alice sends. Let us first consider a single basis with distinct states x
and —x, each sent with probabilities p; and p, respectively. If the noisy environment is described

by f, then from Eq. (1.23), the probability of Bob obtaining the wrong bit is

p(x) = p1 p(—z|fz) + p2 p(x| — f2)

=m (w) + po (w) (2.27)

1—<(E,fl'>
2 Y

where p(z|— fz) and p(—z|fx) are the probabilities of obtaining the state  when measuring — fz

and —z when measuring fx. More generally, if ¢; is the frequency Alice prepares qubits in the x;

basis, then the overall error rate is

> i plx:). (2.28)
=1

Definition 2.1.3: An error function for an arbitrary qubit communication protocol is a function

E,;: X —[0,1] such that

= 1 - (2 7
Eop(x) =) Qi—<x2 foi), (2.29)
=1

where X is a compact, connected set of n-tuples of communication bases and ¢ is a point of the
n-simplex. As discussed earlier, the two-sphere contains every representation of a qubit where the
points z and —x both correspond to the communication basis {x, —x}. Therefore, since X is an

n-tuple of communication bases where each entry is a point in S2, it is not surprising to see that

qu((xl, To, T3, ..., a:n)) = Eq,f((j:xl, +x,, £u3, ..., :i::cn)) (2.30)
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In other words, because we are representing the set of all communication bases with the two-
sphere, we have that every error function is invariant under a sign change for any number of repre-

sentations in its argument.

We would like to take a moment to address why X is required to be a compact, connected set. The
error functions calculate probabilities associated with physically realizable protocols. Therefore, it
is reasonable to apply physical constraints on the domain of these functions. We argue compactness
due to the limitations of modern equipment, and assume connectedness as it ensures that we may

apply the Intermediate Value Theorem.

Since X is a subset of a finite product of two-spheres, we get boundedness for free. Then by the
Heine-Borel Theorem, X is compact if and only if it is closed. However, assuming X is not closed
is equivalent to saying it does not contain all its limit points. Physically, this means that as we vary
our communication bases in the lab (via a dial or some machine automated process) there exists at
least one element of X that we can get arbitrarily close to and guarantee that we never obtain. Due
to the limited precision of modern equipment, it is unrealistic to assume that we would be able to

do such.

Furthermore, we require that X be connected as it, along with the continuity of £,  (Theorem
2.2.2) and the total order on Im(E, ), allows us to apply the Intermediate Value Theorem (IVT).
That is, if X is connected, then for every value r such that E, s(a) < r < E, ¢(b) and a,b € X,
there exists a ¢ € X where £, ;(c) = r. Since the values of E, ; are error rates associated with
physical protocols, one would expect that any value between two obtainable error rates would itself
be achievable, and the connectedness of X is a natural way to ensure this. With an arbitrary qubit
communication protocol described and its associated error function defined, we would now like to

construct the error functions for the Prepare and Send Protocol and QKD.
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2.2.6  Error Functions for the Prepare and Send Protocol

As a single basis is used for the Prepare and Send Protocol, we have n = ¢ = 1. Therefore,

assuming the channel f, the error rate is

Es(z) = # (2.31)

Due to the simplicity of the Prepare and Send Protocol’s associated error functions, each one
is referred to as a simple function and is denoted by F;. The space of all simple functions is

represented by [E,.

2.2.7 Error Functions for Quantum Key Distribution

Since QKD calls for two orthogonal communication bases, each used with probability %, we have

thatn =2and g = (%, %) Therefore, the error function for environmental noise f in QKD is

Eq,f(xay):%<1_<;.’fw>>+%<1_<g’fy>>a (232)

where = and y are the predetermined bases such that (x,y) = 0.

The error functions for the Prepare and Send Protocol and QKD will be the subject of many re-
sults in this dissertation. Specifically, in the next chapter we will introduce an adaptive algorithm
that reduces the error rate for quantum communication and apply it to these two protocols. How-
ever, before doing such we first need to further establish the properties of our newly defined error

functions.
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2.3 Properties of Error Functions

Theorem 2.3.1: Let £, ; be an arbitrary error function,
Z i LY )] x“ fzi) (2.33)

There exists a symmetric unital channel g such that £, () = E, 4(x).

Proof: Each error function is determined by a sum of Euclidean inner products, explicitly the terms

%qi@vi, fx;). As shown in [21],

(w, fa) = 5 (o, fa) + (@, f2))
(<:c fa) + (@, ')

z, (f + fHz)

(2.34)

/\

[\DI}—‘l\DIi—‘[\DI»—*

|
£}
©
—
=
3

where ¢(f) = L£L +f is necessarily symmetric and unital. Letting g = ¢(f), each inner product is

left unchanged and the proof is complete.

O

In light of Theorem 2.3.1, when we talk about [E we are referring to the space of error functions

generated by U, the set of symmetric unital channels.
Theorem 2.3.2: Each error function is continuous.

Proof: Again, as every error function can be written as the sum of the terms %%‘@z‘, fx;) and the

constant %, the continuity of the inner product implies the desired result.
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Corollary 2.3.3: The image of each error function is a closed, bounded interval. That is, for any

E, ;€ E, there are a,b € [0, 1] witha < band E, ;(X) = [a, b].

Proof: By definition X is a compact, connected set. Then since E, ; is continuous, F, ;(X) is a
compact, connected subset of R. By connectedness the image of I, ; is an interval. Therefore, by

compactness and the Heine-Borel Theorem, Im(Eq, f) is a closed, bounded interval.
OJ

Since the image of each error function is a closed, bounded interval, the achievable error rates are
fully described by the values that occur between its extrema. The following results provide us with
an explicit expression for the endpoints of the image of an arbitrary error function. We begin with
the case of a simple function and remind the reader that we may assume each unital qubit channel

is symmetric due to Theorem 2.3.1.

Theorem 2.3.4: Let f be a symmetric unital channel with eigenvalues A3 < Ay < A;. Then

(1= A1), 21 =g . (2.35)

Proof: By Corollary 2.3.3, we only need to calculate the extrema of £;; which by Theorem 2.1.13
we know are assumed since the image of each error function is a compact subset of R. Furthermore,

since E is a simple function given by

(2.36)
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we have by direct implication that

max (Ef) =3 — %gél)l;l ((m, fm}) (2.37)
and
min (Ey) = § - $max (@, fa)). (2.38)

It is a well-documented result, that for a symmetric matrix A with eigenvalues \,,;, < A < A\ae,

max (z, Ar) = A\ and  min (x, Ax) = A\pin. (2.39)

||| |=1 [l||=1

It then follows that Eqgs. (2.37), (2.38), and (2.39) together give us the desired result,

Im(Ef) = [5(1—XA),5(1—X3)|. (2.40)

U

While Theorem 2.3.4 states the obtainable values for a simple function, this is a comparably small
and unique subset of [£. For the sake of practicality, we therefore wish to obtain a similar result for

an arbitrary error function. We aim to do so with the following two results.

Remark: If the definition of S in the following lemma seems exotic, we ask the reader to bear with

us as the theorem that follows will explicitly show where such sets originate. Moreover, this set

will be carefully examined in Chapter 3 for the case of QKD.

3
Lemma 2.3.5: Let S = {p € [1[0,q]

3
> pi = 1} be a non-empty subset of A3. Then for real
i=1
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numbers A3 < Ay < )y the extremum of ¢ : S — R where

o(p) = imi, (2.41)
i=1
is given by:
I;r)leas}‘( (gb) =aX +bls+chs & I;leig (gb) = cA + bAg + als, (2.42)
where

1—a, ifa> %
b= (2.43)

a, otherwise,
andc=1—a—0b.
Proof: We begin by verifying that the maximum and minimum values are assumed by ¢. Since S

3

is the intersection of two closed, bounded sets, namely A® and [][0, a], it follows that it is itself a
closed and bounded subset of R?. Therefore, S is compact, and by Theorem 2.1.13 the continuous
function ¢ assumes its extrema. Furthermore, noting that if (a,b,c) &€ S, then S = (), it follows

that (a, b, ¢), and similary (c, b, a), are contained in S.

We approach this proof by assuming there exists a choice of p that obtains a larger value than

¢(a, b, c) and draw a contradiction. Supposing that such a p exists then
(b(p) = pl)\l —1—])2)\2 + p3)\3 > a4+ DAy + C)\g. (2.44)

Utilizing the fact that the p;’s sum to 1, Eq. (2.44) is equivalent to

(p2 = b) (A2 — A3) > (a—p1) (M — As). (2.45)
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Moreover, as (a — p1), (A2 — A3), and (A\; — A3) are all non-negative, it follows that (p, — b) > 0.

Consequently, (A1 — A3) > (A2 — A3) implies that

(p2 = b) (A1 = A3) > (a—p1) (M = As). (2.46)

Furthermore, we may assume \; # \3; otherwise we have the trivial case where ¢(p) = A; for all

p € S. Then dividing each side by (A1 — \3), Eq. (2.46) becomes
p14p2>a+b. (2.47)

By the definition of b, we then have one of two possibilities:

1) (azé) = p+p>a+b=a+1—a=1.

(i) (a<3) = pr+p>a+tb=2a

For both cases p ¢ S, and we have thus arrived at a contraction. The proof for the minimum

follows by similar arguments. Assume there exists a p € S such that
d(p) = p1A1 + pare + p3As < cAi + b + als. (2.48)
Recalling that the p;’s sum to 1, Eq. (2.48) becomes
(@ —p3) (A1 — A3) < (p2 — b)(A\1 — Aa). (2.49)
Once again, we have that (p, — b) is positive, and we may therefore write

(a—ps) (A — A3) < (p2 — b)(A1 — A3). (2.50)
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Assuming \; # A3, we can then divide by (A; — A3) on both sides and finally obtain
p2+p3 >a+b. (2.51)

We then have one of the following two possibilities:

1) (aZ%) = ppt+ps>a+b=a+1—a=1.

(ii) (a<%) = po+p3>a+b=_2a.

In both cases p is not contained in S, and the proof is complete.
O

Theorem 2.3.6: Let E, ; € E have ideal QKD-like security bases, i.e. Eq. (2.25), where [ € U,

with eigenvalues A3 < Ay < Ay, and the functions p; : X — [0, 1] are given by

pi(x) =Y qilx:)}. (2.52)
=1

If r:?e%?(pj) = gg%((pk) for all j # k, then

Im(Eq,f) = %(1 — a)\1 — b)\g — C)\?,)7 %(1 — C/\1 — b)\2 — a)\3) (253)

where a = fglg?(pi)’
l1—a, ifa>3;
b= (2.54)

a, otherwise,

andc=1—a —b.

43



Proof: With so many variables floating around, it is important to know the origins of each one.
The A;’s are the eigenvalues of the symmetric channel f, while the p; functions, and therefore a, b,
and c, are defined with respect to the error function. That is, the \;’s are dependent on the channel

f, where as a, b, and ¢ come from the protocol itself.

We begin by noting that since f is symmetric it can be diagonalized by some rotation r. That is,

Eqp(z) = 3 [1 = ailra, Am»] (2.55)
=1
where
A0 0
A=10 X O0]- (2.56)
0 0 X3

Since our protocol has ideal QKD-like bases, it follows from Eqgs. (2.25) and (2.55) that our

maximum and minimum values are given by

1 n
max (Eyp) = 5 [1 ~ min (Z ¢i i, m))] (2.57)

i=1

and

1 n
ngél)I{l (E%f) =3 [1 — max <Z qi s, )\:m})] ) (2.58)

=1
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Considering the summation in our extrema, we then have that

Z%‘(%, AT;) = Z%‘ Z(%)?/\J
= ij(x)Aj-

Checking that for all x € X,

3 n 3 n
Do) =) 4y (@)j=) a=1
=1 =1 =1 =1

then since a = max (p;) for each j, it follows from Lemma 2.3.5 that

xe

max (Eq,f) = 1 1-— C)\l — b)\g — a)\g
zeX 2

and
min(E ) :1 1 —aX; —bg —ch3].
zeX of 2

(2.59)

(2.60)

(2.61)

(2.62)

O

It is essential that we address the assumptions of Theorem 2.3.6. In order to apply Lemma 2.3.5,

we assumed that each p; is bounded by the same value a. Physically, this means that for any

y € S? there exists an element 2 € X that contains y as one of its components. While this might

seem reasonable on the surface, the practical application of a qubit protocol might call for different

bounds.

One such example could arise in qubit communication between a satellite and Earth. In order to
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reduce the payload, one might wish to limit the amount of equipment on the satellite. This would
potentially restrict the states that could be detected. In turn, this could result in a restriction on
the states in which the qubits are prepared, and ultimately end with different extremum for our p;
functions. Such a case is considered in the Appendix where a generalized version of Lemma 2.3.5
and Theorem 2.3.6 is provided. Furthermore, we also provide an additional version of Theorem

2.3.6, where we consider protocols that do not posses ideal QKD-like bases.

Theorem 2.3.7: Let E, ; be an error function such that Theorem 2.3.6 is applicable. Then there

exists a diagonal unital channel g such that

Im(E, ¢) = Im(E,). (2.63)

Proof: We prove this result by constructing the channel g. We begin by recalling the following

results, which are proven in Theorems 2.3.4 and 2.3.6:

N

Im(E,) = |41 = ), 5(1 = ng)] (2.64)

Im(Eyr) = [5(1 = ah = b = ), §(1 = A = bAe — ady)| (2.65)

where A3 < Ay < Ay and 13 < 19 < 1 are the respective eigenvalues for f and the diagonal unital

channel g. Therefore, if we assume Im(Eg) = Im(E(L f) , it then follows that

m= a)\1 + b)\g + C)\g (266)

N3 = cA1 + bAg + als. (2.67)

Letting o = bA; +a)s + cA3, we then complete the proof by showing ¢ is unital and 13 < 1y < 7;.

From [21], we know ¢, being a symmetric matrix, is unital if and only if its eigenvalues satisfy the
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following inequalities:

(Vi) |nil <1, (2.68)
L+m+mn+mns >0, (2.69)
L+m —mn2—m3 >0, (2.70)
L—m+mn—mn =0, (2.71)
L—m—me+n >0 (2.72)

We then prove the unitality of g by showing that the matrix

m 0 0
g=10 n 0 (2.73)
0 0 73

satisfies inequalities (2.68-2.72). In order to show this, we begin by noting thatc > b > a > 0,
a + b+ ¢ = 1, and the eigenvalues of f, being a symmetric unital channel itself, satisfy the same

inequalities that we desire of g. That is,

(V1) |N] <1, (2.74)
L4+ X+ X+ A3 >0, (2.75)
T+ A — o — A3 >0, (2.76)
1— A+ X — A3 >0, (2.77)
1— XA — A2+ A3 >0, (2.78)
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Therefore, since each 7); is a convex sum of the );’s, we have that for all ¢

—I<A<m<Ah<L (2.79)

It then follows that inequality (2.68) is satisfied. Considering the lefthand side of inequalities

(2.69-2.72), we then have that

L+m+m+n=1+ Na+b+c)+ X a(a+b)+ba+ A3(a+c)+ch3

:(1+)\1+)\2+/\3>+(b—0)()\2—)\3)ZO,

1+7]1—772—T]3:CL<1+/\1—/\2—)\3)+b(1+)\2—)\1—)\2)+C<1+>\3—>\3—)\1)

(2.81)
—a(l+ M — A —A3) +b(1—A) +c(1—X) >0,
L—m4+m—mz=a(l—=X+Xa—X3) +b(1 =g+ A —Xa) +c(1l =3+ A3 — A1) o
= a(l = A+ X2 = A3) +b(1 = Ag) + (A = Ag) +¢(1 — A1) >0,
and lastly,
L=m=mp iy = al = A= Ao+ ) +5(1 = A = A Ag) +e(1 = Ay = Az + M) (2.83)

:Cb(l—)\l—)\2+/\3)+b(1—>\1)+0()\1—)\3)+C(1—)\3)ZO

Note, the last step for inequalities (2.80-2.83) each result from the inequalities given in inequalities
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(2.75-2.778) respectively. Lastly we show 73 < 1o < 7. Explicitly,

M — N2 = ad; + bAg + A3 — ady — bA; — cA3

(2.84)
= (a—b)(A\1 — A2) > 0.
Similarly, for 7, and 73,
T2 — N3 = CL)\Q + b)\l + C)\g - CL>\3 — b/\g — C)\l
= CL()\Q — )\3) + b()\l — )\2) + C()\g - )\1) (285)
ZC()\Q—A3+)\1—/\2+/\3—/\1) :0,
where the final step follows directly from the fact that 0 < ¢ < b < a.
O

In conclusion, for each protocol with ideal QKD-like bases, the image of its error function can
be calculated by a simple function with a diagonal unital channel (Note, this result can be further
generalized by Theorem 1 in the Appendix)! Therefore, we may restrict our focus to the set ;.

With this in mind, we now look at some of the properties of the function space [E; itself.

2.4 Properties of the Space of Error Functions

Lemma 2.4.1: The uniform topology and the compact-open topology coincide on the set E;.

Proof: By Theorem 2.1.11 since X and [0, 1] are compact metric spaces, the uniform topology and

compact-open topology coincide on the function space [E;.
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Lemma 2.4.2: The convex function G : U/ — [E, where

(G()(x) = Ey(2) (2.86)

is continuous when ¢/ and [E; each have the uniform metric topology.

Proof: We prove this result by first showing that F : U, x S? — R where

_ 1—<ZL',fZE>

B(f,z) = ——5"—", (2.87)

is continuous. Let (f,) and (z,,) be sequences in SO(3) and S? such that f, — f and z, — =
respectively. We show that it then follows f,z, — fz, which in turn implies the continuity of .

Note, this argument relies on the fact that every unital channel is contained in the convex closure

of SO(3).

Each element in SO(3) is a linear operator between finite dimensional normed spaces. Thus each

fin SO(3), is continuous. It then follows that

anxn_fo = anxn _fn-T‘{'fnx_fo

< [ fall Ve = 2l + [ fuz = fel],

(2.88)

where first we use the triangle inequality and then the fact that || Az|| < ||A]| ||z|| for any matrix

A and vector . Furthermore, since || f,,|| = 1 for all f,, in SO(3), then

| fnen = fll <1 [Jan — af[ + [[ for = fo]. (2.89)

So as n — oo, we have that || f,z, — fz|| — 0, i.e. f,x, — fx, and we are left to conclude that

E' is continuous. Therefore, by Theorem 2.1.12, G is continuous in the compact-open topology.
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Finally, applying Lemma 2.4.1, we have the desired result. The fact that GG is convex is quickly

verified by considering G (pf + (1 — p)g) where f,g € U and p € [0, 1]. That is,

G(pf + (1 —p)g)(z) = 5(1 — (z, (pf+ (1 —p)g)rﬂ>>

= 5 (1= pe 12) = (1= D), 9 )
1
o

p[1 = (@, f2)] + (1L =p)[1 — (w,90)])

(2.90)

O

In light of Lemmas 2.4.1 and 2.4.2, from now on when we speak of E; we will be assuming the
uniform topology. Furthermore, when we speak of the simple function generated by the channel

f, we are referring to G(f) = Ey.
Theorem 2.4.3: The set of simple functions K, is a compact, convex space.

Proof: From Lemma 2.4.2 we know that G : / — [, is a continuous, convex function. Therefore,

since the set of unital channels is compact, it then follows that the same is true for the space

0

With some of the more important properties of [, established, we close this chapter by exploring
a particular subset of symmetric unital channels and the error functions they generate. Letting
V = {so, S1, S92, 53} where the s;’s are the identity and spin channels given by Eq. (1.25) we

obtain the following theorem:

Theorem 2.4.4: The set of symmetric unitary channels is given by U, = {TVT’t‘ res 0(3)}.
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Proof: We begin by noting that rs;r* € SO(3) for all 4, and
(Tsirt)t = Tsﬁrt = rs;r". (2.91)

Consequently, every element of U, is a symmetric unitary channel. Conversely, if f is a symmetric
unitary channel, then by the Spectral Theorem it is diagonalizable by some rotation r. That is,
r'fr = X is a diagonal member of SO(3). This implies that ) is either the identity or a spin

channel. Therefore, f = rArt € Us,.
[

Theorem 2.4.5: The simple functions generated by the set of symmetric unitary channels G(Uy)

are the extreme points of E,.

Proof: We begin by showing that every symmetric unitary channel generates an extreme point. Let

E s =pEf+ (1 —p)E, (2.92)

where p € (0, 1). We then have that

(x,[rsgr' —pf — (1= p)gla) =0 (2.93)

for all z € S%. This is equivalent to requiring that the matrix [rs;7" — pf — (1 — p)g] is skew-
symmetric. However, since rs;r%, f, and g are all symmetric, it follows that our matrix is both
symmetric and skew-symmetric; which occurs if and only if it is the zero matrix. That is, we must
have that rs;r* = pf + (1 — p)g. Furthermore, it is shown in [21] that unitary channels are extreme
points in . Consequently, rs;r* = f = g, which implies E,,« = E; = E,. We are then left to

conclude that £, ,+ is an extreme point of E,.
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Conversely, let I/¢ be an extreme point. Since we can assume [ is symmetric, there exists a rotation
r such that £y = E,.,« where ) is a diagonal unital channel. We recall from Proposition 1.5.2, that

a diagonal matrix is unital if and only if it is a convex sum of the elements of V. Therefore,
3
Ef = B = EZpirsir’f = ZpiErsirt (2.94)
’ i=0

where p € A*. Then since E ¢ 1s an extreme point, it follows that £y = F, ,+ for some 4, and the

proof is complete.
O

With Theorem 2.4.5 we have now further characterized the set of simple functions generated by
the symmetric unitary channels. Moreover, we note that for every r € SO(3) the subset G (rVrt)
with the binary operation * where Fy x £/, = L, forms a representation of the Klein four group
V' defined at the beginning of Section 1.1.2. Furthermore, each convex closure <G (rVrt)> forms a
convex monoid of commutative error functions that is isomorphic to the free convex monoid over

V', as shown in the following theorem.
Theorem 2.4.6: The convex closure (V') is isomorphic to (G (rVr')) for each r € SO(3).

Proof: Tt is shown in [24] that for every rotation r the convex closure (rVr!) is isomorphic to the
free convex monoid (V). Then the proof is complete by showing that GG is an isomorphism, i.e. a

convex, continuous injection on (rSrf).

From Lemma 2.4.2, we know that G is a convex, continuous function. We now prove that GG

is also injective, and therefore an isomorphism. Let f and g be symmetric unital channels, then
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G(f) = G(g) if and only if

(z, fz) = (z, gx) (2.95)

— (x,[f —g]z) =0. (2.96)

Since f and g are both symmetric, then by the same arguments in Theorem 2.4.5, it follows that
f — g is necessarily the zero matrix. Consequently, f/ = g and we are left to conclude that G is an

isomorphism.
OJ

Mathematically, for each rotation 7 the convex closure <7"V7“t> is a representation of the free affine
monoid, while physically, this same object is the given by the set of teleportation channels [24].
Although Theorem 2.4.6 appears to apply to only a particular subset of error functions, this is quite

deceptive. We demonstrate this in step-by-step fashion:

If we begin with an arbitrary unital channel f, then from Theorem 2.3.1 we may replace the
simple function E; with that generated by ¢(f). Furthermore, since ¢(f) is symmetric it can
be diagonalized such that ¢(f) = r\r', where r is some rotation and )\ is a diagonal matrix.

Utilizing [21], in which it is shown that a diagonal matrix is unital only if it is a convex sum of the
3

pirs;rt for some p € A*. Therefore,
i=0

for an arbitrary unital channel f, the simple function E; has the same image as

identity and the spin channels, we then have that p(f) =

3
S piErge € (GVIY). (2.97)
=0

Now that we have established some of the more important properties of error functions and the

function space [Eg, we are prepared to investigate the physical application of our results. In the
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next chapter we introduce a recently patented process that reduces the rate of error in quantum
communication called Adaptive Quantum Information Processing; patent number US9838141 B2.
We illustrate this process and its improvement via two well-known qubit communication protocols:

the Prepare and Send Protocol and Quantum Key Distribution.

2.5 Summary

The main contribution of this chapter was the introduction of the error functions for qubit commu-
nication protocols. Furthermore, we were able to show that under certain assumptions the image
of each one of these functions is obtained via a simple function generated by a systematically con-
structed diagonal channel. While all these results are abstract in conception, their application to

physical protocols is far reaching and will now be the center of our attention.
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CHAPTER 3: ADAPTIVE QUANTUM INFORMATION PROCESSING

3.1 The Adaptive Scheme

In quantum information an increase in the number of errors requires an increase in the number of
qubits in order to successfully transmit information. This results in larger overhead and less effi-
ciency for a given communication procotol. It is for this reason that the reduction of the error rate
for a qubit communication protocol is of interest. Specifically, in Quantum Key Distribution, the
transmitted information requires a key of the same size in order to encrypt a message. Therefore,

reducing the error rate can speed up key generation [1,14].

As described in [21], Adaptive Quantum Information Processing, patent number US9838141 B2,
aims to reduce the error rate associated with a quantum communication protocol. The scheme is

as follows:

(i) Perform channel tomography in order to determine the qubit channel f.
(ii) Bob calculates the scope s(f) and the eigenvector z that obtains its maximum.

(ii1) Alice and Bob then engage in their protocol utilizing x.

Of course, the scheme depends on the protocol in question. For that reason, the remainder of this
chapter is dedicated to the implementation of Adaptive Quantum Information Processing in the
Prepare and Send Protocol and Quantum Key Distribution. We first wish to establish the bounds

for the extent to which we may reduce the error rate for an arbitrary protocol.

We remind the reader that due to Theorem 2.3.1, any unital channel f generates the same error

function as ¢(f) = (f + f*). Consequently, while each theorem will be a statement about a
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potentially non-symmetric channel f, the conditions for all results will be dependent upon the
symmetric matrix ¢(f). We consider non-symmetric channels in order to ensure a practical dis-
cussion. That is, while theoretical results allow us to consider only symmetric channels, nature
is surely not expected to obey such restrictions. Therefore, it is important to keep the narrative
straight in our mind and remember that we are using ¢(f) as a tool to uncover results about the
original channel f. Lastly, we note that all results in this chapter consider protocols in which Theo-
rem 2.3.6 is applicable. That is, all protocols will be assumed to have ideal QKD-like bases where

each possible representation is the component of some x € X.

Theorem 3.1.1: The largest possible reduction of the error rate for a general qubit communication
protocol with unital noise f is

31— X3)(a — o), 3.1)
where \3 < \y < \; are the eigenvalues of ¢(f) and a, b, and ¢ are as defined in Theorem 2.3.6.

Proof: Since the image of an arbitrary error function is given by the interval
[min(Eq, ), max(E, )], (3.2)

the largest possible improvement is given by max(E, ;) — min(E, ;). Simply put, the most one
can reduce the error rate for an arbitrary qubit communication protocol is the length of the interval

given by Im(E, ;). Then since we have shown in Theorem 2.3.6 that

1
max (E,,7) = 5|1 = ek — ba — as] (3.3)
and
. 1
min (E,r) = 5 [1 = ah = bha = eks), (3.4)
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it follows by subtracting Eq. (3.4) from (3.3) that the largest reduction in the rate of error is

%(/\1 — /\3)(@ - C). (35)

O

This is not to suggest that for any initial choice of bases one may reduce the rate of errors by

%()\1 — A3)(a — ¢). For example, if the initial choice of bases gives us an error rate A where

A <max(E, ), (3.6)

then the most one may reduce the initial error rate by is

A—min(E, ;) < 2(A — A3)(a — o). 3.7)

Therefore, the largest possible improvement is obtainable if and only if the initial choice of bases

results in the maximum value of £, ;.

Corollary 3.1.2: A given protocol has a constant error rate if and only if a = b = ¢ = % or f =pl

where p € [0, 1].

Proof': If the error rate is constant, then Eq. (3.1) must be equal to zero. That is,

s(M = A3)(a—c)=0. (3.8)

This occurs if and only if \; = A3 or a = ¢; or equivalently, when f = pI with p € [0,1] or

1

a:b:c:3

respectively.
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With the bounds of improvement established for a general protocol, we now investigate the imple-

mentation of Adaptive Quantum Information Processing in the Prepare and Send Protocol.

3.2 Adaptive Prepare and Send Protocol

In the Prepare and Send Protocol Alice and Bob use a single basis in which they prepare and
measure. Therefore, the implementation of our adaptive scheme is as follows: After Bob calculates
the eigenvector x, described in step (ii), he would then simply engage in the Prepare and Send
Protocol with Alice using the x communication basis to prepare and measure their qubits. The
question then remains, “What does the maximum improvement look like for the Prepare and Send

Protocol?”

Theorem 3.2.1: The most one may reduce the error rate for unital noise f in the Adaptive Prepare
and Send Protocol is

L\ — Ag), (3.9)
where A3 < Ay < )\ are the eigenvalues of ¢(f).

Proof: As the maximum improvement for a general protocol is 1 (A1 — A3)(a — ¢), we must first
find the values of a and ¢, which are characterized by the protocol itself. In the Prepare and Send
Protocol Alice and Bob encode their qubits in only one basis. Therefore, n = ¢ = 1 and our p;

functions, defined by

pi(x) =Y ailx:)3, (3.10)
=1
reduce to
p; = ()3, (3.11)
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It then follows that since x € S?, we have a = max(p;) = 1 for each p;; which directly implies
that ¢ = 0. Plugging these values into Eq. (3.1), we then have that the largest possible reduction
for the Prepare and Send Protocol is

Ly = Ag). (3.12)

O

Remark: While the improvement for the Adaptive Prepare and Send Protocol given in Eq. (3.12)

is more easily obtained by calculating the difference

max (Ef) —min (Ef) = 2(1 = X3) — 3(1 = A1) = 3(A1 — Ag), (3.13)

we provided a proof that utilizes the result for the improvement of a general protocol (Theorem
3.1.1). That is, we chose to prove this result by simplifying Eq. (3.1) as it follows a systematic
approach that can be applied to any protocol without prior knowledge of the explicit values for the

range of possible error rates.

We have then shown that the possible improvement is solely dependent on the eigenvalues of ¢( f)
in the Prepare and Send Protocol! Moreover, we may further simplify Eq. (3.12) for the case of
a unitary channel, and characterize the channels that generate a simple function with the image

0,1].

Theorem 3.2.2: For unitary noise f € SO(3), the largest improvement for the Adaptive Prepare

and Send Protocol is sin® g where 6 is the angle of rotation of f.

Proof: In the Bloch representation, every unitary channel is characterized by a member of SO(3).
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Therefore, [ has the following eigenvalues and eigenvectors:

fUl =1, (314)
fog = vy, (3.15)
fug = e Py, (3.16)

It then follows that multiplying each side by f* we obtain

ft”U1 = U1, (317)
flug = e Py, (3.18)
flog = evs. (3.19)

Finally, averaging Eqs. (3.14-3.16) with Eqgs. (3.17-3.19), we obtain the eigenvalue equations for
o(f):

o(flvr = vy, (3.20)
@(f)va = cost va, (3.21)
o(f)vs = cost vs. (3.22)

In other words, if f € SO(3), then o (¢(f)) = {1, cosf, cos§}. Plugging these eigenvalues into

Eq. (3.12), we then have that the largest possible improvement is

%(1 — cos ) = sin? (g) (3.23)
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Corollary 3.2.3: For unitary noise f € SO(3),

Im(E;) = [0, sin2(§)} . (3.24)

Proof: This is a direct consequence of Theorems 3.2.1 and 3.2.2.
O

Theorem 3.2.4: The image of a simple function £ is the unit interval if and only if f is a non-trivial

involutive rotation, where by non-trivial we mean f # [.

Proof: If the image of Ey is the unit interval [0, 1], then the maximum improvement, given by
max (Ef) — min (Ef), is 1. That is, by Theorem 3.2.1, %()\1 — A3) = 1. It then follows that the
Im(E;) = [0,1] if and only if A\;, A3 € { + 1,—1}. Furthermore, since ¢(f) is symmetric its

eigenvalues must satisfy the following inequality:
I1—=X—=X+XA32>0 (3.25)

[21]. Therefore, A\, < —1. However, since |\;| < 1 for all 4, it then follows that A\, = —1. In other
words, o(¢(f)) = {1, -1, —1}. Consequently, (f) = rs;r" for some r € SO(3). Finally, since

each unitary channel is an extreme point of U/, we have that f = rs;r’.
O

In summary, when implementing Adaptive Quantum Information Processing in the Prepare and
Send Protocol the largest one may reduce the rate of error for unital noise is %()\1 — Ag). If
the environment is instead described by a unitary channel, then the largest reduction is sin? g.
These results directly imply that the image of a simple function is the unit interval if and only if

its associated channel is a non-trivial involutive unitary channel. We now turn our focus to the
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implementation of Adaptive Quantum Information Processing in QKD.

3.3 Adaptive Quantum Key Distribution

While QKD is appealing since it provides a means of “detecting” an eavesdropper by examining
the resulting error rate, there is a glaring concern that results from this security measure. What if
the environment itself introduces a large error in Bob’s measurements? This could result in any
number of false abortions and drastically slow down, or even prevent the use of QKD! Therefore,
minimizing the rate of error due to the environment is of great interest. Again, we remind the
reader that these results assume no restrictions on the bases besides that they be orthogonal (i.e.

Theorem 2.3.6 applies).

Theorem 3.3.1: The most one may reduce the error rate for unital noise in the Adaptive QKD is
(A1 = A3). (3.26)

Proof: From Theorem 3.1.1, we know the largest possible reduction of the error rate for a general
protocol with unital noise f is

5(M = As)(a— o). (3.27)

Recall that QKD is characterized by the set X = {(m,y) € 5% x 5% (x,y) = 0} and the point

¢ = (3,3)- Then by Theorem 2.3.6, it follows that

a = max (qlx? + qzyjz-> = max (]—y]> (3.28)
T,y Yy 2
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Therefore, in order to find the value of @ we must first maximize the sum
o+, (3.29)

where x and y are orthogonal unit vectors in R?. In order to find the maximum of Eq. (3.29), we
note that for every pair of orthogonal vectors z,y € S? there exists a rotation r where = re; and

y = rex. Consequently,

:L‘]2 + yjz- = {ej,2)* + (e;,y)* = {ej,re;)* + {ej, reg)? (3.30)

= <1 (3.31)

To this end, we have that

z,y 2 2

2 4 g
a = max <x1 y]) =1 (3.32)

Lastly, plugging our value for a into Eq. (2.43), we see that b = % and ¢ = 0. Consequently, we

are left to conclude that

m(E, ) = [g (1= 0= 3x) 3 (1= dre - %A;,,)] , (3.33)
and therefore, the largest one may reduce the rate of error in adaptive QKD is

max(E, ;) —min(Eyf) = (A — A3). (3.34)

0

Remark: As shown in Theorem 2.3.7, this interval is also obtained by the simple function that is
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generated by the following diagonal unital channel:

m 0 0
g=10 m 0 (3.35)
0 0 n

where 71 = $(A1 + X2) and 13 = (Ao + A3).

Theorem 3.3.2 For the case of unital noise, the error rate can not be reduced to less than half of the

initial value in Adaptive QKD.

Proof: We begin by showing that 1 max (E, ;) < min (E, ). Recalling that 1 —\; — Ao+ A3 > 0,

we have that

1 maX(Eq’f) — min (Eq,f)

2
= 1(1= 30— tx) = 4(1- 2 — 1) (3.36)

Therefore,

1max (E, ;) <min (E,y). (3.37)

It then follows that if the initial error rate is given by A, and we assume there exists a change of

bases that results in an error rate B < %A, then
B < 1A < imax(E,;) <min(E,;). (3.38)

Consequently, B ¢ Im(Eq, f) , and we have a contradiction.
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Thus, we have shown that the best we can do is cut the error rate in half. With this in mind, we

now establish the conditions in which this is possible for Adaptive QKD.

Theorem 3.3.3: The error rate for QKD can be reduced to half its initial value in Adaptive Quantum

Information Processing if and only if fe, = es.

Proof: We begin by noting that if f is the identity, then it would fix every point and F, y would be
the constant function 0. Thus our result is trivially true when f = I. Let us now consider when f

is not the identity.

It was shown in Theorem 3.3.2 that we can cut the error rate in half if and only if the initial error
rate is equal to max (E, ;) and min (E, ;) = 3 max (E, ;). With this in mind, we prove our result
by first showing that min(E, ;) = ;max(E, ;) if and only if f fixes some unit vector z*. The
proof is then complete by showing that if min(E, ;) = 3 max(E, ) and the initial error rate is

max (L, ¢), then fes = eq, and vice versa.

Assume that min(E, ;) = £ max(E, ). It can then be shown by combining like terms that this is
equivalent to

1= =3 — Ag) (3.39)

where A3 < Ay < )\ are the eigenvalues for ¢(f). Furthermore, since ¢(f) is a symmetric unital

channel, its eigenvalues must satisfy the following inequality as shown in [21]:
1—X 2> X — A5 (3.40)

Therefore, by Eq. (3.39) and inequality (3.40), we are left to conclude that Inl)I(l (qu f) = % max (Eq7 f)
TE e

if and only if
(1= = (1= ). (3:41)



However, since |\;| < 1 for all i, it then follows that inequalitiy (3.41) is true if and only if \; = 1.
That is, there exists some unit vector z* such that ¢(f)z* = x*. Moreover, since x* is an extreme
point of B? it follows that fz* = x*. Additionally, since f # I, it follows that A\, and )3 are each

less than 1 and satisfy the following inequalities:

I1—=X—=X+XA32>0 (3.42)

1—X+X— A3 >0, (3.43)

[21]. Therefore, because A\; = 1, inequalities (3.42) and (3.43) are both true if and only if Ay = A3.

1

In other words, min (F, =
xelX( q,f) 2

max (Eyy) if and only if fz* = 2* for some z* € S? and

Te

a(p(f)) = {1, X2, A2}. Lastly, we show that if min (E, ;) = %mag?( (E,s) and the initial choice
Te

of bases have an error rate of max(E, ;), then z* = es.
zeX ’

In QKD it is conventional to use the bases e; and e3. Consequently, it is safe to assume that when
performing Adaptive QKD the initial error rate would be given by E, f(e1, e3). With this last

assumption, the largest possible improvement is obtainable if and only if

Eqs(e1,e3) = max (Egy). (3.44)

rzeX

In other words, since Ay = As, the initial error rate is maﬁc (Eq, f) if and only if
xre

(1= 3 oD — bles oPead) = 31— D= D) = 31-2). (349)

N

It then directly follows that Eq. (3.45) is equivalent to

Ler, o(f)er) + 2es, o(f)es) = Xo. (3.46)
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Furthermore, because min(z, ¢(f)z) = A2, we have that
x€S

(e1, p(f)er) = (es, p(f)es) = Ao (3.47)

In other words,

(1, 0(f)er) = o) = 5(fu+ fl) = fui = X (3.48)

and similarly, f33 = A,. It then follows that

twr(p(f)) =te(f) = fir + foo + faz = for + 200 = 1+ 2], (3.49)

and we finally have that fo» = 1. Lastly, since all unital channels are nonexpansive, we have that
fea = Ajes = eo, and we are left to conclude that the error rate can be cut in half if and only if

f62 = )\162 = €9.

3.4 Summary

In this chapter we applied results developed in the previous chapter to establish the largest on
may reduce the rate of error when using Adaptive Quantum Information Processing. In particular,
we have shown that when performing Adaptive QKD the most one can reduce the error rate is
by half of its initial value. Furthermore, instances in which maximum improvement occur are
characterized by nontrivial noise that fixes the e, basis. With this result in mind, the next step is to
construct a physically significant channel that satisfies these conditions. Chapter 4 is a discussion
of the physics for environmental noise due to gravity on an Earth orbiting qubit. We will explicitly

state our set-up and show that it results in a unitary channel that satisfies Theorem 3.3.3. This
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example is significant as there exists theoretical results that have been experimentally verified

under comparable circumstances for the case of Earth to satellite QKD [3,34].
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CHAPTER 4: GRAVITATIONAL NOISE

In this chapter we introduce the mathematics and physics needed to describe gravitational effects
on qubits. The first four sections are a summary of the work by Lanzagorta [16] while the last two
sections will examine the extent to which gravity affects a qubit, which we will henceforth refer
to as gravitational noise. Lastly, we examine gravitational noise in Adaptive QKD. While this
chapter is meant to introduce the origins of relativistic effects on qubits, for the sake of brevity it
will fall short of being fully comprehensive. Therefore, citations will supplement most equations

while the exposition will primarily serve as a guide for the overall narrative.

Many models in physics consist of a mathematical space that represents the possible states of
some system and a set of mappings that describe physically realizable changes. In these models
invariant quantities arise from certain mappings that preserve the form of the equations in physics,
1.e. symmetries [28]. One such example is invariance under spatial translations which results in
the conservation of linear momentum. We begin our discussion by introducing the space used to
characterize position and time in relativistic theory. Those familiar with differential geometry may
skip this section and simply keep in mind that spacetime is defined as a four-dimensional smooth

Lorentzian manifold with signature (1, 3).

4.1 Preliminaries: General Relativity

4.1.1 Spacetime

While this section may feel convoluted due to notation and the quantity of concepts, the overall
motivation is very simple. In order to illustrate this, we first provide a discussion for the intuition

or reasoning behind using differential geometry to study gravity.
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General relativity is a non-Newtonian theory of gravity. Simply put, Newtonian gravity is described
as a force exerted between bodies. Every body has an associated vector field dependent on the mass
of the object that is used to calculate the force of gravity at each point in space. In this narrative
forces between two bodies occur without any physical contact; a phenomenon referred to as “action
at a distance”. In turn, this means that bodies can exert forces on each other instantaneously. This

is a concept with which many physicists disagree.

General relativity circumvents action at a distance by supposing that the energy of an object alters
the geometry of both the space and time coordinates used to describe our system, referred to as
spacetime. Under this assumption the gravitational force is no longer characterized by a vector
field, but rather the geodesics of our “warped” spacetime. The problem then arises, “How do
we define the geodesics and apply physics on a space that potentially does not have a Euclidean

geometry?”. This problem is resolved with the definition of a manifold.

A manifold is a locally Euclidean topological space. This means that at each point, if we stay
in a small enough region, the space around us will look and behave as though it has a Euclidean
geometry. A practical example of such is the surface of Earth. As we walk around on Earth, it
appears as though we are dealing with a flat surface. However, when determining long distance
trajectories, such as ballistic missiles, it becomes apparent that the surface is actually curved, and
may be approximated as spherical. In such a case, we then discuss the physics of an object as
it traverses long distances by considering the cumulative contributions of each locally Euclidean

space. This is accomplished mathematically by modeling our system with a manifold.

Moreover, Newtonian mechanics deals with a non-negative metric, which means the distance be-
tween any two distinct points is positive. On the other hand, general relativity calls for a metric that
may obtain negative values. This is due to Einstein’s realization that the speed of light is invariant

for inertial observers, which is best illustrated as follows:
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Anyone moving at a constant velocity (inertial observer) will observe light to have the same speed.
This is mathematically equivalent to requiring that the spacetime interval ds? between any two
events be the same in each inertial frame. In turn, this condition is satisfied in R* when the metric
is Lorentzian. It is important to note that this physical assumption is disconnected from gravity,

but rather a statement about how space and time are related to one another.

In summary, the speed of light is invariant for observers in constant motion and the energy of
a system alters the geometry of space and time. This results in a theory that must account for
a potentially non-trivial geometry that could easily complicate the physics. The solution is to
model spacetime as a topological space that permits real analysis locally at each point and has a

Lorentzian metric. That is, a smooth Lorentzian manifold.

Like our introduction of topology, this section is not meant to be a representation of differential
geometry as a whole, and the proofs of many results will be left out for the sake of brevity. The

entirety of this introduction is taken from [13], [26], and [36].

Definition 4.1.1 A Hausdorff topological space M is a n-dimensional manifold if it admits an open

covering {U,} such that each U, is homeomorphic to an open subset of R" via the functions /.
We call {(Uy, ha)} the atlas of M, h,, the charts, and each pair (U, h,) a coordinate neighborhood
of M.

Since every h,, is a homeomorphism, we then have that each p € U, is determined by the n-tuple
of real numbers h,(p) = (z'(p), ..., 2"(p)), referred to as the set of local coordinates of the point
p with respect to the coordinate neighborhood (U,, h,). Note, we index the components of A, (p)
with superscripts. The reasoning for this will be made clear later as we will require both subscripts

and superscripts to specify different types of vectors.

Definition 4.1.2: An atlas is C" if every transition map hgh;l, is C"™ on ha(Ua N Ug); that is all
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derivates of order r and smaller exist and are continuous. In [36] Whitney shows that every C”
structure contains a C'* structure; therefore, we may exclusively consider C'*° structures, which
we will refer to as smooth. A smooth manifold is a second-countable Hausdorff manifold with a

C™ atlas.

Let us explore these definitions via the following example from [26]. Consider the unit circle S!
in R? centered at the origin with the subspace topology 751 = {S 'NU|U e T}, where 7 is the

usual topology defined on R?. Then with the atlas {(Uy, ¢4 ), (Uz, %), (Vi, ¢1), (Va, ¢1) } where

U = {(z,y) € S" |y > 0}, 4.1)
Vi ={(z,y) € S|y <0}, (4.2)
Us = {(z,y) € S* | = > 0}, (4.3)
Vo ={(z,y) € S* |z < 0}, (4.4)
and
1/11($,y) =, ¢1<x7y) =, (45)
Uo(z,y) =y, doz,y) =y. (4.6)

It then follows that S' is a 1-dimensional smooth manifold. This is easily verified as the maps v
and ¢; are homeomorphisms, while the sets U; and V; are open. All that is left to show then is that

the transition maps are C'*°.

The only transition maps that exist are those defined on the sets U; N Us and Vi N V5, which
happen to be equal to the sets {(z,y) € S* | z,y > 0} and {(z,y) € S* | x,y < 0} respectively.
Then ¢ (U NUy) = (U1 NUy) = {t |0 < ¢ < 1}. It then follows that the transition maps

for the v; functions are given by 715 = ¥2(¢7' (1)) = (1 — ¢*)? and 71 = 1 (¢3 ' (1)) =
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(1 — t?)Y/2. Consequently, both transition maps are C; the same can be shown for the transition
maps generated by the ¢; charts. With a smooth manifold defined and an example given, we now

wish to establish some significant properties that a function on a smooth structure can possess.

Definition 4.1.3: Let f : M — N, where M and N are smooth manifolds. We say f is smooth

if for the atlases {U,, ho} and {V3, g5} on M and N respectively, the maps gz fh,' are smooth
wherever they are defined. If f is a smooth bijection that admits a smooth inverse, we call it a

diffeomorphism.

In many branches of mathematics we define certain objects and study a special set of mappings
that define when two such objects are equivalent. For example, in topology we have topological
spaces and homeomorphisms; while in linear algebra we have vector spaces and linear isomor-
phisms. In differential geometry we have manifolds and diffeomorphisms. Succinctly put, each

diffeomorphism is an equivalence relation between smooth structures.

Definition 4.1.4: Let (a,b) C R. Then a differentiable map ¢ : (a,b) — M is called a differentiable

curve on the manifold M. Furthermore, if ¢ : (a,b) — M is a differentiable curve, ¢, € (a,b), and

(x!,...2™) is a local coordinate system of M in an open set of ¢(t,), then each

(6 xa")(t) = ' (1) 4.7

is a C'* function in the open set of ¢,. The n-dimensional vector

dg' dgm
((%) =t (E) :> (4.8)

is called the tangent vector to the curve ¢ at ¢(ty) with respect to the local coordinate system
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From now on we shall denote the set of all real-valued C'*° functions defined on some open set of
p by F(p). Note, if f,g € F(p), then f + g and fg are defined on the intersection of the open
sets U and V' in which f and g are defined respectively. Furthermore, for any real number A\, A f is

defined on U.

Definition 4.1.5: A map v : F(p) — R is called a rangent vector of M at p if for each f, g € F(p)

and A, o € R the following are true:

@) v(Af + pg) = Mv(f) + po(g)

(i) o(fg) =v(f)gp) + f(p)v(g)-
Note, for tangent vectors v and w of M atp and A € R, both v+ w and Av are also tangent vectors.
Therefore, the set of all tangent vectors at p forms a vector space that we denote by 7),(M). It can

be shown that the dimension of the space 7),()/) is the same as the dimension of M itself; and

letting (2!, ..., ™) be a local coordinate system on U, then at a point p € U, the set

(2 (2))

is a basis for T),(M).

This structure allows us to work in the vicinity of a point on a potentially non-Euclidean manifold.
So we now have a means of discussing vector quantities and performing real analysis, which has
been fundamental since the birth of Newtonian physics. However, as we have discussed earlier, it
is possible to have multiple local coordinate systems at p, which means multiple bases of the form
Eq. (4.9). Therefore, it is of interest to obtain the transformation rules between local coordinate

systems.

For each v € T,,(M) we denote the components of v with respect to the local coordinate system
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1

(x',...,2™) by v[z]. Then supposing there exists a second local coordinate system (7!, ..., "), we

wish to establish the transformation rules between v[x] and v[F]. Recalling that both { (g21) - (5w

and {(%)p, - (%)p} form a basis of T,(M), we have that

iu[azr (;;)p =v= iv[i]j (%)p. (4.10)

=1 7j=1

It can then be shown that the basis elements transform according to

0 ) "~ Oz’ 0
—) = —(p) (—) 4.11)
(8:6 » oz ozl )

0 "L 0% 0
le_jgw@m%ﬁ; *12)

while the components of v satisfy the transformation rules

I :
ol = 3 Gt @13
, " Ox? 4
v[z]" = —(p)v[z)’. (4.14)
= oz

We refer to vectors that transform according to Eqs. (4.11-4.12) as covariant vectors and denote
such with subscripts; those that satisfy Eqs. (4.13-4.14) are called contravariant vectors and are
denoted by superscripts. Due to the similarities between the transformation rules of contravariant
vectors and the vectors of physical quantities in classical mechanics, physicists adopt the conven-
tion of using contravariant vectors to represent physically measurable quantities, such as position
or momentum. In order to formalize the lengths between points on a manifold, we now examine

the dual space of T,,(M) which we will denote by 7. (M).
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Definition 4.1.6: Let f € F(p) be defined on U. For an arbitrary v € T),(M), let

dfy(v) = v(/f). (4.15)

Then df, is a linear function from 7),()/) into R that satisfies properties (i) and (ii) of Definition
4.1.5. That is, df,, € T (M) and the function df, is called the differential of f at p. Considering

the differential of an element in a local coordinate system at p

(dx?), ( aiz’) = (4.16)
p

where

)0, ifiF
& = (4.17)

)

1, otherwise.
Therefore, {(dz"),, ..., (dz™),} forms a basis for T (M), and given any df,,

N\ 9f
- oxt

i=1

df, (p)(dx"),. (4.18)

With a basis defined on the dual space of 7;;(1/) we can now introduce what is arguably the most

important mathematical object in general relativity, the metric tensor.

Definition 4.1.7: Let M be a smooth manifold. A metric tensor g on M assigns to each point p of

M a bilinear, symmetric, nondegenerate function g(p) : 7,,(M) x T,(M) — R called the metric

such that g(p) is a smooth function of p.

At any point p in a smooth manifold, with the metric tensor we now have a means of defining the

length of a vector v. That is, using the differentials of a local coordinate system at p, it then follows
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that

(d)y(v) = (dmpzv[xp (;

N———

p

i (4.19)
— .7 i _
DL N
j=1
Simply put, (dz?),(v), or dz’ for short, is the i’ component of v with respect to (z?,... ,z").

Consequently, we may write the length of a vector v € T),(M) as

lo]* = Zgu »(v)(da?),(v), (4.20)

where g;; (p) =g(p) ((a;api)w (%)p)'

Notation 4.1.8: When an index appears as both a superscript and subscript it is assumed to be
summed over, this is referred to as the Einstein summation convention. With this notation in mind,

Eq.(4.20) becomes
1] = g3 (p) (") (v) (dz ) (v). 4.21)

Allowing v to represent the vector between two points defined in the local tangent space of p, we
now have a means of examining the distance between points. The distance between two points
is referred to as the spacetime interval and is often denoted as ds?. But what if the two points
in question are separated far enough apart that there does not exist a local coordinate system that
contains them both? In such a case we consider the contributions from each local coordinate
system. That is, letting ¢ be a differentiable curve defined on (a, b) on a smooth manifold M with

a metric tensor g, and v a tangent vector of ¢ at ¢(¢), then if a < ¢ < d < b, it follows that

d
L(c,d) = / |||t 4.22)
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is the length of ¢ between ¢(c) and ¢(d) where v depends on ¢ as described by Eq. (4.8). In
other words, Eq. (4.22) is simply an integral of the contributions given by Eq. (4.21) at each point
along the curve from ¢(c) to ¢(d). Consequently, we now have a means of calculating the distance

between points that do not share a local coordinate system.

With a smooth manifold defined and the necessary structure established to perform vector calculus
at each point, we end our brief introduction to the mathematics of spacetime with the following

two definitions.

Definition 4.1.9: The signature of a metric g;;(p) is the triple (no, n_, n. ), where ny is the number

of 0s and ny, is the number of £1s in g;;(p)’s diagonal form. Since we defined a metric to
be nondegenerate we have that ny = 0. Therefore, the signature of each metric is sufficiently
characterized by the 2-tuple (n_,n. ). If each metric g;;(p) has the same signature independent of

p, then it is called the signature of the metric tensor g.

Definition 4.1.10: A smooth Lorentzian manifold is a smooth manifold with a metric tensor g of

signature (1,3); g is referred to as a Lorentzian metric. One may equivalently impose the signature

(3,1).

In general relativity we define a spacetime to be a real 4-dimensional smooth Lorentzian manifold,
and each point p of the the manifold is referred to as an event. Each event consists of one time
component and three spatial components. While this appears similar to Newtonian gravity, it is
the very structure of a Lorentzian manifold that complicates things. Concisely put, Newtonian
mechanics is performed on the manifold R* with a metric of signature (0, 4) where each chart is
the identity, while general relativity allows wildly different manifolds with a metric of signature

(1,3).
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4.1.2  Isometries of Relativity

As we have previously discussed, a physical model typically consists of a space that describes the
system and a set of mappings that preserve certain laws of physics. With spacetime described by a
smooth Lorentzian manifold, we now turn our focus to the equations we wish to preserve in general

relativity. We begin this discussion with what is known as the principle of general covariance.

Principle of General Covariance: A physical equation remains valid in the presence of gravity if

the following two conditions are satisfied:
(1) The equation holds in the absence of gravity; that is, when the metric tensor g;; reduces to the

Minkowski metric

-1 0 0 0
0 100
0 010
0 001

(2) The equation is general covariant. That is, our equation is preserved under general spacetime
coordinate transformations x — . This is important as the laws of physics should be invariant for

particles at each point of spacetime.

In other words, our special set of mappings is characterized by the group of real invertible 4 x 4
matrices GL(4,R) that preserves the spacetime interval ds* = g, dz"dz”. However, this only
describes global actions, or actions that span across the manifold itself. So what about the actions
within the tangent spaces defined at each point? Again, this is important as we are using these

tangent spaces to perform real analysis.

As we have briefly addressed, in every tangent space we must have that the spacetime interval

ds* = n;;daz'da? is invariant for each inertial observer, independent of their respective velocities.
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Therefore, it can be shown that any local transformations must be of the form
= Aé»xj + a', (4.24)

where Aé- = 275’; and a' is a real constant four vector [16]. To simplify our equations, greek indices
will correspond to the global coordinates of the manifold while latin indices are associated with

the local coordinate systems defined at each point.

Transformations of this form are called Poincare transformations, and together they form the
Poincare group. Upon inspection we see that the a’ component characterizes translations within
the tangent space. In this work we will be considering the cases in which the a*’s vanish. While this
might seem negligent, it has a purpose. Recalling that each tangent space 7,,(U) is only defined on
a neighborhood U of the point p, translations could result in an event that is not contained in U.

Therefore, we only consider the subgroup of transformations
i =N, (4.25)

called the Lorentz group. Having now defined the space and mappings used to discuss general
relativity, we are ready to finally investigate gravitational noise in quantum information. We begin

with the dynamics of massive bodies in free fall.

4.2 The Dynamics of Free Fall in General Relativity

The physical description of a free falling particle in general relativity begins with the principle of

equivalence.
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Principle of Equivalence: At every point p in an arbitrary gravitational field, it is possible to choose

a locally inertial coordinate system such that, in a small region around p, the laws of motion take

the same form as that in a space with no gravity.

We begin by considering a free massive particle moving much slower than the speed of light, c.

Then Newtonian mechanics tells us that the equations of motion are

Azt
dr?

=0, (4.26)

where in natural units (¢ = 1) the proper time 7 is defined in terms of the spacetime interval
ds* = n,dz*dx” such that

T:/ vV —ds? (4.27)
P

and P is a time-like path with ds? < 0. If we then consider the presence of gravity, by Newtonian

mechanics we would have that
d?xt
dr?

£ 0. (4.28)

However, by the principle of equivalence, there exists a local inertial coordinate system £*(x*)

such that in a small region around the particle

d2a
620

dr?

(4.29)

Since our local coordinate system is dependent on the global coordinate system x*, we may rewrite

our equations of motion as

d¢e d [0 dat
dr? ~ dr (83:“ E)
& dPat 9%¢*  dxtdx” 0

oxt dr2  Ozxrtdzv dr dr '

(4.30)
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Defining the affine connection
o Ozt 0%

b = e Gard (4.31)

the equations of motion for a free falling particle in the presence of gravity are then given by

dr? modr dr

= 0. (4.32)

In the next section we discuss the equation that gives a relativistic description for the evolution of
a spin—% massive particle. This is because we are not only interested in the possible trajectories of
spin—% qubits, but also the gravitational effects on their states as they travel along some path. How-
ever, before doing so we would like to make further use of our newly defined affine connection.
If we consider some contravariant four-vector v*, then it can be shown that its standard deriva-
tive does not transform according to the covariant and contravariant rules for general coordinate

transformations in Eqgs. (4.11-4.14). That is,

ot OFH OxP Ov* ozt dzP
— . 4.33
0r" 00205 0xr | 00w 07" (4.33)
However, the covariant derivative of a contravariant four-vector
Dot Qv
= T P 4.34
Dzxv  Oxv NZE ( )
does adhere to our transformations rules:
Dot oz* OxP D
N ] 4.35
DV 0z 01¥ DxP ( )
Similarly, we define the covariant derivative for a covariant four-vector as:
Dv, Ov,
R TR TH gy 4.36
Dzv  OxV vplp (4.36)
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Note, in the absence of gravity, the affine connection I') ) vanishes and our covariant derivative
reduces to the standard derivative. The covariant derivative is necessary in order for the principle
of general covariance to apply to any equation that is dependent on differentiation. Explicitly, Eq.
(4.34) results in the equations of motion for a free falling particle in the presence of gravity when
we take our four vector to be the position of the particle z* and take our covariant derivative with
respect to the proper time 7. That is, using the covariant derivative, our equations of motion are

D2
Dr2

= 0. (4.37)

4.3 The Dirac Equation

For convenience we will not be using the Bloch representation of a qubit until the last two sections
of this chapter. This is favorable as the physics is simplified in the Hilbert space representation
for quantum states. Explicitly, we consider the quantum state of a massive spin—% free particle,

U, »(x), where o denotes its spin degrees of freedom and p is its definite four-momentum.

In the absence of gravity, the Dirac equation is

(inuﬂ”ay - m)\pp,a(x) = 07 (438)
where the Dirac matrices are
0 0 I 0 —0o
Y= Y= (4.39)
I 0 o 0

such that [ is the 2 x 2 identity and o = [0y, 09, 03] [16].

Understandably, one might be tempted to simply replace the Minkowski metric in Eq. (4.38) with
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some general metric g,,,,, and the standard derivative with our covariant derivative. However, this
would not prove fruitful. The downfall of this approach is two-fold. First off, the state W, ,(x)
does not transform under members of GG L(4, R), but rather the Lorentz group. Therefore, since the
covariant derivative is defined on objects that transform according to GL(4, R) the term D*V,, ()
is not well-defined. Additionally, the Dirac matrices v* may depend on the spacetime coordinates;

that is, v*(z) [16].

We resolve these issues by using local inertial frames defined at each point of the global manifold.

We define these local reference frames via tetrad fields e () such that

g = et (x)e" (z)n™, (4.40)

where ¢/ is the metric for the spacetime and 7% is the Minkowski metric of the local inertial
reference frame. Recall that the latin indices refer to the local coordinates while the greek indices
denote the global system [13,33]. It is important to note that the tetrad field is a set of four co-
variant vector fields, and is therefore both a local and a global object that transforms under general

coordinates as follows:

8'“1/
(@) = S (@) (4.41)
& (2) = A%(x)e’, (x), (4.42)

where A% (x) is a local Lorentz transformation at the point x. With a tetrad field defined over our
entire spacetime, we can then discuss the dynamics of massive spin—% particle states with reference
to local inertial reference frames whose isometries are described by the Lorentz group. Applying

our tetrad field to the Dirac matrices, their form in the local inertial frame is given by

M = et 4 (4.43)
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Furthermore, as shown in [16] we define the covariant derivate on ¥,, ,(x) as

DV =(0,—-T,)V,.() (4.44)

where I, is called the spinorial affine connection and the covariant derivative on a Dirac matrix is

D,v.(x) =0 (4.45)

[13,16]. We will not derive the spinorial affine connection I, here for the sake of brevity, but it is

shown by Lanzagorta in [16] to have the following form:

Tu(z) = —iSaw,”, (4.46)
where
1
w = e (2)V,ue'(x) and By = —g[%a Vo] (4.47)

Lastly, the coordinate covariant derivative of the tetrad fields is

Vel (z) = d,e’ (v) — T, (z) (4.48)

po~ v

[13,16,33]. Therefore, the Dirac equation in curved spacetime has the following form:

(iv"(z)Dy —m)¥,, =0 (4.49)

= (170, — M)V = iy'T ¥y 0, (4.50)

where the lefthand side of Eq.(4.50) describes the mechanics of a free particle and the righthand

side corresponds to the contribution from gravity [16,33].
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Since we are studying qubits via local inertial reference frames defined at each point of our space-
time, the evolution of the state of our system will result as a cumulative effect due to the trans-
formations from each local coordinate system along the particle’s trajectory. With this in mind,
we wish to now discuss the effects of each local Lorentz transformation on the state of a massive

spin-3 particle.

4.4 The Wigner Rotation

As shown in [16], the Poincare group has a unitary representation such that for an arbitrary

Poincare transformation on the state of a spin-% particle

Uy =U(Aa)¥,, 4.51)

where U (A, a) is the unitary representation of our Poincare transformation with its translation
described by a [16,27]. We denote the Lorentz transformation A*, with A when it is the argument
of another function in order to reduce the number of indices. Again, we note that since these
transformations are only defined on the local space, it is possible that a translation could result in an
event outside of our neighborhood. Therefore, we will only consider pure Lorentz transformations
where a = 0. That is, we consider the transformations U (A). Tt then follows that assuming the

spin degrees of freedom form a complete basis for the state space, we have

UMy =D Capl(A,p) Ty, (4.52)
B

where C, 3 denotes the complex coefficients of the expanded form of the state [16].

Note, in Eq. (4.52) we see that our Lorentz transformations can change the momentum of our
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qubit; specifically, from p to Ap. However, since the square of the four-momentum is invariant
under Lorentz transformations, we can assign states to specific classes identified by a unique four-

momentum k* [16]. In other words, we may express any four-momentum p* as
P =L"(p)k, (4.53)

where L is used to denote a Lorentz transformation in order to avoid confusion with the already
used A. Now any quantum state with four-momentum p* and characteristic momentum k*, can be

written as

Uy = N(p)U(L(p)ra (4.54)

where N(p) is a normalization constant. Then as shown by Lanzagorta in [16], applying our

Poincare transformation to our state

U(A)Tp0 = N(p)U(L(Ap))U(W)Wpo (4.55)

)

where

W =W (A, p) = L7 (Ap)AL(p) (4.56)

transforms the characteristic momentum as follows:
L A s L1 y
k= pt — A" p” —— k* such that WHE” = EH, (4.57)

leaving the four-momentum invariant. This transformation is called the Wigner rotation [16,33].
We note that the set of Wigner rotations form a subgroup of the Poincare group called the little

group. This overall effect on a quantum state is characterized by a rotation in Hilbert space [16].
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Therefore, when acting on a spin—% particle, the resulting state is
W)ok.a Z DapWsp, (4.58)

where the D,z coefficients represent the little group [16,33]. It is important to note that what we
have written is the Wigner rotation experienced in a single local inertial reference frame. That
is, we have established the effects on our state when it is confined to one local inertial reference
frame. This is significant since in general an orbiting mass may take a path that traverses spacetime
on a global scale, thus necessitating more than one local frame. In the following subsection we
consider such a case and establish the overall evolution of a state due to the contribution of the

Wigner rotations experienced in each local frame defined along our path.

4.4.1 The Cumulative Wigner Rotation
The momenta of our particles can be described in the local inertial frame via the tetrad fields,
p(z) = p*(z)e’,(z). (4.59)
Then as shown in [16], the infinitesimal change in our momentum is given by

op*(x) = opt(x)e, (x) + p"(z)de’,(x) (4.60)

(4.61)
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It then follows that as a particle moves through a non-trivial spacetime, the momentum will expe-

rience an infinitesimal local Lorentz transformation
p*(z) = A% (2)p"(2), (4.62)
where A% = §9% + X% (z)d7 and
Ny(a) = ——(a*(@)po(2) — p*(x)as(2)) — u”(2)w,’(2). (4.63)

Furthermore, when we consider a particle free of external forces a* = 0, our transformation re-
duces to

Ap () = —u(z)w,5 (2) (4.64)

[16]. It is then shown by Lanzagorta that the associated infinitesimal Wigner rotation is
W (x) = 69 + 0% (z)dr, (4.65)

where 9% (x) is
A () up(x) — Ao () u(x)
ul(z) +1

V9 (x) = | A% (z) + dr. (4.66)

It then follows that when we consider each local Wigner rotation as the particle moves across our

spacetime, the cumulative effect over a finite proper time interval is

W (2 2;) = Teli Paamin (4.67)
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where 7 is a time-ordered product [16]. Finally, the unitary operator representation of the overall

Wigner rotation is given by

~ 1 Tf
D="Texp (% / o - (0%, 19311912)) (4.68)

[16,33]. As shown by Bonior in [4], for the case of the the Schwarzchild metric, the gravitational
effects on a massive spin-% particle orbiting a large mass are fully described by the angle of rotation

about the e, axis; that is, 1931. Therefore, our operator reduces to

f) :€%Uy f.:;f V31dT

(4.69)
Q

4
50
—=e27Y
€ )

where (2 = f:f V3 dr. Thus far we have been working in the Hilbert representation of quantum
mechanics. Now that we have found the explicit form of gravitational noise Eq. (4.69), we will
return to the Bloch characterization for the remainder of this chapter. Again, we choose to do so

as it greatly simplifies calculations in information theory.

4.5 Adaptability of Gravitational Noise

Upon inspection of Eq.(4.69), the unitary representation of the gravitational noise for an orbiting

spin—% particle in the Schwarzchild metric is

R cos % sin %
D= 4.70)
—sin2 cos¥
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where (2 is the Wigner rotation. Therefore, its Bloch representation has the following form:

cosf2 0 —sin{)
=1 0 1 0 4.71)

sin2 0 cos{)

[16]. The matrix in Eq.(4.71) is a principal rotation about the ey-axis in R3. Therefore, it follows
from Theorem 3.3.3 that for a non-trivial Wigner rotation €2, the error rate can be cut in half for

Adaptive QKD between Earth and an orbiting satellite. Explicitly,
Im(E, ;) = [% sin” £ , sin® Q} : (4.72)

and therefore, assuming the conventional communication bases for QKD (e; & e3) are the initial

choice of bases, we have that

= sin?

Slkel

11— 1-
[ cos ) cos 2 — max (E, ). (4.73)

Eq,f(el,eg) = 5 5 + 9

Consequently, changing to the pair of bases {eq, es} or {es, e3}, we obtain a reduction of the error

rate by half its original value;
E,f(e1,e2) = E, (e, e3) = 5 sin® —. (4.74)

Let us further exemplify gravitational noise by explicitly calculating the Wigner rotation of a cir-

cular orbit in the Schwarzchild metric.
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4.6 An Example: The Schwarzschild Metric

This section is a summary of the work previously done by Bonior in [4]. We will be modeling
gravity due to Earth with the Schwarzschild metric that is defined by the following spacetime

interval:

r T

9 o\ "
ds? = — (1 - —M)dﬂ + (1 - —M) 0 + r2d6? + rsin0de?, (475)

where 1 = G M, G is the universal gravitational constant, and M is the mass of the Earth. Re-
stricting our calculations to the case of a circular orbit, the first step is to solve the equations of
motion dictated by our metric in Eq.(4.75). For convenience we will assume unity mass of our

spin—% particle, equatorial orbits (¢ = 7), and introduce the following variables:
re=2u and f=1— % (4.76)
The spacetime interval then reduces to
ds* = —fdt* + f~1dr®* +r? (d@2 + d¢2). 4.77)
Therefore, considering the alternative form of the affine connections

g 1 ag
Lo = 29 2 (DG + Oulpr — OpGyu ) (4.78)

it then follows that the only non-zero entries are given by:

t _Ts r_frs ro_ T roo_
Lo =5pe Te=52 Tn=gpa Te=-1/ (4.79)
. 1 1
Lo =—1f Tl= = and I?, = . (4.80)
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[4,13,16]. Recalling that we are considering the motion of a particle in free fall, we have that our
equations of motion are given by

Dut B d?xt u dz® dxP

- R 4.81
Dt dr? T lap dr dr ( )

where u* is the four-velocity of the spin—% particle. Consequently, we have the following three

equations of motion:

- by =0 4.82
dr * fr2u “ ’ (4.82)
du”  frg , 6. Ts o,
e ﬁuu —rfu’u —2fT2uu =0, (4.83)
du® 2
M Zutu =0 (4.84)
dr —r
the solutions of which result in the geodesic equations:
C
ut = —, (4.85)
f
- J2f
J
u® = =, (4.87)
r

where J, k, and C' are integration constants. Since we are assuming unity mass, our four-momentum
is p* = u*. It then follows from Eqgs. (4.85) and (4.87) that J is associated with the angular mo-
mentum and C' the total energy of the particle [4,13,16]. Furthermore, since we must have a

time-like geodesic, we are forced to conclude that —j—ji = k = 1. Noting that

drdrdep drJ

ar _oree _or - 4.88
dr — dpdr — dpr? (4-89)
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then defining the variable v = r~!, by Eq. (4.86) we have that

du\? 2

Taking the derivative of each side with respect to ¢ and simplifying our expression, we then have

that

d*u s
— +u— 3’ = 572" (4.90)

du

Recalling that we are considering a circular orbit, it follows that do

= 0. Therefore, solving for

J?, we have that

TSTQ

JP ="
2r — 3rg

(4.91)

Similarly, noting that 7 is constant for a circular orbit, and consequently " = 0, then Eq.(4.86)
implies

o (I
C? = (72 + 1) I3 (4.92)

Finally, plugging in our values for C' and J, the equations of motion for a circular orbit are given

WO S S S ST (4.93)
1 _ 3rs r\ 2r — 3r,
2

T

by

<

In order to finally calculate the resulting Wigner rotation, we must first determine the local Lorentz
transformations along our orbit. However, our local transformations are dependent on the spinorial

connections and our tetrad field. With this in mind, we first note that

I = nmne"; e, (4.94)
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It then follows that

1
¢, =VFf o e= 75 (4.95)
e =, e, =r. (4.96)
and by Eq. (4.47)
0 1 T's
pu— —_ —— 4. 7
Wy =Wy 972 (4.97)
why = —wh=—/f, (4.98)
wly = —wh = —/f. (4.99)

Finally, plugging our values into Eq. (4.63), we find that the non-zero local Lorentz transformations

are given by

s & )\31 = \/_7 _ s (4.100)
o2, /1 — 32& T 2r — 3ry

Ay = —

where A is a boost over the z'-axis and A% is a rotation about the z2-axis. Substituting these

transformations into Eq. (4.66), we then obtain the non-zero infinitesimal Wigner rotation

1931:‘]*/7(1 Or, 1 ) (4.101)

e

It then follows that upon integration over the proper time interval of the orbit, the total angle of

rotation is
Tf 2

9 ™
Q= /1931017 - 1931% d¢ = 210

Ti 0

2
37’

i~ (4.102)

However, after the particle has transversed an entire revolution around the Earth, it will have rotated

by an angle of 27 independent from the effects of gravity. Therefore, we must subtract this angle

96



to obtain the Wigner rotation produced exclusively by gravitational effects. That is, the Bloch

representation of our gravitational noise is

cos) 0 —sin2
f=1 0 1 0 (4.103)

sin€? 0 cos{)

where the angle of the Wigner rotation can be rewritten in terms of the physical quantities r, G,

and M as follows:

2GM GM
=2 1-— — —1]. 4.104
W( r Vr(Vr—=2GM +/r —3GM) ) (109

Remark: Though we only consider massive particles for the sake of simplifying the mathematics,

similar results hold for photons, i.e. a photon would also experience a Wigner rotation.

In conclusion, this means that we can cut the rate of error due to gravitational noise in half when
performing Adaptive QKD with an Earth orbiting satellite. Explicitly, the minimum rate of error
due to gravitational noise is

12 _2GM GM B
5 Sin [’N( 1 " \/7_“(\/7“—2GM+\/T—3GM) 1)] (4.105)

4.7 Summary

This chapter was a brief introduction to gravitational effects on orbiting qubits. We laid out the
foundations for general relativity and utilized previous results in order to obtain the explicit form
of gravitational noise on a spin-% particle subject to the Schwarzschild metric in a circular orbit

around the Earth. The importance of this specific example is two-fold. Firstly, there is a practical
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motivation for studying this set-up as it has been both theoretically and experimentally (for pho-
tons) investigated in previous research [34]; and secondly, gravitational noise is an example that
offers the largest possible reduction for the error rate in Adaptive QKD. Simply put, gravitational
noise is relevant to current communication technologies and there exists an algorithm that will cut

its rate of error in half when performing QKD.
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CHAPTER 5: DOMAIN THEORY AND SYMMETRIC UNITAL
CHANNELS

While this chapter will stand apart from the rest of this work in terms of narrative, it aims to further
our fundamental understanding of the underlying structure of the set of symmetric unital channels.
The motivation for applying domain theory to U, is founded on its success in many other areas
of physics. For example, in [18] Martin shows that domain theory is rich enough in structure to
give rise to globally hyperbolic spacetimes, and therefore, provides a means of discussing general
relativity! As practical applications have already been verified, our goal is to now uncover a deeper
understanding of the set of unital channels, and by extension provide, or create, a foundation for

further applications.

Following the same format of our previous chapters, we will provide a brief introduction to the
definitions necessary for our discussion. However, it is not uncommon for those new to the subject
to lose grasp of the purpose of domain theory when first presented with the slew of axioms that
define it. For this reason, we begin by presenting a conceptual rendition of a domain and its

characteristic properties.

5.1 Preliminaries: Domain Theory

5.1.1 The Conceptual View

Domain theory was first introduced as a mathematical model of computation. The motivation for
developing such, lies in the desire to discuss computations on different representations of infor-

mation in a more fundamental way than that obtained by operational means. This concept is best
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described by Dana Scott, “The point is that, mathematically speaking, functions are independent of
their means of computation and hence are “simpler” than explicitly generated, step-by-step evolved
sequences of operations on representations.”, [31]. Dana Scott developed domain theory in 1970
in order to formalize these ideas, and since then this theory has been further developed at the hands
of both himself and others; in the context of this dissertation, most notably Keye Martin. With this

in mind, we begin by highlighting the core attributes of a domain in a constructive manner.

In computer science, before constructing an algorithm, let alone executing it, one must first estab-
lish a type for the data they wish to consider. That is, we must first provide an interpretation for
the values and variables of the data we plan to manipulate. As such, we begin our discussion by
considering the set D consisting of all objects of an arbitrary data type. However, the structure
of a set is too simple to fully capture the properties of the elements of D; specifically it does not

contain the notion of approximation.

In order to establish some notion of approximation, we begin by placing a partial order C on our set
D that provides an informatic comparison between certain elements. That is, the statement x C y
is taken to mean that y contains at least as much information as x. Furthermore, in the context of
a computation, it is possible that y is a more accurate approximation. Of course, the question at

hand then becomes “What does it mean for an element of D to approximate another?”.

The notion of approximation is formalized as a special case of the informatic order C. Specifically,
x approximates y, denoted by = < v, if all informatic paths to or beyond y must pass through z.
Intuitively, this means that x carries essential information about y. In all cases of practical intent,
if a process generates a sequence of values (y,,) with supremum y, then z < y if x C y,, for all but

a finite number of y,, [23].

Lastly, a domain has a notion of completeness. This is equivalent to certain processes having

“limits”, or outcomes that they appear to be “going towards”. For example, considering a process
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that generates a sequence (y,,) that is increasing in the informatic order, then the completeness of
a domain refers to the fact that the supremum | | y,, exists. Intuitively, | |y, is the final result of the

process that generates the sequence (y,,) [23].

Succinctly put, a domain is a partially ordered set of objects of a particular type that has the
intrinsic notions of approximation and completeness. With some of the basic concepts of a domain
established, we now part from our conceptual discussion and begin the preliminary introduction of

domain theory’s mathematical foundations.

5.1.2  Mathematical Foundations

Definition 5.1.1: Let X be an arbitrary set. A binary relation C is a subset of X x X. We use

the notation x C y to mean (x,y) € C and call (X, C) a partially ordered set, or poset, if the
following three properties hold for all z,y, 2 € X:

)z &z,

) IfzCyandy C zthenx C 2,

(i) Ifx Cyand y C x then x = y.

A basic example of a poset is some collection of sets with the partial order C taken to be the
set inclusion relation. Note, this example illustrates that not all elements of a poset necessarily
compare, as it is possible to construct two sets in which neither one is contained in the other.
Alternatively, we could also consider the poset (R, <), where < is the standard order on the real
numbers. This is an example of a poset in which every element compares. Objects such as these

are referred to as totally ordered sets.

Definition 5.1.2: Let (X, C) be a poset. For any subset A C X, if y C z for all y € A, then x is

called an upper bound of the set A. Furthermore, if z C z for any other upper bound z of A, then
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x is referred to as the supremum of A and is denoted by sup(A), or | | A.

Definition 5.1.3: Let X be a poset. A nonempty subset A C X is directed if for every x,y € A

there exists z € X such that z,y C 2. If every directed subset of X has a supremum, then X is

called a directed complete poset, or dcpo.

One of the simplest examples of a dcpo is the closed interval [0, 1] under the usual order <. In
this case, 1 is an upper bound of any nonempty subset A C [0, 1]. It then follows by Dedekind

completeness that | | A exists.

Intuitively, if we were to perform a computation on the space X, a directed set can be seen as the set
of partial answers obtained as our algorithm converges to a final outcome. The final outcome then
being the supremum of our directed set. This provides a means of assigning intrinsic information
between elements. We can think of = being intrinsic to y, if during the course of any computation

that has the answer y, we must first compute = along the way.

Definition 5.1.4: Let (X,C) be a dcpo with z,y € X. If for every directed subset A where

y C | | A, we have x C z for some z € A, then we say that x approximates y, or v < y.

We note that if * < y, then when computing y, it is essential to first compute x. Therefore we
would expect x < y to imply x C y. This is easily verified as the collection of all elements below
y forms a directed set; and by definition x < y implies that there exists an element below y that is

also above z. Therefore, by the transitive property, x C .

Definition 5.1.5: Let (X, C) be a dcpo.

te={y € X |z Cy} (principal upper set of x)
le={ye X |yCa} (principal lower set of x)
te={ye X |z <y} (wayabove set of x)

ler={ye X |y<a} (waybelow set of x)
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Definition 5.1.6: Let (X, C) be a poset. Then a subset U C X is Scott open if

(i) Uisanupperset: v € U & xCy = ye U,

(i1) U is inaccessible by directed suprema: For every directed subset S C X which has a supre-

mum,

| |sev = snu#o. (5.1)

The collection of all Scott open sets forms the Scott topology which denote by 75. Furthermore, it

is shown in [38] that the collection {#z | x € X} is a basis for 7¢ on a continuous poset X.

Definition 5.1.7: Let (X, C) be a poset. We say that X is continuous at v € X if [z is directed

with | | Lo = x. If X is a dcpo that is continuous at all z € X, then we call (X, C) a domain.
We conclude this section with three final definitions of particular mappings between domains.

Definition 5.1.8: Let ¢ : X — Y be a function between posets. Then ¢ is monotone if for all

xz,y € X, x C yimplies ¢(x) C ¢(y). Furthermore, we say a monotone function ¢ is strictly

monotone if ¢(r) = ¢(y) and x C y implies x = y. We say ¢ preserves suprema if for every
directed subset A C X such that | | A exists, then | |#(A) exists and | |p(A) = ¢(L|A). A

function is Scott continuous if it is monotone and preserves suprema.

Definition 5.1.9: Let X, Y be sets, each with its own binary relation. We then call an invertible

function ¢ : X — Y an order isomorphism if both it and its inverse are monotone.

Order isomorphisms are, the “order version” of homeomorphisms in topology; or a diffeomor-
phism in differential geometry. Simply put, each order isomorphism represents an equivalence

between order structures.

Definition 5.1.10: Let i : X — Y be a Scott continuous function between domains. Then the
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e-approximations of x are given by pu.(z) = {y C = | ¢ < uy} where e € Y. If y < z and we
can find some € such that z € u.(z) implies y < z, then we say u measures the content of x. If p1

measures the content of kery = {x € X | pz € max Y}, then u is a measurement.

With some of the basic foundations of domain theory established, we now aim to define an infor-

matic partial order on the set of simple functions E,.

5.2 The Informatic Order of Error Functions

Let E; and E, be two arbitrary simple functions. Then

E¢(x) C Ey(z) <= Ef(z) < Ey(z) (5.2)

for all z € S?, where < is the standard order on the real numbers. This order is of interest as it
provides a means of comparing the values of two simple functions that are generated by different
channels. That is, we are comparing simple functions based on the values of their images, which
are in turn determined by the channels that generate them. Wishing to extend a similar order to the

set of symmetric unital channels themselves, we say that for any f, g € U

fCg <= (x [f—g]x>20, (5.3)

for all z € S?. While it appears that we have defined two different ordered sets in Egs. (5.2) and

(5.3), we have in fact described the same object via two different representations.
Theorem 5.2.1: (E;, C) is order isomorphic to (U, C).

Proof: From Theorem 2.4.6, we know that GG : U, — [E, is a continuous, bijection. Thus, if we can

show that G and its inverse are monotone, the proof is complete. By definition, £y T E, implies
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that

[1—(z, fz)] < =[1 - (z,g2)] (5.4)

N | —
N | —

for all z € S2. It then follows by basic arithmetic that £ is below E,, if and only if

(@, [f —g]z) > 0. (5.5)

Therefore, we are left to conclude that £y C F; if and only if f T g, and the proof is complete.
O
Theorem 5.2.2: The binary relation C is a partial order on the set of symmetric unital channels.

Proof: For every symmetric unital channel f

(,[f— fle) =02>0, (5.6)

for all z € S2. Therefore, C is reflexive. Furthermore, if f C g and g C h, then for all z € S?

(, [f — hlz) = (z, [f — g]z) + (z, [g — h]z) > 0. (5.7)

Consequently, C is also transitive. Finally, we show that our order is antisymmetric by considering

the case in which f C g and g C f. Under this assumption,

which is true if and only if
(z,[f — g]z) =0. (5.9)
Then, by Eq. (5.9), and the fact that f and g are each symmetric, we arrive at the conclusion
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that [f — g] is both symmetric and skew-symmetric. This directly implies that [f — g] = 0; or
equivalently f = g. And with this last step we have shown that the order relation defined in Eq.

(5.3) forms a partially ordered set on the collection of symmetric unital channels.
O

In summary, Theorems 5.2.1 and 5.2.2 let us study the order relation defined on the set of simple
functions in Eq. (5.2) via the partially ordered set (s, =). Therefore, for the remainder of this
chapter, when we write =, we mean the partial order on U, defined in Eq. (5.3). With this in
mind, the objective of this chapter is to further characterize the structure of (U, ). We begin
our investigation by first establishing some significant properties of the symmetric unital channels
themselves. However, before shifting our focus we would like to make one more observation about

our order that will prove to simplify many arguments that will be made in the future.

Theorem 5.2.3: In the poset (Us, C), for any symmetric unital channels f and g, f C g if and only

ifrfrt C rgrt forall 7 € SO(3).

Proof: By definition of our order relation, f C g if and only if

(,[f —glz) > 0 (5.10)

for all z € S2. It then follows that since every r € SO(3) maps S? bijectively onto itself, f is
below g if and only if
(r'e, [f —glr'z) > 0 (5.11)

forall z € S? and r € SO(3). Therefore, by the definition of an adjoint operator, and since

rT = r!, we have that f C g if and only if

(z,r[f —glr'z) > 0; (5.12)
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or equivalently, r fr* C rgr.
0

Remark: As This result will be utilized fairly regularly, we will often refer to Theorem 5.2.3 with

the statement “conjugation by a rotation is an order isomorphism”.

5.2.1 Properties of Symmetric Unital Channels

Theorem 5.2.4: The identity matrix [ is the least element in (U, C).

Proof: If f is a symmetric unital channel, then the magnitude of each of its eigenvalues A\3 < Ay <

A1 is less than or equal to 1. It then follows that for all unit vectors x

—1< A< (2, fa) < M < L (5.13)

Furthermore, since (z, [z) = 1 for all x € S?, we have that

(z,[I = flz) = (=, Iz) — (z, fx) =1 — (z, fz) > 0. (5.14)

O

Theorem 5.2.5: For every symmetric unital channel f # I, there exists a unique p € [0,1) and a

unique m € U, with tr(m) = —1 such that

f=pl+(1-pm. (5.15)

Proof: We begin by noting that for the case of the identity f can still be written is the same form
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as Eq. (5.15). However, the choice of m does not matter and p is trivially 1. Continuing on, if we
assume f # I, then from Proposition 1.5.2 we know that there exists some r € SO(3) and ¢ € A*

such that

3
£= aqr'sr (5.16)
=0

where the s;’s are the Bloch representations of the identity and spin channels given in Eq. (1.25).

Therefore, we may write
3

f=al+0-w)) fiq rlsir. (5.17)
i=1 0

Checking that the following coefficients sum to 1

3

Syt oo, (5.18)
I —qo

i=1

we then have that the summation on the righthand side of Eq. (5.17) is a convex sum. That is, our

summation forms a symmetric unital channel with

3 3
qi t o qi o
tr( E 1_q0r sw) = — E T~ =—1. (5.19)

i=1 i=1

3
Therefore, letting p = go and m = ) lﬁiqo rts;r, each symmetric unital channel f may be written
=1

in the following form:

f=pl+(1—-pm, (5.20)

where p € [0,1) and m € U, with tr(m) = —1. To show the uniqueness of m and p, we assume

there exists distinct pairs (mq, p1) and (mo, p2) that satisfy Eq. (5.20). That is,

pil 4+ (1 —=pi)mi = f = pol + (1 = pa)ma. (5.21)
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Under this assumption, we then have that the following statements are equivalent:

tr(p1[ + (]_ —pl)ml) = tr(pgl + (1 — pg)ﬂ’Lg)

pr (L) + (1 = pa) tr(ma) = pa (1) + (1 = po) tr(my)

(5.22)
3p1 — (1 —p1) =3p2 — (1 —p2)
P1 = Pa2.
Therefore, p is unique. Furthermore, calling p = p; = p2, we have from Eq. (5.21) that
(1 —=p)my = (1 = p)mo. (5.23)

Consequently, since p; € [0, 1), we are left to conclude that m; = ms, and therefore m is also

unique.
OJ

We would like to take a moment to discuss the significance of Theorem 5.2.5. While it may not
yet be clear, this result is an important tool; as we will see in Corollary 5.2.6. However, the most
interesting results that follow from Theorem 5.2.5 have to do with the overall structure of (U, =)

itself. Let us now explain this in more detail.

We begin by noting that as a result of Theorem 5.2.5 there exists a canonical way to split the set
of non-identity symmetric unital channels into equivalence classes. That is, for each trace —1

symmetric unital channel m, we form the equivalence class
m] = {f €U, | 3p € [0,1) where f = pI + (1 — p)m}. (5.24)

There are several interesting implications that follow from the equivalence classes given in Eq.
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(5.24). First off, each equivalence class [m] is a half-open line segment with endpoints m and I,
where the latter end point is not included. That is, letting M denote the set of trace —1 symmetric

unital channels,

U, ={1yu [ J [ml. (5.25)

meM

We can alternatively think of I/, as being the union of every closed line segment from the identity
to some trace —1 symmetric unital channel. However, in this description, each line segment would
have the identity as a common point. Furthermore, there is an even more significant characteriza-

tion of U,.

We begin by defining the following sets for each p € [0, 1]:
Ap:{feus}ameMwheref:pHu—p)m}. (5.26)

We note that each A, forms an antichain, i.e. any two distinct elements in A,, do not compare.
This is because the trace function is a strictly monotone map on U, as shown in Lemma 5.2.8.
Explicitly, for all f,g € A, we have that tr(f) = tr(g), and therefore f T g if and only if f = g¢.
Furthermore, since all channels in [m] compare, this means that each equivalence class [m] has
one and only one element in each antichain A,. Therefore, the poset (U, C) can be visualized as
either the union of an infinite number of line segments, or the union of the antichains defined by

Eq. (5.26).

Now returning to the properties of symmetric unital channels, the following corollary is a direct

result of Theorem 5.2.5.

Corollary 5.2.6: For every symmetric unital channel f:

() —1 < t(f) < 3.

110



(ii) There exists a g € U where f C g and tr(g) = —1.

(iii) f has a non-zero fixed point if and only if f is the identity or there exists a rotation r in SO(3)

such that f = pI + (1 — p)r’s;r for some unique p € [0, 1).

Proof:

(i) From Theorem 5.2.5 either f = I, in which case tr(f) = 3, or f = pIl + (1 — p)m where

m has trace —1 and p € [0, 1). In the latter case

tr(f)=pte(l)+ (1 —p)tr(m) =3p— (1 —p) =4p — 1. (5.27)

Therefore, since p € [0,1), we have —1 < tr(f) < 3 where the minimum and maximum

values are obtained when p = 0 and f = I respectively.

(ii) Again, writing f = pIl + (1 — p)m, if we let g = m, then

f—g=p(I—-m)=>0, (5.28)

where we used the fact that [ is the least element (Theorem 5.2.4).

(iii) When f = I, our result is trivial as each of its eigenvalue would be 1. Assuming f # I, then

because f is non-expansive we have that for all z € 5>

(z, fx) = [[z[| ||| cos(0)
= [|fz[| cos(0) < [[x[| cos() = cos(0),

(5.29)

where 0 is the angle between the vectors  and fz. It then follows from Eq. (5.29) that

there exists some z € S? where fz = x if and only if (z, f) = 1. In other words, f has a

111



non-zero fixed point if and only if there exists some x € S2,

(z, fx) = p(x, [x) + (1 = p)(x, mz)
(5.30)

= p+ (1= p)(w,ma) = 1

Thus, noting that p € [0, ), by basic arithmetic the following statements are equivalent:

p+ (1 —p) (xr,mz) =1
(1—=p){x,mzy=1—p (5.31)

(x,mzx) =1
Therefore, since each unital channel is non-expansive it follows that if f has a non-zero fixed
point, then 1 € o(m). Consequently, letting m have eigenvalues a3 < a2 < 1, we have that
tr(m) =1+ ag + ag = —1, (5.32)

or equivalently, ay + av3 = —2. It then follows that since the magnitude of each eigenvalue is
less than or equal to 1, we have that o(m) = {1, —1,-1 } Therefore, there exists a rotation

r such that rmrt = s;; or equivalently, m = rs;r.

O

Remark: In Corollary 5.2.6, result (i) can be extended to the set of unital channels U/ since

tr(p(f)) = tr(f). Furthermore, in part (iii) s; can be replaced with any spin channel. This
is because every spin channel has the same spectrum. In other words, for each i € {1,2,3},

Jr; € SO(3) such that m = rts;r;.

The set of trace —1 symmetric unital channels has greater significance than simplifying the el-

ements of U/, and providing an element in each principal upper set. However, in order to fully
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appreciate the role of this set of channels we must first introduce a new definition and monotone

function.

Definition 5.2.7: Let = be an element in the poset (X, ). We say « is a maximal element of X

if forally € X, x C y implies x = y. We denote the set of maximal elements for a set X by

max(X).

Lemma 5.2.8: The trace function tr : U, — R is strictly monotone, where the standard order on R

is reversed. That is, for all a,b € R, wesay a C bif b < a.

Proof: If f C g, then by definition
f—9=0. (5.33)

Furthermore, since f — ¢ is symmetric and (z, [f — g]z) > 0, we know that the smallest eigenvalue
of f — g is non-negative. Therefore, we have that tr(f — ¢) > 0, as the trace of a matrix is simply

the sum of its eigenvalues. With this in mind, it follows that

u(f —g) =tu(f) —t(g) = 0. (5.34)

Consequently, tr(f) > tr(g), and we have that tr(f) C tr(g). Additionally, when tr(f) = tr(g)
and f C g, we then have that both tr(f — ¢g) = 0 and f — ¢ > 0. It then follows that not only do
the eigenvalues of the matrix [f — g] sum to 0, but they are each non-negative. Therefore, every
eigenvalue must be 0. In other words, [f — ¢] is the zero matrix, and we are forced to conclude that

the trace function is strictly monotone.
OJ

Theorem 5.2.9: Any symmetric unital channel f is maximal in (U, C) if and only if tr(f) = —1.
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Proof: Let f be a maximal element in (4, =). By Corollary 5.2.6, there exists some symmetric

unital channel g such that tr(g) = —1 and f C g. Then since f is maximal, it follows that f = g.

Conversely, let tr(f) = —1. In Lemma 5.2.8 we showed that the trace function is strictly monotone.
Therefore, if there exists some element g € U where f C g, then tr(g) < tr(f) = —1. However,
from Corollary 5.2.6, we know that —1 < tr(g) < 3, and consequently we conclude that tr(g) =
—1. Finally, because the trace function is strictly monotone, it follows that that f = ¢ and the

proof is complete.

Corollary 5.2.10: The poset (U, ) does not have a greatest element T.

Proof: We prove this result by contradiction. Let T be the greatest element in (U, ). Therefore,
T is above every symmetric unital channel, including every maximal element. That is, s; C T and
s9 C T. However, this would imply that T = s; = 55, which we know is false by the definition of

s1 and sy. Consequently, (Us, ) does not contain a greatest element.

Corollary 5.2.11: There does not exist a surjective, order reversing map A where A : Uy — Us.

Proof: Assuming A exists, it then follows that since I T f for all f € U, we would have that
A(f) C A(I). Thatis, A(/) would be the greatest element. However, we showed in Corollary
5.2.10 that (U, C) does not have a greatest element, and we are therefore left to conclude that A

does not exist.

Corollary 5.2.12: The antipodal map a : S? — S? where ax = —z is not a unital channel.
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Proof: Let A : Us — U, such that Af = a o f. Therefore, if we assume that the antipodal map
is a unital channel, then since the set of unital channels is closed under composition, we would
have that Af = —f € U, forall f € U,. It then follows that f T g would imply Ag C Af, and
every channel would be contained in the image of A. Consequently, A would be a surjective, order

reversing map on Us. However, this contradicts Corollary 5.2.11, and we are left to conclude that

a & Us.
0

With several properties for the elements of U/ established, we now turn our attention to the order

theoretic structure of the poset (U, C) for the remainder of this chapter.

5.2.2 The Directed-Complete Poset of Symmetric Unital Channels

Theorem 5.2.13: Let f be a symmetric unital channel. The principal lower and upper sets | f and

1 f are each closed in (U, 7) where 7 is the uniform metric topology.

Proof: Let the principal lower set | f contain the sequence (y,,) such that y,, — y in 7. Then since
yn € L f, it follows that y,, — f > 0 for all n. Therefore, lim(y,, — f) = y— f > 0. Thatis,y € |.f.
Similarly, if (z,) is some sequence in 1 f such that z,, — z in 7, then lim(z, — f) = 2 — f <0
and z €1 f. Moreover, since (s, 7) is a metric space, every limit point is the limit of a sequence.
In other words, we have shown that both | f and 1 f contain all their limit points. Therefore, by

Theorem 2.1.10 we are left to conclude that the principal upper and lower sets are closed in (U, 7).

O

Theorem 5.2.14: The partially ordered set (U, C) is directed-complete.

Proof: This proof directly follows from Theorem 5.2.13 and the results of “A new fixed point
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theorem in Domain Theory” by Martin and Feng [25]. In this paper, it is shown in Theorem
3.2 that every poset with a compact, Hausdorff topology in which the principal upper and lowers
sets are closed, is a directed-complete partially ordered set in which every filtered subset has an
infimum. Therefore, since U is a closed subset of U, we have that (s, 7) is a compact metric
space in which 1 f and | f are closed and the proof is complete. Note, we have used the fact that

every metric space is Hausdorff.

O

In summary, we have shown that the set of symmetric unital channels with the order given by Eq.

(5.3) has the following properties:

(i) I is the least element and there is no greatest element.
(ii) The set of maximal elements is given by max (Us) = {f € U, | tr(f) = —1}.
(iii) The antipodal map a : S? — S? where ax = —z, is not a unital channel.
(iv) Every non-trivial symmetric unital channel f is characterized by a unique maximal element

m and unique p € [0, 1) such that

f=pl+(1—pm. (5.35)

(v) And lastly, (U, C) is a directed-complete partially ordered set in which the principle upper

and lower sets are closed with respect to the uniform metric topology.

Recall that a domain is characterized as having the intrinsic notions of completeness and approxi-
mation. Therefore, our next objective is to establish an approximation relation on the dcpo (U, C),

in order to verify whether or not it forms a domain.
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5.3 The Approximation Relation

We begin our efforts to find a approximation relation by making several initial observations about

the informatic order on the set of symmetric unital channels.

Theorem 5.3.1 (Martin & Panangaden): Every directed subset A C U, contains a convergent

cofinal net whose limit is | | A in the uniform metric topology 7.

Proof: We begin by noting that this result has been previously shown by Martin. That is, the proof
provided here is simply a reiteration of Theorem 6.1 in [18]. In particular, this result is a specific
case of the exact arguments made by Martin and Panangaden for which they considered a more

generalize type of poset.

Let A C U, be a directed subset. It then follows that the set {1 f | f € A} has the finite intersection
property. Furthermore, since U, is compact in the uniform topology, the set of upper bounds of A,

given by () 1/, is nonempty. We denote the upper bound of A by z.
feA

Fixing any element 1 € A, then for all f,g € 11() A we have that 1 C f,g and f,g € A. Then
since A is directed, there exists some h in A such that f,g C h. Consequently, i € 1f. That is,
there exists a channel % in 11() A such that f, g C h. Therefore, we have that 11() A is also a
directed subset. Furthermore, 11 (] A has a supremum if and only if A does. This is due to the fact
that the set of upper bounds of these two sets coincide. Therefore, we may instead consider the
set 71 A, which we will now rename A. Note, we may also assume that A has a least element,

namely 1.

Letting F': A — U, :: a — a, we have F'is anetin (Us, C). Since 71 () ]z is 7-closed subset of
U, Ais contained in a compact set. Consequently, F' has a convergent subnet G : I — A. Defining

T = G(I) C A, we then have that T is directed, and by the definition of a subnet, cofinal in A. We
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will now show that | |7" = lim(7"). Note, we have placed no assumptions on the cofinal subnet G
beyond that it be convergent. That is, all following results about GG apply to any convergent cofinal

subnet of F'.

First we show lim(7") is an upper bound of 7T'. If there exists a ¢ € T such that ¢ [Z lim(7'), then
lim(T) € (U;\1t). Furthermore, since (U;\1t) is open in U, there exists a € I such that for
all 5 € I we have that « < (3. This then implies that g(3) € (US\Tt). Therefore, since [ is
directed and ¢ is a subnet, if we let u = g(«) and t = g(7), then there exists some € [ such that
a, v < B. It then follows that g(3) € (Us\1t) and t = g(«r) T g(f3), where the second inequality
results from the fact that subnets are monotone by definition. This is a contradiction, and therefore

implies that ¢ C lim(7") forall ¢ € T.

In order to show that lim(7") = | |7, we begin by letting « be an upper bound of 7. Then if
lim(T") £ w, it follows that lim(T) € (U,\Ju). As this is an open subset, we then have that
TN (Us\Ju) # 0. This of course contradicts our assumption that u is an upper bound of 7'

Consequently, lim(7") = | | T.

Lastly, we show that | | A = lim(7"). Let a € A, then since T is cofinal in A, there must exists
some ¢ € T such that a < t. Thatis, a < t < 1im(7"), and therefore lim(7") is an upper bound of

A. Furthermore, since any upper bound of A is also one for 7', it follows that each one must be

above lim(7). In other words, lim(7") = | | A.

We have then shown that every directed subset of A C U contains the the image of the convergent

cofinal net G : I — A, such that T = G(I) C A is a cofinal directed set with lim(7") = | |T =
| ] A.

0

As every increasing sequence is a directed set, we immediately see that Theorem 5.3.1 applies to
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any increasing sequence in U. Furthermore, in such a case we may assume that each convergent
cofinal subnet is a convergent infinite subsequence. Consequently, Theorem 5.3.1 directly implies

the following corollary:

Corollary 5.3.2: Every increasing sequence g, € U, has a convergent infinite subsequence such

that lim(g,, ) = || gn, = L] gn-

Theorem 5.3.3: Every increasing sequence g,, € U, has a limit given by its supremum, explicitly

hm(gn) - |_| 9n-

Proof: 1If (g,) is an increasing sequence in U, then by Corollary 5.3.2, we have that there exists
a convergent infinite subsequence where lim(g,, ) — | | g,. Furthermore, in Theorem 5.3.1 it was
implicitly shown that all convergent infinite subsequence of (g, ) have the same limit. Lastly, since
U is compact and U is a closed subset, it then follows that I/, is a compact Hausdorff space in the
uniform metric topology. With this in mind, we invoke Lemma 3.1 in [20], where Martin shows
that a sequence in a compact Hausdorff space converges to g if and only if all its convergent infinite

subsequences converge to g. Consequently, we have that lim(g,,) = lim(g,, ) = | gn-
O

Theorem 5.3.4: Let [0, c0)* denote the set of non-negative real numbers with the reverse standard

order. Then the map p : U; — [0, 00)* given by

n(f) —1 (5.36)

is a strictly monotone, Scott continuous function.

Proof: We prove this result by showing that ; is a monotone and strictly monotone map that pre-

serves the supremum of every increasing sequence in U/,;. The proof is then complete by invoking
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part (i1) of Theorem 2.2.1 from [17], which shows that these conditions imply Scott continuity.

From Lemma 5.2.8, we know that the trace function tr : U; — [0, 00)* is monotone and strictly
monotone. The same is then true of , as it is simply 1 + tr divided by the constant 4. Furthermore,

it then follows that

3 3 (5.37)

= }L(l—l—Zfii) = i(1+z<ei’f€i>>’

i=1 i=1

where for each z € S? the inner product (z, fz) is a continuous function from U, to R. Conse-

quently, p is the sum of continuous functions, and is therefore also continuous.

With the continuity of © in mind, we consider the increasing sequence g,, € ;. We then have from
Theorem 5.3.3 that the sequence is convergent with lim(g,,) = | | g,. Therefore, by the continuity

of 11, we have that

u( |_|gn) = ,u(lim gn) = lim (ugn). (5.38)

However, since jug, is a bounded, monotone sequence in R, it follows that lim (ug,) = | |(1gn)-

Consequently,

(L] gn) =tim (ngn) = | |11(g2). (5.39)

Thus we have shown that y is a monotone and strictly monotone map that preserves the supremum

of increasing sequences. Therefore, by [17], 1 is a Scott continuous function.
O

Remark: Let us take a moment to connect the function ;. with some of our previous discussions
found in section 5.2. By Theorem 5.2.5 we know that for every symmetric unital channel f # [

there exists a unique p € [0, 1) and a unique m € max(Us) such that f = pI + (1 — p)m. It then
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follows that

p(f) =3[1+u(f)] =3[1+ulpl + (1 —pm)]

=

(5.40)

[1+3p—(1—-p)]=34p=0p

=

Therefore, for all f € U; we may replace Eq. (5.15) in Theorem 5.2.5 with the following statement:

f=WhH+ (1 —pnf)m. (5.41)

With the strictly monotone Scott continuous map x, we have the following result:

Corollary 5.3.5 (Martin): In the domain (U, =) we may work with increasing sequences and their

limits in lieu of the supremum of directed sets.

Proof: This result directly follows from Theorem 2.2.1 of [17] and Theorem 5.3.3 and 5.3.4 of this

section.
O

Corollary 5.3.5 might be the most significant tool that will be utilized in this section, as it allows us
to work with sequences and their limits instead of directed sets. If this does not appear paramount,
we implore the reader to attempt the remaining proofs of this chapter using only directed sets.
While this feat may be possible, doing so will leave one with a great appreciation for Martin’s
result. Let us now continue to further explore the structure of our partial order and ultimately

characterize the approximation relation on the dcpo (U, C).

Proposition 5.3.6: Let f be a symmetric unital channel with a non-zero fixed point. Then the

channel f has a degenerate eigenvalue.

121



Proof: This is immediate from part (ii1) of Corollary 5.2.6.
O

Before proceeding to the next two results, and ultimately our approximation relation, we would
like to make a significant observation about Proposition 5.3.6. This result implicitly relies on
the assumption that a quantum channel is a completely positive map. While this might seem
insignificant, its importance is made apparent by the following implications. That is, Proposition
5.3.6 implies the next result, which in turn is used to characterize the approximation relation on the
set of symmetric unital channels. In other words, complete positivity of quantum channels results

in our ability to characterize the approximation relation in (Us, C).

Theorem 5.3.7: Let f and g be symmetric unital channels. If f T ¢ and g has a non-zero fixed

point, then f is a convex sum of ¢ and the identity.

Proof: We begin by noting that when g = I, then because [ is the least element f C ¢ implies
that f = ¢, and the desired result is immediate. The case where f = [ also follows trivially.
Consequently, we will continue under the assumption that neither f or g are the identity. Therefore,
since ¢ has a non-zero fixed point, by part (iii) of Corollary 5.2.6 there exists some r € SO(3) and
p € [0, 1] such that

g=npl+ (1 —p)rsrt. (5.42)

Furthermore, since conjugation by any rotation is an order isomorphism, we may assume that g
is diagonal. In other words, since f T ¢ if and only if v fr C r'gr for all r € SO(3), we may
consider the channels 7* fr and r’gr which we rename f and g respectively for the sake of brevity.

It then follows from Proposition 5.3.6 that since g has a non-zero fixed point its spectrum is given
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by o(g) = {1, u, u}. Therefore, we may assume that

1 0 0
g=10 u 0]- (5.43)
0 0 u

Recalling that f C g, it then follows from direct calculation that

(e, [f —gler) = fu—gun=fuu—1>0, (5.44)

which is true if and only if f1; > 1. Moreover, since f is non-expansive (i.e. || fei|| < |lei]|) we

have that
(e1, fer) = [lea|| | fenl[ cos(6)
(5.45)
= |[fex|| cos(8) < [|e1|| cos(8) = cos(6),
where 6 is the angle between the vectors e; and fe;. Therefore, f1; = (e1, fe;) < 1 where

equality is assumed if and only if fe; = e;. This directly implies that fo; = f3; = 0, otherwise
fer = [1, fo1, f31]" and fe; # ey. Lastly, since f = f*, we are left to conclude that f has the

following form:

1 00
f=10 a b]- (5.46)
0 b c
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Upon calculation, the eigenvalues of f are given by:

Yo =4 (at ery/la— P+ 42), (5.47)

)\3:%(@4—0— (a—c)2+41)2>.

However, again utilizing Proposition 5.3.6, it follows that 1 € o(f) implies Ay = A3. Therefore,

setting A = Ay = A3, the following statements are equivalent:

%(a—l—c—i— (a—c)2—i—4b2) = %(a—I—c— (a—c)2+4b2)
(@ —c)?+4b? = —/(a — ¢)? + 4b? (5.48)
(@ —c)2+4b2 =0.
Squaring both sides, we have that (a — 0)2 + 4b? = 0. Moreover, since a, b, ¢ € R, it follows that

that (a — ¢)? and 4b* are both non-negative. Therefore, their sum is zero if and only if they are both

zero. That is, a = c and b = 0. Consequently,

100 1 0 0
=10 a 0l=10 X 0 (5.49)
00 a 00 )

Lastly, since f C g (i.e. (x,[f —g]x) > 0forall z € 52), it then follows that A > . Therefore,

letting p = ’1\%5 € [0, 1], we have that (1 —p) = 1:2 and

Ml=p)=Al—p)+p—p=A—p+p—Au

=M=+ A =-Np=>0-pp+QQ—-ppyl.

(5.50)
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Dividing each side by (1 — u), Eq. (5.50) implies that A = p 4+ (1 — p)u and we finally have that

10 0 p+(1—p) 0 0
=10 X 0]|= 0 p+(1—p)u 0
00 A 0 0 p+(1—pp
(5.51)
100 100
=p|l0o 1 0|+(T=p |0 px 0| =p[+(1~-p)g.
00 1 00 u
O

Corollary 5.3.8: Let f,g € Us. If 1 € o(g) and f C g, then any matrix that diagonalizes ¢ also

diagonalizes f.

Proof: This result is immediate from the proof of Theorem 5.3.7 as it depends only of the rotation

that diagonalizes g.
O

Theorem 5.3.9: The approximation relation for each symmetric unital channel g # [ is character-

ized as follows:

(1) If1 € o(g),then f < g < f—g>0,

(ii)) If1 € o(g), then f < g <= f #gand f C g,

where f — g > 0 denotes the condition that (z, [f — g]x) > 0 for all z € S2.

Proof:

125



1 1&o0(g):
(<) : Recall from Corollary 5.3.5, instead of using directed subsets and their supremum we
may instead work with the limits of increasing sequences. With this in mind, considering an
increasing sequence (y,) — lim(y,) where g C lim(y, ), we show that f — g > 0 implies
that there exists some y; such that f C y,, i.e. f < g. We begin by defining the function

¢ U; x S? — R where
o9, ) = (x, [f — g]x). (5.52)

In Lemma 2.4.2 we have implicitly showed that ¢ is continuous, and therefore, by Corollary

2.10 in reference [22], the map Q U, - R

¢(g) = inf (z,[f — g]z) (5.53)

- reS?2

is also continuous. Note, since S? is compact, we know that the infimum of (z, [f — g]z) is
assumed by some z € S?. It then follows that because f — g > 0 and g — lim(y,,) > 0, we
have

(o, [f —lim(yn)]z) = (2, [f — g+ g — lim(yn)]x)
(5.54)

= (&, [f = glz) + (2, [g — lim(yn)]z) >0

for all z € S?. Consequently, by Egs. (5.53) and (5.54), and the fact that the continuous

function ¢ assumes its absolute infimum on the compact set S2,

lim(¢(yn)) = ¢(lim(yy,)) > 0. (5.55)

It then follows that ¢(y,,) > 0,i.e. (z,[f — yn]z) > 0, for most n. Thus, we have shown that
the condition f — g > 0 implies that for any increasing sequence (y,,) where g C lim(y,,) =

| ] Y, there exists some y;, such that f C yy. Therefore, f < g.
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(=) : We begin by noting that by the definition of approximation, if f < g, then for every
increasing sequence (y,,) where g C lim(y,,) = | | yn, there exists some y, such that f C y
(since the set of all y, is directed itself). With this in mind, let y,, = 21 + (1 — 2)g. We then

have that

o — Y1 = (2 — )+ (1- L =1+ )9

=G+ Ga—2)9=G —mx) I —9) >0

(5.56)

where the last inequality follows from the fact that ¢ = ¢* and 1 & o(g) implies that (z, gz)
is less than ¢’s largest eigenvalue which is necessarily less than 1 while (z, [x) = 1, for all
x € S?. Furthermore,

Yo—g=21+(1-L)g—g
(5.57)

=+ (1-Lt-1)g=21(I—-g) >0,

where the last inequality follows by the same arguments used in inequality (5.56). That is,
(y,) is an increasing sequence with | |y, = lim(y,) = ¢g and ¢ C | | y,. Then since f < g,

there exists some y; where f C yy, i.e. f — yr > 0. Consequently, we have

f=9=f—-wmrtu—9=0—w)+wr—9) >0 (5.58)

where the last inequality is true because f —y; > 0 and y, — g > 0 by Eq. (5.57). Therefore,

we have shown that if 1 € o(g), then f < g if and only if f — g > 0.

(1) 1€ o(g):

We begin by noting that if 1 € o(g), then there does not exist a f € Us where f — g > 0.
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Otherwise, for the point z* where gz* = x*, we would have that

(x* [f — glz™) = (", fz*) — 1 > 0. (5.59)

However, recalling Eq. (5.45), which results from the fact that the unital channels are non-
expansive, we have that (z*, fx*) < cos(f) < 1, where 0 is the angle between the vectors
x* and fx*. Therefore, we are left to conclude that f — g ¥ 0. With this in mind, it is clear
that we need a different relation for the set of unital channels with non-zero fixed points.
Otherwise, nothing would approximate these channels, which contradicts the fact that the

least element / approximates every channel.

(«<): We use some of the same arguments for this proof as those found in part (i). In
particular, we use Corollary 5.3.5 which tells us that we can work with increasing sequences
and their limits instead of supremum of directed subsets. With this in mind, we assume
f E g, f # g,andlet (y,) be an increasing sequence where g C lim(y,,) = y. We then arrive

at one of two cases: 1 € o(y) or 1 € o(y). We begin with the former.

(@) 1€0y):
We remind the reader that we are now in the case where 1 € o(g). Since conjugation

by a rotation is an order isomorphism, we may consider the case where g is diagonal, in

particular
1 0 0
g=10 pu O0[- (5.60)
0 0 u
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Therefore, if f # g, and f C g, we have by Corollary 5.3.8 that

1 0 0
f=10 x 0 (5.61)
00 \

where X > p. It then follows that since f — g > 0 and g —y > 0, we have for all z € 5>
(@, [f —ylz) = (z,[f — glz) + (. [g — ylz) > 0. (5.62)

Consequently, since (z, [f — g]x) and (x, [¢ — y]x) are both non-negative, so is their sum.

Therefore, there exists some z € S? where (z, [f — y|z) = 0 if and only if

(z,[f — glz) = (x,[g — y]x) = 0. (5.63)

With this in mind, because g and f are diagonal matrices given by Egs. (5.60) and (5.61)

respectively and A > p, it follows that

(@, [f = glo) = (23 + 25)(A = p) =0 (5.64)

if and only if x = e;. However, since ge; = e; and y;; = (eq, ye;) is less than or equal
to its largest eigenvalue (which is less than 1 since y is non-expansive and does not have

a fixed point in 52 ), it is also true that

(e1,[g —yler) =1 —yi1 #0. (5.65)

In other words, (e, [g — yle;) > 0. Consequently, there does not exist an = € S? where

(x,[f — glx) = (x,[g — y]z) = 0, and we are left to conclude that (z, [f — y|x) > 0 for
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allz € S%ie. f —y = f —lim(y,) > 0. We then have by the definition of ¢ that

¢(limy,) = ;g}f{(x, [f — limy,|x) > 0, (5.66)

where ¢ assumes its absolute infimum on the compact set S 2, Tt then follows from the
continuity of ¢ that ¢ (limy,) = lim ¢(y,) > 0, and therefore, f — y,, > 0 for most n.

Thus, when 1 € o(y), we have that f < g.

(b) 1e€o(y):
As this proof is long, we remind the reader once again that we are considering an increas-
ing sequence (y,) — y where 1 € o(g), f # g, f C g, and g C | |y, = y. Therefore,
f EgCyandy, C y. It then follows from Corollary 5.3.8 that if 1 € o(y), then any
rotation r that diagonalizes y also diagonalizes f, g, and each y,,. Consequently, since
conjugation by a rotation is an order isomorphism, by Theorem 5.3.7 we may consider

the following:

1 00 1 00 1 00 1 0 0
=10 X 0|, 9=10 pn O], ¥y=1|0 o O|s =10 a, 0] (5.67)
00 A 00 pu 0 0 « 0 0 ap

where «,, — «. Furthermore, since y,, C y and f C ¢ C y, we have that o,, > « and
A > p > «a, where the strict inequality follows from the fact that f # g¢. It then follows
that

A—a=A—lim (a,) =lim (A — a,) > 0, (5.68)

and therefore, A — «,, > 0 for most n. Consequently, there exists some y;, such that

f E yi, and we are left to conclude that f < g.
Thus we have shown that when 1 € o(g), if f # gand f C g, then f < g.
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(=): Conversely, let f < gand 1 € o(g). By the definition of approximation we immedi-
ately have that f C g. Therefore, we need only show that f # g. With this in mind, we once
again consider the sequence y,, = %I + (1 - %) g. Consequently, this sequence is increasing
where lim(y,) = | |yn, = g. Therefore, since f < g, there exists some yy, such that [ C y.

Furthermore, f = ¢ if and only if

f=9=(—w)+ (w—9) =0, (5.69)

where we know that f — y, > 0 and yp — g > 0. It then follows that f = ¢ if and only if

f =y, and g = y;. On the other hand,

y—g=31+(1—-1)g—g

_1)g:

(5.70)

=1I+(1- (I—g)>0

=
=

where the last inequality follows from the fact that [ is the least element. Therefore, g =

if and only if ¢ = I. However, by assumption g # I, and it then follows that f # ¢ and

JEg.

Thus, when 1 € o(g), we have shown that f C g and f # g if and only if f < g.

Corollary 5.3.10: A symmetric unital channel approximates itself if and only if it is the identity.

Proof: If f = I, then it is the least element and for every directed subset A C U, it follows that

f £ | ] A. Furthermore, for every element g € A, it is also the case that f T g. Therefore, [ < f.

However, when f # [, then either 1 ¢ o(f) or 1 € o(f). By Theorem 5.3.9, we have that when

1 & o(f),then f < fifandonlyif f— f = 0 > 0, which is never true. Similarly, when 1 € o(f),
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then f < fif and only if f # f and f C f, which again is never true. Thus we have shown that

f < fifand onlyif f = I.

U

Corollary 5.3.11: Every symmetric unital channel either approximates a maximal element of is a

maximal element itself.

Proof: If f = I, then it approximates everything in U, and the result is trivial. However, if f # [,

then by Theorem 5.2.5, there exists a unique p € [0, 1) and a unique m € max (Z/{S) such that

f=pl+(1—p)m. (5.71)

Therefore, when f ¢ max(U;), we have that f # m and

f—-m=pl+(1—pm—-—m=p(I—m)>0 (5.72)

Since [ is the least element, when 1 € o(f), it then follows that f T m and f # m. In other
words, by Theorem 5.3.9, f < m. Similarly, when 1 ¢ o(f), then by Egs. (5.71) and (5.72),
1 & o(m), and f —m = p(I —m) > 0. That is, we have again that f < m. Thus we have

shown that for every symmetric unital channel f ¢ max (U, ), there exists a m € max (U) where

m € 1f.

O

With an approximation relation established, we may now finally verify whether or not (U, C) is
a continuous dcpo. We start with the following lemma, whose proof is admitted as it is well-

documented in the literature.
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Lemma 5.3.12 (Abramsky & Jung): Let X be a dcpo. If A C |z where A is a directed subset and

| | A = x, then |z is directed with | | |z = x.

Theorem 5.3.13: The set of symmetric unital channels is a continuous dcpo.

Proof: Let f = I. Then | f = () and the result follows trivially. Therefore, for the remainder of

the proof we assume that f # I. Let (y,,) be a sequence of functions y,, : Us — Us where

yn(f) = +T+ (1= 2)f. (5.73)

Then for every symmetric unital channel, y,,(f) is a sequence in U/, that converges to f. In partic-

ular, since [ is the least element and

yn(f)_yn-‘rl(f) = %1_{_ (1_%)f_n+1—1[_(1_n+i-1)f

— (=) G- D 74

n+1 n

G =m0 = ),

S =

yn(f) is an increasing sequence for all f € U, and therefore, a directed set. Furthermore,

nlf) = f=31+ (10— f—f=30—f) (5.75)
Consequently, since f # [ by assumption, we have that f # v, (f) for all n. Therefore, when
1 € o(f), we have that y,,(f) # f and y,(f) C f, which implies y,,(f) < f.

On the other hand, when 1 & o(f), since (x,[I — f]z) > 0 for all z € S?, it then follows that
yn(f) — f > 0. In other words, we still have that y,,(f) < f. Therefore, in either case y,,(f) < f

for all n.

We then have by Theorem 5.3.3, that lim(y,(f)) = | |y.(f) = f, and we have thus shown that
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the sequence (y,(f)) is a directed subset of | f with | |y,(f) = f. It then follows from Lemma
5.3.12, that for all f € U, the way below set | f is directed with supremum f. In other words, the

dcpo (Us, C) is continuous.
U

Having now shown that ({4, C) is a domain, we would like to conclude this chapter by further

exploring the properties of the function u : U; — [0, 00)*, where

_ 1+tr(f)'

n(f) 1

(5.76)

In particular, while the informatic order T on U/, provides a qualitative view of content, we will

see that the measurement 1 will provide a corresponding quantitative notion.

5.4 A Measurement on the Set of Unital Channels

Theorem 5.4.1: The strictly monotone Scott continuous map y : Us — [0, 00)* given by

_ 14 tre(f)

n(f) 1

(5.77)

measures all of ;.

Proof: Let f € tg where f and g are arbitrary symmetric unital channels. We prove that there

exists an € € [0, 00) such that f € u.(f) C tg. We will do so by considering the two cases where

leo(f)and 1 &€ o(f).

Q) 1€ a(f):
We show that for all g € |f, there exists an € where b € p(f) = {h C f|e < p(h)}
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implies that ¢ < h. Since 1 € o(f) and g, h T f, then because conjugation by a rotation
is an order isomorphism, by Corollary 5.3.8 we may consider f, g, and h to be given by the

following matrices:

1 0 0 1 0 0 1 00
f=10x 0], 9=]10 a 0|, =0 8 0}, (5.78)
00 ) 0 0 « 00 S

where A < aand A < . The strict inequality follows from Theorem 5.3.9 where we have

shown that when 1 € o(f), then g < fifand only if g C f and g # f. Then letting

14«
==

(5.79)

€

for any h € p.(f) we have that

14+«
6:
2

_ 1+tr(h) _ 1+ 5

> u(h) ) 5 (5.80)

Consequently, & > /3, and it then follows that g C h and g # h. Lastly, because 1 € o(h),

we have again from Theorem 5.3.9 that g < h. Furthermore, since A\ < «, it follows that

_1+)\ 14+«

n(f) 5 <3 (5.81)

Therefore, € > p(f), and we also have that f € u.(f). Thus we have shown thatif 1 € o(f),

then for each g € | f, there exists an € such that f € u.(f) C %g.

(i) 1 & o(f):
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For this case we show that for all g € | f, if

e=p(f)+3 min(z, [g — flz), (5.82)

then f € p.(f) C tg. First off, because (x, g — f]z) is continuous, its minimum value is
assumed by some point in the compact set S?. Furthermore, since g < f with 1 & o(f),
we have that g — f > 0, and thus mm( [g — flz) > 0. It then follows that € > u(f), and

z€S?
therefore, f € u.(f).

We begin by assuming h € p(f), and let 3 < 1y < 1, be the eigenvalues of the matrix
h — f. Since h € p.(f), we have that h C f, i.e. h — f is positive semi-definite. Therefore,
n; > 0 for all 4. It then follows that since h — f is symmetric,

max(e, (b~ fla) = = (b = f) =12 =y

xeS2

= tr(h) —te(f) —m2 — m3

= 4[u(h) = ()] (5.83)

:4:lm1n< lg — flz) + p(f) — u(f)
= min(z, [g — f]z),

xeS?

where the first inequality follows from the fact that 7,, 73 > 0 while the second inequality is
due to the assumption that (k) < €, whose value is given in Eq. (5.82). Simply put, we have

shown that

min(r,[g — flz) — max(z, [~ flz) > (5.84)
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Then by basic arithmetic, we finally have that
min(z, [g — Az} = min (2, [g = flo) + (. [f = Kl
zeS? z€S?

> min(z, [y — fla) + min(a, [f ~ HJo)

= min(z, [g - flz) + min | — (z. [h - f])] (5.85)

reS?

= min(z, [g — flz) — max(z, [h = flz)

> 0,

where the last inequality follows directly from inequality (5.84). Therefore, we have that
g—h > 0. Of course, this implies that 1 ¢ o(h), otherwise the inner product (x, [g—h|x) < 0
when hz = z. Consequently, by Theorem 5.3.9 we have that ¢ < h. Thus, f € u.(f) C %9,

as desired.

Therefore, the map © measures the content of every symmetric unital channel.
O

We conclude this chapter with an interesting observation about the way above sets 1 f in (Us, C),

which form a basis for the Scott topology. We start with the following lemma:

Lemma 5.4.2: For every r € SO(3) such that re; = e, there exists a sequence of rotations (r,,)

that converges to r where r,e; # e; for all n.

Proof: Ttis a well-documented result that every element of SO(3) can be written as a multiplication
of principal rotations about the standard basis elements in R3. Therefore, we may consider the
sequence 1, = r1(a)ra(B,)rs(7,) where each r; is a principal rotation about e;. Furthermore, if

we let 5, — 0, and ,, — 0, it then follows that, r,, — r = (), where re; = e;. On the other
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hand, for each n

cos [, cos Yp,
Tn€1 = Tx(@)ry(ﬁn)rz(%)el = |cosasin~y, + sin asin 3, cosy, | - (5.86)

sin «sin 7y, + cos a:sin 3, cos v,

It then follows that for any angle «, if we let 0 < (3,7, < 7, then cos (3, cos~y, # 1, and we
therefore have that r,e; # e; for each r,,. In other words, (r,,) is a sequence of rotations that do
not fix e; but whose limit does. Note, this argument can be generalized from e; to any non-zero

vector in R3.

Theorem 5.4.3: Let f be a symmetric unital channel.

(i) If1 & o(f),then £ f is open.

(i) If 1 € o(f), then £ f is both open and closed, or neither.

In particular, for case (ii) we have that if f € max (L{s), then 1 f = (), and if f = I, then 1 f = U,.

Proof:
1) 1&€a(f):
We begin by showing that when 1 ¢ o(f) and ¢ € 1f, then 1 & o(g). This result is

significant since it, along with Theorem 5.3.9, implies that when 1 & o(f), then g € 1 f if

and only if f — ¢ > 0.
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If 1 € o(f), then for any g € U, with 1 € o(g), for the point z* € S? where gz* = z*

(" [f —glz*) = (", f2*) =1 <0 (5.87)

due to the fact that (z, fz) is bounded from above by the largest eigenvalue of f, which is
less than 1 since 1 ¢ o(f). Consequently, this implies that f [Z g, which contradicts the
assumption that f < g. Thus, when 1 & o(f), if g € 1f then 1 ¢ o(g). Therefore, because
1 € o(g) for any g € 1 f, we know from Theorem 5.3.9 that g € 1 f if and only if f — g > 0.

Then for the function ¢ : Us — R

¢(g) = inf (z,[f — glz), (5.88)

- xeS?

we have that ¢(g) > 0 when g € % f and the infimum of (z, [f — g]x) is assumed at some x in
the compact set S2. Furthermore, by the continuity of ¢ (proven in the arguments of Theorem
5.3.9) there exists an open set U where g € U C Q_I(O, o0). This implies that if h € U, then
f—h > 0, and as seen earlier, 1 ¢ o(h). Therefore, by Theorem 5.3.9, h € 1 f and it follows

that g € U C % f. Consequently, the set 1 f is open in the uniform metric topology 7.

(i) 1 € a(f):
If f is maximal, then 1 f = (). Consequently, 1 f is both open and closed in every topology.
On the other hand, if f = I, then by Theorem 5.3.9 and Corollary 5.3.10 ¥ f = U,, which
is also both open and closed. Therefore, when f is a maximal element or the identity, the

desired result is immediate.

We now consider the case where [ is neither the identity or a maximal element. Because
1 € o(f), by Corollary 5.2.6 we may assume that f = pI + (1 — p)rs;r® where p € [0,1).

Furthermore, since conjugation by a rotation is an order isomorphism, we may also assume
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that

[ =pI+(1-p)s. (5.89)

Lastly, by Lemma 5.4.2 there exists a sequence (r,,) — r where each r,, does not fix e; and

re; = e;. Therefore, if we let ¢ < p and
gn = qI + (1 = @)1y, 5170, (5.90)

then g, fixes the point 7’ e; # e; while f does not, and g, — g = ¢l + (1 — ¢)s;. Conse-

quently, for each n
(re, [f = gnlruen) = (mex, fryen) —1.<0 (5.91)

due to the fact that rfe; is the fixed point of g,, and m%é((x, fx) = 1is obtained only when
re
x = e;. It then follows that, f [Z g,, and therefore, g, ¢ 1 f for all n. On the other hand,

because g < p, we have that

f=g9g=pl+ (1 —=p)si—ql —(1—q)s1
=Ip—q) +(g—p)s (5.92)
=(P—q—s) =0,
where the last inequality follows from the fact that I is the least element. Consequently, we
have that f C g and f # g. In other words, the sequence g,, € U;\? f, convergesto g € 1 f.

Thus the set U\ 1 f does not contain all its limit points, and is therefore not closed. It then

immediately follows that § f is not open in 7.

Similarly, let f, = p,I + (1—p,)s1 where p, < p and p, — p. It then follows that (f,) — f
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and

f_fn:pl+(1_p>81_pnl_(]—_pn)81

=(p—pa) —s1) >0,

(5.93)

since [ is the least element. Consequently, f,, € 1 f and lim ( fn) = f. However, since f is
not the identity we have from Corollary 5.3.10 that f ¢ % f. Thus, 1 f does not contain all its
limit points and we are left to conclude that £ f is also not closed in 7. Therefore, we have
shown that if 1 € o(f), and f is not the identity or a maximal element, then % f is neither

open or closed in 7.

5.5 Summary

While this chapter is far more abstract than the rest of this dissertation, the verification of mathe-
matical structure has proven to be invaluable in the exploration of new science. For instance, this
dissertation began with practical applications in qubit communication. Specifically, in the context
of Adaptive Quantum Information Processing, we have shown that the set of symmetric unital
channels is sufficient when calculating error rates. Furthermore, we obtained explicit bounds on
the possible reduction of error rates for qubit communication protocols. All of this was accom-
plished due to previous discoveries in the mathematical foundations of quantum information. In
hopes of furthering this foundation, we have shown that not only does this same set of quantum
channels form a domain, but there exists a physically meaningful measurement. This result gives

us a plethora of rich structure to explore and provides the potential for further applications.
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APPENDIX: SUPPLEMENTARY THEOREMS
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The purpose of this appendix is to prove generalizations for some of the original theorems that

were referenced to throughout this dissertation.

Theorem 1: Let E, ; € E. Assume f is a symmetric unital channel with eigenvalues A3 < Ay < Ay

that is diagonalized by r € SO(3), and the functions p; : X — [0, 1] are given by
pi(x) =Y qilray)?. (1)
i=1

If glgg((pj) = glgz_((pk) for all j # k, then

Im(E%f) = %(1 — CL)\l — b)\g — C)\g)7 %(1 — C)\l — b)\Q — CI,)\3> (2)

where a = glgg((pi),
l1—a, ifa>3
b= 3)

a, otherwise,

andc=1—a —0b.

Proof: We begin by noting that since f is symmetric it can be diagonalized by some rotation r.

That is,
E,¢(z) = %{1 — Z%’(T%‘, Arxﬁ] 4
i=1
where
A0 0
A=10 X 0] (5)
0 0 Xs
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Therefore, using the projection operators m; : X — S? where 7;(x) = x;, we have that our

maximum and minimum values are given by

max (Eyr) = [1 — min <Zqz rm(x), Nem(x )))]

and

min (£, ) = [1_%?(2% r(x), A (a )>)].

(6)

(7

Note, since the inner product and every rotation r and projection operator 7; is a continuous func-

tion, we then have that the convex sum of inner products in Eq. (7) is also continuous. It then

follows that the extrema of this sum are assumed by points in the compact set X and we may write

r{?éi% (E‘Jvf) [1 - gél)f(l (Z% T, )\Tl’z )

and

min (E ) = [1 — max (Z qi{re;, Ar; )
Lastly, noting that rm;(z) = rz; € S?, we have that
Z qi(rx;, A\rx;) = Z i Z ri;)?
i=1
> (zqm»a)
j=1 i=1
3
= Z p;i(T)A;
j=1

and furthermore,
n 3

ij(x):Zin ml Zqz_l.

J=1

144

®)

(€))

(10)

(1)



Consequently, since a = max (pj) for each j, it follows from Lemma 2.3.5 that

zeX

1

zeX

and
1

zeX ’ 2

min (Eq f) = - [1 — &)\1 — b)\g — C)\g] .

Lemma 2: Let S = {p € [0,a] x [0,b] x [0, ]

i=1

for real numbers A3 < Ay < \; and the continuous function ¢ : S — R where

3
¢(p) = Z DiNi,
i=1

the extrema of ¢ are given by:

peS

where )
l—a, ifb>1—-a
By =
b, otherwise,
\
(
l—¢, ifb>1-c
b =
b, otherwise,

a=1—p_—candy=1—a— 4.
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max (Eq’f) =3 [1 —cA; — by — a)\3]

max (925) =a)\ + ﬁ+/\2 + 7)\3 & melg‘l ((;5) =a)\ + 6_)\2 4 C)\?”
P

(12)

(13)

O

3
P = 1} be a non-empty subset of A3. Then

(14)

15)

(16)

7)



Proof: We begin by noting that the function ¢ is continuous. Furthermore, since S is the intersec-
tion of A3 and [0, a] x [0, 0] x [0, c], it is a closed, bounded subset of R3. Therefore, S is compact
and ¢ assumes its extrema. Before proving the values of our extrema, we first show that both

(a, By,7) and (o, f_, ¢) are contained in S. Starting with (a, 5, ,), we have two cases.

i b>1—a:
Then by Eq. (16) 5, = 1—aand~y = 0. It then follows that a+ 3, +~ = 1 where a € [0, al,
B+ € [0,b], and v € [0, ¢|. Therefore (a, B,7) € S.

) b<1—a:

Then 8, = band v = 1 — a — b. Therefore, we have that a + 5, + v = 1 where a € [0, al,
and B, € [0,b]. Then all that is left to show is that v € [0, c|. Noting that by assumption
B+ <1—a,wethenhavethaty =1—a — (8, > [, — S+ = 0. Furthermore, if 7 > ¢, then
we would have that 1 = a + 3, + v > a + b+ ¢, and therefore it follows that S = (). This is

of course a contradiction and we are left to conclude that y € [0, ¢|, and thus (a, 5,,7) € S.

Similarly for («, 5, ¢), we have the following two cases:

) b>1—c
Then by Eq. (17) f_ =1 — cand a = 0. This implies that c+ 3_ + « = 1 where « € [0, al,
p_ € [0,b],and ¢ € [0, ¢|. Therefore (o, 5_,c) € S.

i) b<l—c

Then f_ = band a = 1 — b — c. It then follows that & + 5_ + ¢ = 1 where 5_ € [0, b], and
¢ € [0, c]. All that is left to show is that o € [0, a]. Noting that by assumption f_ < 1 —¢,
we then have thata =1—5_ —c¢ > f_ — f_ = 0. Lastly, if a > a, then we would have that

1 =a+p_+c¢>a+b+c, and therefore S = (). In conclusion we have that (o, 5_,¢) € S.
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Next we verify the values of our extrema by contradiction. Assuming there exists a p € S such
that

d(p) = p1A1 + pada + p3sAs > adr + Bida + Y As. (18)

Then since the sum of our p;’s is 1, it follows that

P2(A2 — A3) + B ( Az — A2) > p1(As — A1) +a(A — Az), (19)
and therefore,
(P2 — By) (A2 — Az) > (@ —p1) (A1 — A3) > 0. (20)

Upon inspection, we see that both p, > 3, and \; > \3. Furthermore, since A\; — A3 > Ay — A3,

we have that

(P2 = B1)(M = Az) > (a —p1)(A1 — Az). (21

Assuming that \; — A3 is positive (otherwise we have the trivial case where ¢(p) = A; for all p in

S), we finally arrive at

P14+ p2 > a+ By 22)

Once again we are left with two possible cases:

1) b<1—a: [y =>b, and p; + py > a + b. Therefore, p € S.

(i) b>1—a: [y =1—a, then p; + py > 1. Which again implies, p &€ S.

Therefore, we are left to conclude that

max(gb) = CL>\1 + ﬁJr)\Q + ’}/)\3 (23)

peS
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The minimum value is proven by similar arguments. Assuming there exists a p € S such that

O(p) = p1A1 + P2da + P3As < ady + B_Ag + s, (24)

and again noting that the sum of the p;’s is 1, we have that

P2(A2 — A1) + Bo(A — A2) < p3s(A — Ag) +c(As — A\y), (25)

and therefore,

(B = p2) (M — A2) < (p3 —¢)(A1 — A3) < 0. (26)

It then follows that we must have that po > S_ and A\; > \. Furthermore, since (A; — A3) >
(>\2 - >\3)’
(B- = p2) (M1 — A3) < (p3 — ) (A1 — A3). (27)

Again, assuming that A; — A3 is positive, we finally arrive at

p2+ps > [ +c. (28)

Lastly, we have the following two cases:

1) b<1—c [_=b, and py + p3 > b+ c. Therefore, p ¢ S.

(i) b>1—c pB_=1-—c, then py + p3 > 1. Which again implies, p & S.

Consequently,

max(¢) = Cl/\l + 5+)\2 + 7)\5, (29)

peES

and the proof is complete.
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0

Theorem 3: Let f be a symmetric unital channel with eigenvalues \3 < Ay < ) that is diago-

nalized by r € SO(3). If E, s is an error function such that for the functions p; : X — R where

(1) = 5™ g (re))?2 _ _ -
p;(z) ;ql(mz)J we have that a Igle%?((pl), b I;lea%(pg), and c Iilea):é((p;;),then

Im(EqJ) = [% (1 — CL/\1 — B+)\2 — ’Y)\g), %(1 — a/\1 — B_>\2 — C)\g)] s

where a, ¢, 8., f_, «, and 7 are as defined in Lemma 1.

Proof: Since f is symmetric and diagonalized by the rotation r, it follows that

Egp(r) = % [1 - Z qi(ra;, )\’f’xi>]
i=1

where
A 0 0
A=10 XN O
0 0 X

Therefore, the extrema of F, ; are given by:

n

min (E, ;) = 3 [1 — max ( Z qi(rmi(x), )\rm(x))} :

zeX zeX -
=1

and

n

max (E,f) = 1 [1 — min (Z qi{rmi(x), Arm(z))} :

zeX reX
=1

(30)

€1V

(32)

(33)

(34)

where 7; : X — 5% is given by 7;(x) = x;. Then since the composition of each projection operator

with a rotation r7;(x) = rx; is continuous we still have that the extrema are assumed by points in
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the compact set X. Noting that rm;(z) = rz; € S?, then
n n 3
Z qi(re;, Arx;) = Z 4 Z(rmiﬁ/\j
i=1 =1 =1
3 n
=D (Z qz-(m"i)?) (35)
j=1 i=1
3
=D 2
j=1

where we have defined p; = > ¢;(r;)5 and
i=1

3 n 3 n
S opilra) =@ (re)i=> a=1, (36)
j=1 =1 j=1 i=1
then since p; € [0, al, p; € [0,0], and p; € [0, ¢], we may apply Lemma 2. That is, we have that
maX(E ) :1 1—aX — [B_X—chs 37
zeX @ 2 B
and
) 1
nun (Eq,f) =3 [1 —aX — By — 7)\3] ; (38)

and the proof is complete.
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